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Lagrangian intersection

(M, J,w) : Kahler manifold
L : real form of M
i.e. Jo : anti-holomorphic involutive isometry of M
s.t. L =Fix(o, M)y

totally geodesic Lagrangian submanifold

Arnold-Givental Conjecture

Assume L = Fix(o, M) is compact. Then
#(L N $L) > dim H, (L, Zy)

for any ¢ € Ham(M,w) and L intersects ¢L transversely.
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Example
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M =CP!
L =RP!
V¢ € Ham(M,w) and L th ¢L

¢L : area bisecting curve

#(LNGL) > 2 = dim H, (L, Zs)
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M =CP!

L =RP!

Vg € Isom(M) and L h gL
—

LN gL : antipodal points

#(LNgL) = 2 = dim H,(L, Zs)
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Tight Lagrangian submanifolds

G/K : compact Hermitian symmetric space
L C G/K : closed embedded Lagrangian submanifold

Definition

L : globally tight (resp. locally tight)

&L 4(Lngl) = dim H.(L,Z)
for Vg € G (resp. g € G close to the identity)
s.t. L transversely intersects with gL.

Problem 1

Classify all possible locally tight (or globally tight) Lagrangian

submanifolds in compact Hermitian symmetric spaces.
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Tight Lagrangian submanifolds

Theorem (Y.-G. Oh, 1991)

L Cc CP™ : locally tight Lagrangian submanifold
— L must be congruent to

o totally geodesic RP™ C CP™, whenn > 2

@ a latitude circle in S? = CP!, when n = 1

Theorem 1 (Iriyeh-S, 2010)
L C S?%(1) x S%(1) =2 Q2(C) : locally tight Lagrangian submanifold
=—> L must be congruent to one of

Q M = {(z,—x) | . € S?(1)} C S?(1) x S*(1)

Q T, :=5Ya) x S1(b) € S?(1) x S3(1) (0<a,b<1)
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“Fusion of Integrable Systems and Geometry”

International Workshop on
“Fusion of Integrable Systems and Geometry”
April 17-19, 2009, at Tohoku University

A talk on “Tight Lagrangian surfaces in S? x 2"
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Lagrangian intersection of two real forms

(M, J,w) : homogeneous Kahler manifold
L1, Ly : real forms of M, not necessarily congruent with each

other

Problems
@ Is the intersection L1 N Loy discrete?

@ If so, count the intersection number #(L; N Ly), and describe
the geometric meaning of # (L1 N Ls).
Moreover, study the structure of the intersection L1 N Ls.
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The intersection of two real forms in complex hyperqudrics

Qn(C) ={[z] € CP™ ! [ 2 +- -+ 27,5, = 0}
Qn(C) =  Ga(R™?) c A2R™H?
[+ V-1y] «— zAy
U1, Uz, €1, ... e, 1 on.b. of R*2. For 0 <k < [n/2]
Ghn—k

= S§Fx 8"F/7y C Qn(C)

Theorem (Tasaki 2010)

Let Ly = S*"=F and Ly = S are real forms in Q" (C) where

0 <k<I1<|[n/2]. If L1 and Ly intersect transversely, then

LiNLy= {iul Nug,xei ANeg,...,Fteop 1 A egk},

which is an antipodal set of L1 and Ly. In particular, L1 N Ly is an

great antipodal set of L.

= S*((ui,er,....ex)r) AS"TF((ug, epi1, - ..

’ en>R)
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Antipodal sets of a compact symmetric space

M : compact Riemannian symmetric space

Sz . geodesic symmetry at x € M

Definition (Chen-Nagano 1988)

Q@ A C M : antipodal set Lt sx(y) =y forall z,y € A

Q@ #oM := max{#A| A C M : antipodal set} 2-number

© A C M : great antipodal set L, H#HA=H#sM

Theorem (Takeuchi 1989)

M : symmetric R-space — #oM = dim H.(M,Z3)
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Example
RP™ Cc CP"

A:={Rey,...,Rept1} CRP™ great antipodal set
For u € U(n+1), RP" th uRP™ in CP"

RP" NuRP"™ = {Cey,...,Cept1} C CP"
#(RP" N uRP"™) = n + 1 = #,RP" = dim H,(RP", Z»)
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The intersection of two real forms in Herm. symm. sp.

Theorem (Tanaka-Tasaki 2012)
M : Hermitian symmetric space of compact type
Li,Ly C M : real forms, Ly h Lo

= L1 N Ly is an antipodal set of Ly and L.

In addition, if L1 and Lo are congruent to each other,

= Ly N Ly is a great antipodal set of Ly and L.

Theorem (lkawa-Tanaka-Tasaki 2015)

A necessary and sufficient condition for two real forms in a

compact Hermitian symmetric space to intersect transversally is

given in terms of the symmetric triad (3, %, W).
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Lagrangian Floer homology of two real forms in HSS

Theorem (Iriyeh-S.-Tasaki 2013)

Let M be a Hermitian symmetric space of compact type which is
Kahler-Einstein. Let L1 and Lo are real forms of M s.t. L1 th Lo
with minimal Maslov numbers ¥, ,%1, > 3. Then

HF(Ly,Ly;Z5) = P Zalp).
peEL1NLo

Generalized Arnold-Givental inequality

#(Ll N ¢L2) > mln{dlm H*(Ll, ZQ), dim H*(LQ, Zg)}

for any ¢ € Ham(M,w) and L; th ¢ Ly except for the case where
Ly =2 GE(H?™) and Ly 2 U(2m) in M = GS,(C4™).

