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§1 Prehistory: Biharmonic functions. Recall the works on biharmonic function
by Lipman Bers. For a C* function U(x1, y1, X2, ¥2) = U(z1, 22), let
’U U ’U U
AU := — + —, and AU := — + —.
0x,2 6_}712 Oxy? aylz
Then, U is biharmonic if (i) A;U = AU = 0, and (ii)

U o*U o*U o*U
+ =0, =0.
0x10xy  Oy1y: Ox1y2  0x2y1
It holds that A2U = (A; + A;)*U = 0. U is doubly harmonic if (i) only. Then, we have:
Theorem 1 (L. Bers) If U(zy, z2) is biharmonic on {(z1,22) € C?||z1] < 1, |z2| < 1},
and if there exist ¢ > 0 and a sequence {ry”, ry"} such that
(i) 0<ry"<1 (v=12,...;k=12),
(i) lim,,,r,”"=1 (k=1,2), and

(ii) [ [T 1UG" €,y €%)| d6; d6; < ¢ < oo.
Then, U(zy, 22) can be written as:
Ulzisz2) = )7 [ Q1,223 61, 62) (6, 63) d61 6.
Here, the kernel function Q(z1, 225 61, 6>) is given as:
iel? 0G(z1,e'%)

. —_ i0
0(z1, 225 61,0:) = 42 6n(ei92) P(z3,e'™),

G(z,w) (zeD, w e ﬁ), the Green kernel of the unit disc D := {z € C||z] < 1}, n(e'?),
the inward unit normal of D at ¢’? € 9D, P(z,€'?), (z,€'?) € D x 3D is the Poisson
kernel of D,

. o 1 1-¢2

P(z,é'%) = P(seé'’, e’y = — ul .
2m 1 - 2s cos(t — 6) + s2

§2. Introduction of biharmonic maps. Consider an isometric immersion f :

(M™, g) = (]Rk’ go) and f(x) = (f1(x),-+- , fi(x)) (x € M). Then,
Af := (Af1y++- ,Afy) = mH,

Here, H := # Z:’;l B(e;, e;), the mean curvature vector field, and B(X, Y) := D;(f*Y)—
f«(VxY), the second fundamental form.

Definition f : (M™, g) — (R, g¢) is minimal if H = 0.

Chen defined that f is biharmonic if AH = A(Af) = 0.

Theorem 2 (Chen) If dim M = 2, any biharmonic surface is minimal.

Chen’s Conjecture: All biharmonic submanifolds in (R¥, g¢) are minimal.
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ForaC® map f : (M, g) —» (N, h), the energy functional is defined by
1
B =5 [ 1afey,.
2Jm

The first variation formula is:
d

dt|t=0E(ft) = - fM (7(f), V) v,.

Here, Vy = 4|,=fi(x) € TyxN, (x € M), and

w(f) = Zl] B(f)eise)s BNX,Y) = VY df(¥)-df(Vx¥),X,Y € (M),

f : (M, g) - (N, h)is harmonic if T(f) = 0. The second variation formula for the
energy functional E(e) for a harmonic map f : (M, g) — (N, h) is:
d2

dt?

t=0

E(f) = f W), Vv,
M

where
JV) =8V -RV), AV=V VY, RV)i= ) RVV,dfC)df ().
i=1

The k-energy functional due to Eells-Lemaire is
1
Ef) =5 [ 1@+ 0ty te=1,2,-00).
M

Then, Ei(f) = j [, 1dfPve, Ex(f) = % [, 17()F v,. The first variation for Ex(f)
(G.Y. Jiang, Chin. Ann. Math. 7A ('86), Note di Mat. 28 ('09), 209-232) is:

d
2| B =- f (), Vv,
t=0 M

dt
©2(f) 1= J@(f)) = AT(f) = R(x(f)).
AC®map f : (M,g) = (N, h) is biharmonic if 72(f) = 0. The second variation
formula for E,(f) is given by

d2

de?

Ex(fo) = f J2(V), VIvg, Ja(V) = J(J(V)) = Ra(V),
M

t=0

Ry (V) = RN (x(f), VIT(f) + 2trRY (df (), T())V.V + 2 trRY (A (), VIV.7(f)

+tr(Vy  RYAfC, TNV + (Vo RYASC), VA ().

Theorem 3 (cf. [NUG]) Letf : (M,g) — (N, h) be a biharmonic map of a complete
Riemannian manifold (M, g) into another Riemannian manifold (N, h) of non-positive
sectional curvature, with E(f) = 1 [, 1dfP?v, < co, and Ex(f) = 1 [, It(f)? vy < oo.
Then, f : (M, g) = (N, h) is harmonic, i.e., T(f) = 0.

§3. Problems, examples and main results.

Problem 1. Letn: (P,g) = (M, h) be a principal G-bundle.  If = is biharmonic,
is & harmonic ?

Theorem 4. Letn : (P,g) — (M, h), a compact principal G-bundle and the Ricci
tensor of (M, h) is negative definite If  is biharmonic, then it is harmonic.
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Theorem 5. Letn : (P, g) — (M,h) be a principal G-bundle & the Ricci tensor
of (M, h) is non-positive. Assume that (P, g) is non-compact, complete, and n has the
finite energy E(xr) < oo and the finite bienergy E, () < oo. If m is biharmonic, then it is
harmonic.

Example 1 (cf. [LOu], p. 62) The inversion in the unit sphere ¢ : R"\{o} > x
25 € R”is a biharmonic morphism if n = 4. 7(¢) = —;—I’j.

