The intersection of two real forms
in a complex flag manifold

Hiroyuki Tasaki
University of Tsukuba

November 20, 2014

First we explain two concepts in the title, a complex flag manifold and
a real form. We call an orbit of the adjoint action of a compact semisimple
Lie group a complex flag manifold. This is almost equivalent to a simply
connected compact homogeneous Kéahler manifold. We take an involutive
anti-holomorphic isometry of a Kahler manifold. Each connected component
of the fixed point set Fix(7) of 7 is called a real form. We can see that a real
form is a totally gedesic Lagrangian submanifold.

We assume that M is a complex flag manifold and that Ly and L, are
two real forms of M. If the intersection Ly N Ly is discrete, then we expect
that Lo N Ly has a good shape, which may lead a calculation of the Floer
homology HF'(Lg, L1). In this note a subset of good shape is an antipodal
subset.

Definition (Chen-Nagano[l]) Let M be a Riemannian symmetric space
and denote by s, the geodesic symmetry at x for x € M. A subset S C M is
called antipodal, if s,(y) =y for any z,y € S. We define the 2-number #o M
of M by

#oM = max{#S | S: antipodal in M}.

We say that an antipodal set S of M is great, if #S = #,M.

We show some examples of compact Riemannian symmetric spaces and
their great antipodal sets. We assume that K is one of the real numbers
R, the complex numbers C and the quaternionic numbers H. We denote by

G(K™) the Grassmann manifold consisting of K-subspaces of K-dimension
k in K". We take a K-orthonormal basis {v;} of K. We can see that

{(iy, gk |1 <ip < -+ <ip <n} ={V € Gx(K") | V : spanned by v;}
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is a great antipodal set of Gi(K"). Thus we obtain the 2-number of the
Grassmann manifold:

#6u() = (1),

which does not depend on the choice of K.
We have the following theorem on the intersection of two real forms in a
Hermitian symmetric space of compact type.

Theorem 1 (T.[12], Tanaka-T.[9], [10], [11]) Let M be a Hermitian sym-
metric space of compact type and Lg, L; be two real forms in M. If Ly N L,
is discrete, then Ly N Ly is antipodal in Ly and L.

Tanaka and I first proved this theorem by some results on maximal tori of
compact symmetric spaces. Recently we obtained another proof of Theorem
1 and an explicit neccesarry and sufficient condition for the intersection of
two real forms to be discrete in [4] and [5]. Using Theorem 1 Iriyeh, Sakai
and I proved the following theorem.

Theorem 2 (Iriyeh-Sakai-T.[6]) Let M be a Hermitian symmetric space of
compact type and Ly, L1 be two real forms in M. If Ly N L; is discrete, the
Floer homology satisfies

HF(Ly,L\) = @5 Zop.

pELoNLy

This result has some applications:
(1) generalized Arnold-Givental inequality
(2) Hamilton volume minimizing

(1) means estimates of the intersection numbers of two Hamiltonian defor-
mations of real forms in a Hermitian symmetric space of compact type. We
proved Hamiltonian volume minimizing property of certain real forms by the
use of (1) and integral formulas of integral geometry for (2).

After the paper [6] we have tried to generalize the results mentioned
above to the case of complex flag manifolds and obtained some results of
some special cases in [8] and [7].

We assume that M is a complex flag manifold. A complex flag manifold
is an orbit of the adjoint action of a compact semisimple Lie group. Using
the root system of its Lie algebra, we can construct a k-symmetric structure
on M. The k-symmetric structure is a generalization of the usual symmetric



structure, where k is a natural number greater than 1. This k-symmetric
structure on M leads a definition of an antipodal set in M and a great
antipodal set.

We show some examples of complex flag manifolds and their great antipo-
dal sets. For ny + --- +n, < n we denote by F,, ., (K") the flag manifold
consisting of ascending sequences of K-subspaces of certain K-dimensions in
K™

V; . K-subspace in K"
(K =L (V4. V) | dimV,=ng +---+ny
icVoc---CcV, CcK”

.....