Volume estimate of real forms under Hamiltonian deformations
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Complex flag manifolds

G : compact, connected semisimple Lie group
zo(#0) € g

M = Ad(G)xg C g
G/G,, = GY/PC

: complex flag manifold

I

Gz = {9 € G | Ad(g)zo = zo}
o = {X €g ‘ [:Bo,X] = O}
w : Kirillov-Kostant-Souriau symplectic form on M defined by

w(X3 V) = (X,Y],z) (zeM, X,Y cq)

)T

J : G-invariant complex structure on M compatible with w

(-,-) == w(-,J-) : G-invariant Kahler metric
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Antipodal set of a complex flag manifold

For x € M and g € Z(Gy,), define s, 4 : M — M by

s2.9(y) = Ad(gz99, )y (y € M),
where g, € G satisfying Ad(g,)xo = x.

Fix(sz, M) :={y € M | sz 4(y) =y (Vg € Z(Gq,))}

Definition

A C M : antipodal set gef, y € Fix(s,, M) for all z,y € A

Theorem (Iriyeh-S-Tasaki)
A C M : maximal antipodal set

= Jt C g : maximal abelian subalgebra s.t. A= DMnNt.
Hence A is an orbit of the Weyl group of g with respect to t.

Maximal antipodal sets of M are congruent to each other by G.
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Real flag manifolds in a complex flag manifold

(G, K) : symmetric pair of compact type

6 : involution of G s.it. Fix(0,G)y C K C Fix(0,G)

=tP
ro(#0) € p gy
L := Ad(K)zy C p :real flag manifold, R-space
N N N

M = Ad(G)zy C g :complex flag manifold, C-space

= G/Gyy = G5/PE
g =t++—1p non-compact real form of g©

o : complex conjugation of g€ w.r.t. ¢’
anti-holomorphic involution on M.

L=Mnp=K/K,, =G /(G NP

o
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The intersection of real flag manifolds

(G, K1), (G, K3) : symmetric pairs of compact type
01,05 : involutions of G

g="=t +p1==%t+p2,
zo(# 0) € p1Np2
Ly = Ad(Kl)l‘O, Ly = Ad(K2)$0 Cc M:= Ad(G)J}Q
For g € G, we consider the intersection of L; N Ad(g)Ls in M.

a : maximal abelian subspace of p; N po containing zg

A:=expa C G : toral subgroup
Then G = K1AKy, ie. g=giags (g1 € K1,92 € Ka,a € A)

L1 N Ad(g)Ls = Ly N Ad(giage)Ls = Ad(g1) (L1 N Ad(a)Lg)
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Symmetric triads

Hereafter we assume 6105 = 656;.
g= (&1 NE)+ (p1Np2) + (81 Np2) + (p1 NE2)

Then ((?1 N 32) + (Pl N pg), (El N fg), db; = d@g)
is an orthogonal symmetric Lie algebra.

ForA€aCpinps
pri={X epiNpz | [H [H X]] =—(\H)?X (H €a)}
VWwi={Xepnt|[H[HX]=—-\H?X (Heca)}

Yi={Area\{0} [ pr#{0}}
W={Xea\{0} | V) #{0}}
Y =YUW

(3,2, W) : symmetric triad with multiplicities  (Ikawa)
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The structure of the intersection

Qreg 1= ﬂ {Hea

AED
acW

O\ H) ¢ 7Z, (o, H) ¢ g n wz}

W () : Weyl group of the root system 3 of a

a; : maximal abelian subspace of p; containing a (i =1,2)

W(R;) : Weyl group of the restricted root system R; of (g, ;)
w.r.t. a;

Theorem (lkawa-Iriyeh-Okuda-S.-Tasaki)

Fora =exp H (H € a), the intersection Ly N Ad(a)Ly is discrete

if and only if H € ayeg. Moreover, if Ly N Ad(a)Ls is discrete, then

LiNAd(a)Ly = W(X)zg = W(Ry)zo Na=W(Rz)ze Na,

in particular, L1 N Ad(a)L2 is an antipodal set of M.
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Outline of the proof

pNAd(apz=a+ Y P+ Y. P

xext aewt
NH)ernZ a,HYe X +7Z
2

If 2o € areg, then p; N Ad(a)pz = a. Therefore

LiNAd(a)Ls = (M Np1) N (M N Ad(a)pz)
= M N (p1 N Ad(a)p2)
=MnNa

=W (X)xg =W (R1)zoNa=W(Ra)zoNa
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Hermann actions

Oreg 1= ﬂ {Hea

AED
aceW

P : cell, a connected component of ayeg

O\ H) & 72, (o, H) & g + WZ}

K2 X K1 ~ G
71;1/ \7‘1‘2
Ko~ G/K; Ks\G ~ Ky Hermann actions

NS

K)\G/K, =P

Proposition (lkawa)
For a =exp H (H € a), orbits KsaK, C G, Komi(a) C G/Kjq,
mo(a) K1 C K2\G are regular if and only if H € acq.
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Further problems

@ Study the intersection of two real flag manifolds in the case
where 0160 #£ 020;.

@ Calculate Lagrangian Floer homologies of pairs of real flag
manifolds in complex flag manifolds.

© Determine Hamiltonian volume minimizing properties of all
real forms in irreducible Hermitian symmetric spaces, more
generally, in complex flag manifolds.

@ Understand the relationship between antipodal sets and the

topology of a compact symmetric space.

Conjecture (lriyeh-Ma-Miyaoka-Ohnita, H. Ono)

Any compact connected minimal Lagrangian submanifold in an
irreducible Hermitian symmetric space of compact type is
Hamiltonian non-displaceable.
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