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Def.(Chen-Nagano)
M : Riem. symmetric space
S : the geod. sym. at x € M
S C M : antipodal

& Ve,y €8 s,(y) =y
I(M) : all isometries of M
Io(M) : its identity componet
S1,92 C M : congruent

& dg € Ip(M) s.t. S, = g8,
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Classification of congruent classes

of maximal antipodal sets of M

In this talk
Classification of congruent classes
of maximal antipodal sets of

oriented real Grassmann manifolds



Gr(R™) : real Grassmann manifold
Gr(R™) is a symmetric R-space
sy = 1ly — 1yL for V € G(R"™)
{e;} : orthonormal basis of R”
{{eiseese) | 1<t < v <t < n}

: maximal antipodal set of G (R"),

unique up to congruence



G (R™) : oriented real Grass. mfd.
rankG(R") = min{k,n — k} > 2
= G1(R") : not symmetric R-sp.

Maximal antipodal sets of Gj(R"™)

< certain families of subsets of
n| :={1,...,n}

—> a combinatorial problem



1 <k <n, |a|: the cardinality of «

™) = {a ]| ol = k}
(+)

For a, 3 € ([n]), a\B={t€cal|t¢p3}
o, 3 : antipodal < |a\3| : even

& lan B =k (mod2)

A C ([ ]) : antipodal

& For any o, 3 € A : antipodal.

A, B C ([ ]) : congruent

& dg @ permutation s.t. B = gA
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Thm.(T.2013)
ei,...,€e, : standard basis of R"

A C ([Z]) : maximal antipodal set

{+(e; |1 €a)| ae A}

. maximal antipodal set of G (R™).

{cong. classes of max. antip. of ([Z])}
1 bijection
{cong. classes of max. antip. of é’k(R’"’)}

MAS = maximal antipodal set
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In the case kK =1

{{1}} : MAS of g’;])

{£v} : MAS of G{(R™) = S§™!
for v € S71

7] =max{n € Z |n <r} forr e€R
In the case k£ = 2

A(Z, 2l) — {{17 2}7 {39 4}9 cc e {2l — 1, 2l}}

A (2,2l) : MAS of ([’2”]) [ = |2

{:Z(Gl, €2>, c ooy ::(821_1, 621>} : MAS of éz(Rn)

8



In the case E = 3
Antipodal sets of ([g’])

A3, 20+ 1) = {aU2l+1} | a € A(2,2])}

B(3,6) = {{1,2,3},{1,4,5},{2,4,6},{3,5,6}}
B(3,7) = B(3,6) U {{1,6,7}, {2,5,7}, {3,4,7}}

Fano plane = projective plane over [,
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Thm.(T.2013)

MAS of () :
n| 3,4 5 6 7,8
A(3,3) | A(3,5) | B(3,6) | B(3,7)

more than 8

A(3,2[22] A

1),B(3,7)
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B(3,6) is congruent to FEvg =
{{19 3, 5}9 {17 4, 6}7 {27 3, 6}’ {2’ 4, 5}}

J—Q—éel&émol&é
2 4 bH 2 . P
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B(3,7) is congruent to Fvg U A(3,7)

Q&émolﬁé
2 4 H 2

S @ od 3
d 6 2 4
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S @ d
4 H 2
7
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In the case k = 4
Antipodal sets of ([Z])

A(4,2l) ={aUB | a,B € A(2,2]), o # B}
B(4,7) = {[T\a | a € B(3,7)}
B(4,8) = B(4,7) U {a U {8} | a € B(3,7)}

In general if A is an antipodal set of ([Z]),
then

tn\a|ac A}

is an antipodal set of (Jﬁ]k)
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Thm.(T.2013)

MAS of ([Z]) : Certain unions of copies of
A(4,20) (I > 2,#4), B(4,7), B(4,8)

Remark. A(4,8) C B(4,8) = A(4,8) is

not maximal.
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B(4,7) is congruent to
{aU{7} | a € Fvg} U A(4,6).

