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Definition(Chen-Nagano)
M : a cpt Riem. sym. sp.
S : the geod. symmetry at t € M
S C M : antipodal set

& Ve,y €8S s,(y) =y
#2M = max{|A| | A : antip. set}
Each comp. of F(s,, M) : polar

Investigating polars is a key to

investigating antipodal sets.
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Polar : totally geodesic submid
cpt Riem. sym. sp.

z € S™(r) F(se, S"(r)) = {2}
K=R,C,H, x € P"(K)

F(sg, P"(K)) = {z} U P""}(K)
F(S(wl,wz),Ml X Mz)

= F(sy,, M1) X F(Sz,, M>)




Polars of M
F(s0, M) = {0} U | J{o:} U M}

i=1
In this case, s, = s,,.

Maximal antip. set (MAS) of M
<+ MAS of M;

{0,01,...,0,) UA < A

(Their congruent classes also

correspond.)



M =

S™ (1) X S"2(ry)

M = (8™ (r1) x §"(rz2))/1=1}
M — M§(w9y) — [way]

Deck transf. and sym. commute.

S [w,y] (1
[x,y] (

— “Sm(wl) —

or

“sp(x1) = —x1 and s, (Y1) = —wy1

L1y Y1

L1y Y1

/)
)

Sa(21), 8y (Y1)

-wlv yl]

1 and sy(y1) = y1”

29
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F(S:m,y], M)
= {[x, y]}u(S™~1 x §"2~1) /{+1}
MAS of (Snl(’l“l) X Sn2(T2))/{::1}

{1, y1ls ... |Trs TYr]}
T1y...5Tn, 11 ¢ 0. basis of R™M T

Y1g e e sYny+1 -+ OF. basis of an_H

k = min{nl, ’nz} + 1
The above MAS is unique up to

congruence.



Compact Lie group
biinvariant Riemannian metric
— cpt Riem. sym. sp.
geod. symmetry s,(y) = zy 'z
: algebraic description
By considering a cpt Lie group as
a Riem. sym. sp., its algebraic
structure can be examined from a

geometric viewpoint.
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GG : a compact Lie group

A : MAS containing the unit e

Vee Az =s.(z) =z, z?=¢

Vy € A y=s,(y) =zy 'z,

TY = Y

A is commutative. Vz € A

s.(xy) = z(xy) 'z = zy 2z 12
= 5.(y)s:(2) = 7y

Max. of A = xy € A A : subgr.
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The order of each element of A

except e is 2.
A%sz...xzz

F(s¢,G) ={x € G| z* = e}b
= {e} U U{oi} U U M

Mj+ = {gz;g ' | g € Gy} : polar
Gy : the identity comp. of G
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A : MA subgroup of G

Se = 80,5, 1€,01,...,04} C A

Max. of A = 35 AN M # 0

Replace A with a conjugate one.
r; € AN M;r A C Z.,(G)

A : MA subgroup of Z, (G)

Each MAS of Z, .(G)

: Candidate of MAS of G
The above theory works : G
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H : quaternions O := H X H

O : octonions product
(m,a)(n,b) = (mn — ba, an + bm)
((m,a), (n,b) € O)
Aut(0O) := {a € GLr(O) |
a(zy) = (ax)(ay) (z,y € 0)}

Aut(O) : cpt Lie group of type G5
Gz — Allt(O)
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Y : Sp(1) X Sp(1) — G, def. by

Y(p, q)(m,a) := (qmq, paq)
(p,q € Sp(1), (m,a) € O)

1Y) : homo. of Lie groups

ker ¢ = {£(1,1)}

Y(Sp(1)?) = Zy@a,-1)(G2)
~ S0 (4)

12



G2 D ¥(Sp(1)?) = SO(4)

Their ranks are 2.

T = {y(e*”,e") | s,t € R}
: max. torus of ¥(Sp(1)?) and G5

Go = U gTg™"

gets

F(Se, Gz) = U gF(SevT)g_l

geGo

F(se, T) = {v(1,=

13
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Y (1, —1),v (2, x2) : conjugate
F(367 GZ)\{e}
= {g¥(1,—-1)g7" | g € G2}

: unique polar except e

A : MAS of G»

We can suppose (1, —1) € A.

A C Zya,-1)(G2) = ¥(Sp(1)?)

A is conj. with ¥ = {¢(p, =p) |
p=1,%,7,k} : unique MAS of G-
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¥ : unique MAS of Z,;,_1)(G2)
v = {¢(P, ZZP) | P = 17i9j7k}

= Zio X Zig X Zgo : rank 3
#2Gy = |W| = 27
rank¥ = 3 > 2 = rankGs

¥ cannot be included in any max.

torus of G».

15



F(Sea GZ) — {6} U M1+7
M = {g(1,—1)g ' | g € G5}

~ G,/SO(4)
MAS of M,
vy = {¢(17 _1)}

U {¢(P, ::p) ‘ P — iajvk}
Ho M = |Uy| =7
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. assoclative Grassmann mid

ass C GS (R7)

: totally geodesic submanifold

G ass
G

(G, acts transitively on G

~

Gass = GZ/SIme{O}(Gz)
SIme{O}(Gz) = Zya,-1)(G2)

M = G2/Zy1,-1)(G2)

U, C My — Uy C Gass C G3(R")
U, is antipodal in G3(R"), |¥,| =7
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MAS of Gi(R"™)
n| =4{1,2,3,...,n}

([Z’]) : all subsets of card. k in [n]

A C ([Z]) . antipodal set
& Va, 3 € A |la\3| : even

congr. classes of MAS in (['Z])

congr. classes of MAS in Gj(R")

: one-to-one correspondence
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€1,...,€, : 0. N. basis of R"

([Z]) > = {alv c e ak}

A C ([Z’]) . antipodal set

A(A) = {£(eqys---v€q,) | @ € A}
: antipodal set of Gi(R")

MAS of (")) ++ MAS of G4(R")
A~ A(A)

19



MAS of ([;]) : Fano plane (7-pt. set)

Ay

\Ill C Ml_l_ = éass C éS(R7)
{+e| € € T} : MAS of G5(R")
¥, determ. O prod. op. table by

comb. of lines of Fano plane.
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