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We treat two-step nilpotent Lie groups endowed with left invariant metrics, often called
two-step homogeneous nilmanifolds.

The story of the study on two-step homogeneous nilmanifolds can be summarized as
follows: construct two-step nipotent metric Lie algebras (n, (, )) from well-known object,
and investigate the attached nilmanifolds (N, (, }) in terms of that object. The attached
nilmanifold means that N is the simply connected Lie group with the Lie algebra n and
(, ) denotes the induced left invariant metric.

In this talk we introduce the following classes of two-step nilmanifolds and mention
their geometric properties, especially on the isometry groups.

(i) Heisenberg groups. From certain type of matrics, one can construct the following
metric Lie algebra, called the 3-dimensinal Heisenberg Lie algebra:

| z,y,z€ R}, (X,)Y) :=tr("XY).
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The attached nilmanifold, called 3-dimensinal Heisenberg group, can be investigated by
direct matrics calculations.

(ii) H-type groups. From a representaion of a Clifford algebra C1(3) on v, Kaplan ([2])
constructed two-step nilpotent metric Lie algebras by defining the bracket products on
n:= 3 ®v. The attached nilmanifolds, called H-type groups, can be investigated in terms
of the Clifford modules.

(iii) Nilmanifolds constructed from symmetric spaces. Let (g,€) be a compact sym-
metric pair. By defining the other bracket product on g, one can construct a two-step
nilpotent metric Lie algebra ([5]). The attached nilmanifold can be investigated by ap-
plying the theory of symmetric spaces.

(iv) Nilmanifolds attached to representations. From a representation of a compact Lie
algebra € on V| Lauret ([3]) constructed a two-step nilpotent metric Lie algebran := ¢@ V.
The attached nilmanifold can be investigated in terms of the theory of Lie algebras and
representations.



1 Introduction

00 1.1 Lie algebra n O 2-step nilpotent0 0000, [n,[n,n]]=00000000.

00 1.2 (n,(, ) 0000000000 2-step nilpotent Lie algebra 00O . OO,
(N,(,)0DOO0ODOD Liegroup D (,)0000000000000.

(N,(,) 0000 (n,(,))D00000DOODOOO. OO isometry group O (n,(, ))
goodooooobobboooog.

00 1.3 (Wilson [6]) (N, (, )) O isometry group O Isom(N,(, )) O0O,000 1€ N
00 isotropy subgroup O A(N) DO OO,

(i) Tsom(N, { , )) = N - A(N) = A(N) - N,
(i) A(N) 2 Aut (n) N O, (, ).

0000, isometry group 000000000, AN)ODOOOOOOODO.
00000 2-step nilpotent Lie group D000 00000000, 00ODO isometry
group OO0 OOOOODOOO.

00 1.4 (n,(,)0000,00000000000 -
3 := center(n), v:=(3)",
J 3 — End(v) defined by (J7(X),Y)=(Z,[X,Y]) for Z€j; X,Y €v.

00 1.5 A(N)(3) =3, A(N)(0) = v.

00. VZ e, [9(Z2)n]=9([Z,g'(0)]) =g([Zn])=0. 0000 g0 3000.¢00
000000,0000000 v000. Q.ED.

0 1.6 000 AN) =Aut (n)N(0G,(, ) xOv,{, ) D0D00D.

2 Heisenberg group

00000, 2-step nilpotent group DD DD O0O0O00OO0ODOOO0O.

00 210000000 (n,(, )) O 300 Heisenberg Lie algebra, 0000000
(N,(, )) 0300 Heisenberg group0 00

| z,y,2€R 3| (X)Y) = tr(*XY).

=
Il
o o o
o O 8
o w



0 22000, 2n+ 100 Heisenberg Lie algebra 00, 000000000 -
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n:= : , (X)Y) = tr(*XY).
Yn
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00 2.3 (n,(, )) 0 300 Heisenberg Lie algebra 0000,

0 0 =z 0 =z O
X x —Z
3=2Z=l000|}, v= =1oo0o gy |}, I, - .
Yy Yy zr
00 0 00 0

O0O. bracket UODOOOOODOODOOOOOO,000000 -

0 z =z 0 « 2 0 0 xy —2'y
ooy l|.]ooy 1=l0o0 o . Q.ED.
000 0 0 0 00 0

00 2.4 (N,(,)) O Heisenberg group D000 AN)=0(2). D00 O(2) O 3=0(2),
p=R?0000 n0000O0O.

O0. AWN) = Aut ()N (06, (, ) xO(v,(,)))
= {(a,X) € 0(1) x O2) | afv,w] = [Xv, Xw] for Vv,w € v}

— {(0.X) € 0(1) x O(2) | a = det X}
0(2). Q.E.D.

3 H-type groups

00000, Heisenberg group D0 000 O0OO0OOOOOODOO generalized Heisenberg
group UOOODOODO. OD0DOOOOOOO, Htypegroup DO OOOODODODO. H-type
group O Kaplan (2)) 000 O0O000O0O0. D00O0O0OO [1]00O.

00 3.1 (n,{,)) O H-type Lie algerba 00000 ,VZ €3, J;2 = —(Z,Z)id, 0000
O00.000000,0000 (N,(, )) O H-type group 00 0.

0 3.2 300 Heisenberg group (N,{ , )) O H-type.

