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On the structure of the intersection of real flag manifolds

in a complex flag manifold
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The intersection of real forms in a Herm. symm. space

G/K : compact symmetric space

A C G/K : antipodal set A, sx(y) =y forallz,y e A

Theorem (Tasaki (2010), Tanaka-Tasaki (2011))

G/K : Hermitian symmetric space of compact type

Li,Ly C G/K : real forms, Lj and Lo intersect transversally
—> L1 N Ly is an antipodal set of Ly and Ls.
In addition, if Ly and Ly are congruent to each other,

then Ly, N Ly is a great antipodal set of L and Lo.
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Complex flag manifolds and real flag manifolds

G : connected compact semisimple Lie group

Heg
Mc := Ad(G)H C g : complex flag manifold

Mc = Ad(G)H =G /Gy =G*/P

G/K : Riemannian symmetric space of compact type

g=top
Hecyp
M := Ad(K)H C m: real flag manifold

M =Ad(K)H = K/Ky

M = Ad(K)H Cc Ad(G)H = Mc : real form




Antipodal set of a complex flag manifold (1/2)

A : root system of g€ w.rt. tC g
F' . fundamental system of A

gn ={X €g|[HX]=0}=t+gN >  ga

N
7 = Z H, et

a(H)=0
ackF
a(H)#0
2
gk = exp ?Z cexpt C Gy
(k)

sy Mc — Mc; v — Ad(gr)z

Then s%) defines a k-symmetric structure on Mg, if k > ky.

Ay C Mg : antipodal set PN sg(ck)(y) =y forall z,y € A, J
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Antipodal set of a complex flag manifold (2/2)

For any x € Mg, the fixed point set of sg;k) is

F(s®, M) = {y € Mc | [z,y] = 0}.

In particular, F(sék), Mc¢) is independent of the choice of k > k.

A C Mc : maximal antipodal set

= 3t C g : maximal abelian subalgebra s.t.
A= McnN t.

Hence A is an orbit of the Weyl group of g with respect to t'.

Maximal antipodal sets of Mc are conjugate to each other by G.
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The intersection of real flag manifolds (1/2)

%CVQC--~CWCK”}

Foion, (K" :=<¢(V,...,V;
b (K") {( ! )‘dim%:n1+~~+ni

Fopon, (CY) = SU(n)/SU(n1) x -+ X U(nrg))
Fopon, (R") = 50(n)/5(0(n1) x -+ X O(nry1))
Foi,on. (R") C Fyy . 0, (C") = real form

Lemma
For any uw € U(n) there exist z; € U(1) (1 < i < n) and positively

oriented orthonormal bases vy, . ..,v, and wy,...,w, of R"™ which

satisfy

ww; = zv; (1 <i<n), detu =21 2,.
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The intersection of real flag manifolds (2/2)

Theorem
Foru € U(n),

Foi...n (R") and F,,  ,, (uR™) intersect transversally

=z # xz; (1 #J).
Fog o, R") 0y, (uR™)
= {({Vigs - - Vip )Cs Wirs -+ » Viny 4ny)Cs -+ Wiz« + + 3 Vin 4o my )C)
[ 1<ip < oo <y <y 1 <lipg1 < v < gy <My
L <inggotn, 141 <00 <lpppogn, SN,
#{i1, iy totn, } = 114+ 0}y

that is a maximal antipodal set of F,, . (C").
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The intersection number

Corollary

If Fop....n.(R™) and F,, ., (uR™) intersect transversally, then

#(Fny,.n, R™)N Foi,.ne (uR™))
= #r(Fn,..n.(C")) = dim H*(Fn1,---7nr (C"),Zs)

= #1(Fny,.. 0. (R")) = dim H*(Fy,, .. 0, (R™), Z2)
n!

nllng! ce TLT+1!
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