132 U JU
4 6 46 2460
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B(4,8) is congruent to Fvg U A(4,8).

J5507M7W7N
24 86 8 68 248 8 2.

4 6
S D d 3D S Do 3D S
2 S 24 H3 2 4 24 6 S
B DS L3 DAL B D T of
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d 3 D0 d 3 DS
@2?4@}3@204{}




Warp

[21]
A(2,20) = {{1,2},...,{2l — 1,21}} C ( ) )
A(2k, 21)

= {alu...Uak @i S A(Z’ZZ)} - ([2l]>

Q; £ O 2k

A2k + 1,20 + 1)

— {aU{2l+1} | a € A(2k,2)} C (Pl + 1])

2k + 1
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A(2,6)

i s o d i e d
g & & b &

A(3,7) ={aU{7} | a € A(2,6)}
s o 4 & o 4

£ & 2 4 & 2

&f

18

&



A(4, 6)
D S AR A
6 4 2

A(5,7) = {a U {7} | a € A(4,6)}
3 & 3 1 3

¢ &b o 2 ¢

19



AS = antipodal set
a(k,n) = maX{|A| ‘A : AS in ([Z])}

a(l,n) =1 a(2,n) = EJ

a(2k,n) > |A (zk,z EJ) = (Ln,izj>,

_1
a(2k +1,n) > A(Zk—|—1,2[n2 J+1>

_ (Un—ra,




Thm(T.2014)
A(2k,21), A(2k + 1,21 + 1) : AS
Ifl >3k +1,

. [2t 20+1
A(2k,2l) : MAS in ([2k])’ ([ ;,; ])
A2k + 1,21 + 1)
. . (2141 20+2
: MAS in ([2k+1])’ ([Zk—i—l])
For sufficiently large I, A(2k, 21)
and A(2k + 1,21 + 1) are MAS.
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The results on the classifications of MAS
of ([Z’]) in the cases k < 4 show

n

a(l,n) =1, a(2,n)= [EJ

n 4/5/6|7,...,16 | more than 16

a(3,n)|12 4 7 V”T_lj

n 5/67|8,...,11 | more than 11

a(4,n)|1/3|7| 14 (Ls )
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In the case kK = 5

Thm(T.2015) If n > 87,

a(5,n) = A(5,2[";1J | 1) _ (L"’?—l

Moreover an antipodal set of (["57’]) which

attains a(5,n) is congrunet to
n —1
A <5, > [ J ; 1) .
2
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Thm.(Frankl-Tokushige 2016)

a(2k,n) = (L,;J)

o = (U7)),

for large n. Moreover antipodal sets of

([2'"’,3), (21[;:]_1) which attain a(2k,n),

a(2k + 1,n) are congruent to

A(malg]). a(mrna 57
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Welft

Evy,, = {{a(1),...,a(m)} | «a(i) €
{2¢ — 1,2:}, |{2 | a(?) : even}| : even}
E’Uzm C ([Zm] E’UG .

@Aﬁ;xl—eﬁ&;_@/;

3 6
5 a
A\
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Thm(T.2014)
(1) If m = 1,2, 3(mod4),
Evay, : MAS of (™)
(2) Ewvs,, : not MAS of ([Bm])
Evg,, U A(4m,8m) : MAS of ([SZ])

Is there any relation between this result

and representations of SO(2m)?
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Evg U A(4,8) : MAS of ([i])
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Union of weft Fv, and warp A(x*, x%)

Ev} = Evgy, U A(4m,8m),

Evg,. .., = Evgmi2 U {aU{8m + 3,8m +4,8m + 5} |
a € A(dm — 2,8m + 2)},

Evg, ., = Evgmia U{aU{8m +5,8m + 6} |
a € A(dm,8m + 4)},

Evl = EvgpieU{aU{8m + 7} |

8m+6
a € A(dm + 2,8m + 6)}.
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Thm(T.2017) MAS of (%):

8m
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