O0. JOOODOOOOOO,000000000.v=R20000000,

J%("’”):JZ<_zy>=<_’zzx>:—<z,z><x>. Q.E.D.
Yy zr —zZ7Y Yy



00 3.3 (Kaplan [2]) (i) (n,(, )) 0 H-typeOOO, v O Cl(3,—(, ))-module.
(i) o O Cl(3,—(, ))-module 00O, n:=3®v0 00 H-type Lie algebra 000000 .

O00. (i) H-typealgebraOODODOOO, J:3— End(v) O Cl(3,—(, ))00O0O0O0O.
(i) 0O Cl(3,—(, )) — module
= J:3— End(v): Clifford algebra 000000000
= [3n]:=0, [o,0] C30 ([X,Y],Z2) = (JzX,Y) for XY €0, Z €3
OO0OnO00000000O0 H-type. Q.E.D.

O 3.4 H-type group O Clifford module 00D DOODOOO 1:100000.

00 3.5 (Riehm [4]) (N,(, )) O H-type group D000 A(N) = Pin(m)U (m =
dimz). 000 Pin(m) 0 3=R™ 0 O(m) 000,000 J (ie, spin00)0000,
U:={9€O0(v,(,))|g0CIl3—(,)000 }0 300000 trivial.

0 3.6 (N,(,)) 0 300 Heisenberg group 0000 A(N) = O(2).

00. Cl,—(,)=Cl, =C000,0v=C(00000)000. Pin(l) = Z,
U=U(1)(CO00000)000.000 A(N)=2Z,-U(1) =0(2). Q.E.D.

4 Symmetric spaces

O00,00000000000 2-step nilpotent Liegroup 0000000, M =G/K O
compact 0 000000,0000 LiealgebraO0OOO g=teomO00. M =G/K
00 nilpotent group D000, 00000000000 0OOODOOOOO.

00 41 g=teomI0000000 bracketO [, 000 (, )0000 Lie algebra
O n(g,¢) 00,0000 (N,(, )0 N(g, &) OO0 -

Z+X,Z'+ X" = [X,X'] for Z,Z' €&, X, X €m

(,):=(-1) x (Killing form).

0 4.2 N(so(3),s0(2)) O 3 00 Heisenberg group.

0 0 =z
O00. so(2) = 0 00 O000O0.000o0o0ooooooao :
—2z 0 0
0 =z =z 0 z =z
fi:soB3)2| -2 0 y [—] 00y Q.E.D.
—z —y 0 0 0 0

00 4.3 ([5]) N =N(g,&) 0000 AN) = {g € Aut (g) | g(t) = €}, 00 Lie(A(N)) =
¢



0 44 Aut (9) 0 g 000D D0DODOOO compact Lie algebra 0000000000
automorphism group. 0 g € A(N) =g € Aut (9)0 ODODOOOOO.

0 4.5 3 00 Heisenberg group N = N(s0(3),s0(2)) DO OO0 A(N) = 0(2).
00. Aut (s0(3))=S0(3), 0000 s0(2) 100D0D O2). Q.E.D.

046 00000 $2=50(3)/S02) 0000000000 RP?2=S50(3)/0(2) 00
0o000o00O0000o.

00 4.7 ([5]) (1) N(g,®) OO0 naturally reductive, (ii) N(g, ) OO0 O0O0O0O000OO
00 N(g,€) = (so(n+1),s0(n)) or (su(n+1),u(n)) 00O .

048 000 (i) 0000000000 OODOOOOOOOOOO.

5 Representation of compact Lie groups

00000 Lauret ([3])) 000000000 nilpotent group 000000000000
O . compact Lie algebrat 0 V OOOOOOO, ¥4V O bracket 000 OO O nilpotent
group JOODODO. VO trivial submodule DD 0O O00O0OOODOOO.

00 5.1 ¢0 VOOOOO J,¢eeV OO 00000 (,)000. taV O

et V]:=0,

[V, V] € & defined by ([v,w], Z) = (Jz(v),w) forv,weV, Z et
0000000000 Liealgebra O n(6,V,(, )0, 0000 (N,{(,)) 0 NEV,(, )
good.

00 5.2 (g,8) : symmetric pair D000 N(g,8) =N({Em,(, )). 000 ¢0 mO0O0O
00 isotropy D000, (, ) :=(=1) x Killing form.

053 0000, 0b00buoooobobobooboboboboobobobonoo.

0 5.4s0(2) 0 R*RO0D0O0OODOODOOOODOO Lie algebra O 3 OO0 Heisenberg Lie
algebra 00O . so(2) 0 R*@---aR?* M OI000)00000000D00O0 (2n+1)
O 0O Heisenberg Lie algebra OO0 00O .

00 5.5 (Lauret [3]) N =N(¢V) D000 LieA(N) =[¢,¢ou. 000000 u:=
{feoV,(,)|[f.e]=010¢0 triviel DO0DDO.

0 5.6 [¢,¢] O €0 semi-simple part 00 0, ¢ 0 abelian part 0 « OO0000. OO0
O ¢ C LieA(N).

00 5.7 (Lauret [3]) N(& V) O naturally reductive. 00O, [o,0] =3 0000000
naturally reductive 2-step nilpotent group DD 0 00O ODOOO0O.
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