
. . . . . .

.

.

. ..

.

.

複素旗多様体内の実旗多様体の交叉の構造
On the structure of the intersection of real flag manifolds

in a complex flag manifold

入江 博（東京電機大学未来科学部）

酒井 高司（首都大学東京理工学研究科）

田崎 博之（筑波大学数理物質系）

2012年 9月 18日

日本数学会 2012年度秋季総合分科会

入江博，酒井高司，田崎 博之 複素旗多様体内の実旗多様体の交叉の構造
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.. The intersection of real forms in a Herm. symm. space

G/K : compact symmetric space

A ⊂ G/K : antipodal set
def⇐⇒ sx(y) = y for all x, y ∈ A

.
Theorem (Tasaki (2010), Tanaka-Tasaki (2011))
..

.

. ..

.

.

G/K : Hermitian symmetric space of compact type

L1, L2 ⊂ G/K : real forms, L1 and L2 intersect transversally

=⇒ L1 ∩ L2 is an antipodal set of L1 and L2.

In addition, if L1 and L2 are congruent to each other,

then L1 ∩ L2 is a great antipodal set of L1 and L2.

入江博，酒井高司，田崎 博之 複素旗多様体内の実旗多様体の交叉の構造



. . . . . .

.. Complex flag manifolds and real flag manifolds

G : connected compact semisimple Lie group

H ∈ g
MC := Ad(G)H ⊂ g : complex flag manifold

MC = Ad(G)H ∼= G/GH
∼= GC/P

G/K : Riemannian symmetric space of compact type

g = k⊕ p

H ∈ p

M := Ad(K)H ⊂ m : real flag manifold

M = Ad(K)H ∼= K/KH

.

.

. ..

.

.

M = Ad(K)H ⊂ Ad(G)H = MC : real form
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.. Antipodal set of a complex flag manifold (1/2)

∆ : root system of gC w.r.t. t ⊂ g

F : fundamental system of ∆

gH = {X ∈ g | [H,X] = 0} = t+ g ∩
∑
α∈∆

α(H)=0

gα

Z :=
∑
α∈F

α(H) ̸=0

Hα ∈ t

gk := exp
2π

k
Z ∈ exp t ⊂ GH

s
(k)
H : MC → MC; x 7→ Ad(gk)x

Then s
(k)
H defines a k-symmetric structure on MC, if k ≥ k0.

.

.

. ..

.

.

Ak ⊂ MC : antipodal set
def⇐⇒ s

(k)
x (y) = y for all x, y ∈ Ak
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.. Antipodal set of a complex flag manifold (2/2)

.
Theorem
..

.

. ..

.

.

For any x ∈ MC, the fixed point set of s
(k)
x is

F (s(k)x ,MC) = {y ∈ MC | [x, y] = 0}.

In particular, F (s
(k)
x ,MC) is independent of the choice of k ≥ k0.

.
Theorem
..

.

. ..

.

.

A ⊂ MC : maximal antipodal set

=⇒ ∃t′ ⊂ g : maximal abelian subalgebra s.t.

A = MC ∩ t′.

Hence A is an orbit of the Weyl group of g with respect to t′.

Maximal antipodal sets of MC are conjugate to each other by G.
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.. The intersection of real flag manifolds (1/2)

Fn1,...,nr(Kn) :=

{
(V1, . . . , Vr)

∣∣∣∣ V1 ⊂ V2 ⊂ · · · ⊂ Vr ⊂ Kn

dimVi = n1 + · · ·+ ni

}

Fn1,...,nr(Cn) ∼= SU(n)/S(U(n1)× · · · × U(nr+1))

Fn1,...,nr(Rn) ∼= SO(n)/S(O(n1)× · · · ×O(nr+1))

Fn1,...,nr(Rn) ⊂ Fn1,...,nr(Cn) : real form

.
Lemma
..

.

. ..

.

.

For any u ∈ U(n) there exist zi ∈ U(1) (1 ≤ i ≤ n) and positively

oriented orthonormal bases v1, . . . , vn and w1, . . . , wn of Rn which

satisfy

uwi = zivi (1 ≤ i ≤ n), detu = z1 · · · zn.
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. . . . . .

.. The intersection of real flag manifolds (2/2)

.
Theorem
..

.

. ..

.

.

For u ∈ U(n),

Fn1,...,nr(Rn) and Fn1,...,nr(uRn) intersect transversally

⇐⇒ zi ̸= ±zj (i ̸= j).

Fn1,...,nr(Rn) ∩ Fn1,...,nr(uRn)

= {(⟨vi1 , . . . , vin1
⟩C, ⟨vi1 , . . . , vin1+n2

⟩C, . . . , ⟨vi1 , . . . , vin1+···+nr
⟩C)

| 1 ≤ i1 < · · · < in1 ≤ n, 1 ≤ in1+1 < · · · < in1+n2 ≤ n, . . . ,

1 ≤ in1+···+nr−1+1 < · · · < in1+···+nr ≤ n,

#{i1, . . . , in1+···+nr} = n1 + · · ·+ nr},

that is a maximal antipodal set of Fn1,...,nr(Cn).
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.. The intersection number

.
Corollary
..

.

. ..

.

.

If Fn1,...,nr(Rn) and Fn1,...,nr(uRn) intersect transversally, then

#(Fn1,...,nr(Rn) ∩ Fn1,...,nr(uRn))

= #k(Fn1,...,nr(Cn)) = dimH∗(Fn1,...,nr(Cn),Z2)

= #I(Fn1,...,nr(Rn)) = dimH∗(Fn1,...,nr(Rn),Z2)

=
n!

n1!n2! · · ·nr+1!
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