Let K= C, G = SU(n) and g be its Lie algebra. There exists an element
Z € g which satisfies F,,, ,, (C") = Ad(G)Z C g. In this case we can see
that {(V4,...,V;) € Fy,,.. 5 (C") | V; : spanned by v;} is a great antipodal
set of F},, ., (C").

From now on I explain about a joint work with Ikawa, Iriyeh, Okuda and
Sakai. Let G be a compact semisimple Lie group and g be its Lie algebra.
We take a nonzero element Z € g. M = Ad(G)Z C g is a complex flag
manifold. If tis a maximal abelian subalgebra of g, then M Nt is a great
antipodal set of M.

In order to construct a real form we take a symmetric pair (G, K) such
that the canonical decomposition of g: g = €+ p satisfies Z € p. In this case
L = Ad(K)Z C M is a real form of M. We show examples of real forms.
The real flag manifold F),, _, (R") is a real form of F,, _,. (C"), which is
obtained from the symmetric pair (SU(n), SO(n)). The quaternionic flag
manifold F,, ., (H") is a real form of Fy,, 2, (C*"), which is obtained
from the symmetric pair (SU(2n), Sp(n)).

We take a maximal abelian subspace a in p and put A = expa. The
conjugacy of maximal tori of compact symmetric space implies

.....

.....

-----

G/K=|JkA- o

keK

and G = KAK. Using this decomposition of G we consider the intersection
LN Ad(g)L for g € G. There exist k; € K (i = 0,1) and a € A such that
g = koak,. Since Ad(k,)L = L, we have

LNAd(g)L = LN Ad(koak:)L = Ad(ko)(L N Ad(a)L).

In order to investigate the intersection of L and Ad(g)L for g € G it is
sufficient to investigate the intersection of L and Ad(a)L for a € A. The
adjoint action of @ € A on the Lie algebra g is well described by the restricted
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root system of the symmetric pair (G, K), because a is a maximal abelian
subspace. Using this we can obtain the following theorem.

Theorem 3 A neccesarry and sufficient condition for L N Ad(a)L to be
discrete is explicitly described by the restricted root system of (G, K). In
the case L N'Ad(a)L is an antipodal set of M, which is an orbit of the Weyl
group W(G, K) of (G, K).

Next we consider two real forms. Let (G, K;) be symmetric pairs for ¢ =
0, 1 satisfying the following conditions. We take the canonical decompositions
of g: g =¢% +p; such that Z € poNp;. In this case L; = Ad(K;)Z C M are
two real forms of M. We take a maximal abelian subspace a in py N p; and
put A = expa. A result of Heintze-Palais-Terng-Thorbergsson [2] implies

G/EKy = | kA o

keKy

and G = KyAK,. Using this decomposition of G we consider the intersection
LoN Ad(g)L, for g € G. There exist k; € K (i = 0,1) and a € A such that
g = k’oal{fl. Since Ad(k’l)Ll = Ll, we have

L[) N Ad(g)Ll = Lo N Ad(k‘oakl)Ll = Ad(ko)(Lo N Ad(a)Ll)

In order to investigate the intersection of Ly and Ad(g)L; for g € G it is
sufficient to investigate the intersection of Ly and Ad(a)L, for a € A. The
adjoint action of @ € A on the Lie algebra g is well described by the symmetric
triad introduced by Ikawa [3]. Using this we can obtain the following theorem.

Theorem 4 We assume that two involutions of (G, Ky) and (G, K;) are
commutative. A neccesarry and sufficient condition for Lo N Ad(a)L; to
be discrete is explicitly described by the symmetric triad obtained from
(G, Ky, K1). In the case Ly N Ad(a)L; is an antipodal set of M, which is
an orbit of a certain Weyl group.
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