¢ : (M, g) = (N, h) is a biharmonic morphismif f: U c N - Rwith¢™'(U) £ 0
biharmonic fct., f o ¢ : ¢~1(U) € M — R is biharmonic.

Example 2 (cf. [LOU], p. 70) Lettake B = ¢y e/ /¥4, fx) = =0teD ¢, o) € 2,

7 (R2xXR*, dx?+dy*+B%(x) dt?) 3 (x,y,t) > (x,y) € (R?, dx*+dy?) gives a family
of proper biharmonic (i.e., biharmonic but not harmonic) Riemannian submersions.

(Proof of Theorem 4) Let P = P(M, G), a principal bundle. A compact Lie group G
acts on P by (G, P) > (a,u) —» u - a € P. The vertical subspace G, := {A*,| A € g} C

T,P, Y A € g, the fund. vector field A* € X(P) def. by A*, := %| uexp(t A) € T, P.
Assume a Riemannian metric g on P satisfies R,*g = g for tal_l(l) a € G. Then, we
have
(a) T,P = G, ® H, (orthonormal decomposition.)
() Gy, ={A%] A € g}, and
(©) R,.H, = H,,, aceG, ueP.
Here H, c T, P is the horizontal subspace.
The adapted Riemannian metri) is a Riemannian metric g on the total space P of a
principal G-bundler : P —» M,
g =7"h + (w(), w(-)),
where w is a g-valued 1-form on P called a connection form, and (-, -) is an Ad(G)-
invariant inner product on g satisfying that
w(A*) = A, A €g,
R,;*w = Ad(a™) w, aeaG.
Then, we have
g(Xu’ Y, = h(n Wy, n.Z,) + (A, B),
forX, = A*+W,,Y, =B, +72,,(A,Beg,W,, Z, € H,).
Assume that the projection  : (P, g) —» (M, h) is biharmonic, J(r(r)) = 0, where

T(r) := Z {Vfin'*ei - 7.(Vee)}, JV:= ZV - RV),

13

AV = = 3V, (Ve V) = Vv, V), ROV):= ) RV, mem.e,
i i

for V. € I'(x"'TN). Here, {e;} is a locally defined orthonormal frame field on (P, g).
Since J(t(r)) = 0,

f J@@), (@) vy = f (V' ¥ r(m), 7)) v - f D R (), moei)maeis T} v
M M M F

vanishes. Therefore, [, (V+(r), V1(x)) v, is equal to

[ 3 rram.epe v, = [ @ramnmmive = [ Ry,
M= M M
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where {e;}’ alocal orthonormal frame field and p” is the Ricci tensor, Ric*(X),X e TM,
is the Ricci curvature of (M, h). By the assumption that the Ricci curvature of (M, k) is
negative definite, Ric” (r(rr)) < 0, so that the right hand side is non-positive.

Since the left hand side of the above is non-negative, so that the both hand sides
must vanish. Then, we have

Ric"(r(xr)) =0 and Vr(r) = 0.
Let us define @ € AY(M) by
a(Y)(x) = (t(m)@), Yy), Y € X(M),
u€ Px =n(u) e M. Then, for Y, Z € X(M),
(Via)Y) = Z(a(Y)) - a(V}Y) = Z (z(x), ¥) — (x(m), V1Y)

= (Vz7(x), ¥} + (v(m), V" ¥) = (x(m), V" ¥) = 0.

Therefore, a is a parallel 1-form on (M, k). Our assumption is that the Ricci tensor
of (M, h) is negative definite. Then, due to Bochner’s theorem, @ must vanish.

Bochner’s theorem: Let M be a compact Riemannian manifold with negative Ricci
tensor. Then, it is well known that the following are equivalent:

(i) there is no non-zero Killing vector field,

(i) there is no non-zero parallel vector field,

(iii) there is no non-zero parallel 1-form on M.

Thus, X is a Killing vector field. i.e., t(x) = 0, 7 : (P,g) — (M,h) is harmonic.
Therefore, we obtain Theorem 4. O

§4 Principal G-bundles, proof of Theorem 5.
(The first step) Take a cut off function 5 on the total space (P, g) for a fixed point
Ppo € P as follows:

0<n<1(nP), n=1(on B(py) ={p: d(p,po) <r}),
n=0 (ouside Ba(p), V1S > (on P)
Letw: (P, g) = (M, h) be biharmonic. Then,
1) 0 = J2(n) = Jx(r(m)) = Zf(ﬂ)—2f=1 R"(t(n), m.ei)m.e;.
Here, {e,-}f=1 is a locally defined orthonormal frame field on (P, g) (dim P = p), and A

is the rough Laplacian: AV = V* vV = - > {Ve,_@,.v - VveieiV}, (V e T(x'TM)).
(The second step) By (1), we have

@ [V Ve, ) v, = fP 1) RMx(n), maenmer, () v

Then, the right hand side of (2) is equal to

j;, ]]2 é (Rh(T(ﬂ')9 ”*ei)”*eiy T(ﬂ')> Vg = \fl’ ’12 é (Rh(T(ﬂ'), e;)e;’ T(ﬂ)) Ve

= f n* Ric" (r(x)) v,.
P

Here, {etf}i”;1 is a locally defined orthonormal frame field on (M, k), Ric"(w) (u € TM)
is the Ricci curvature of (M, h) which is non-positive by our assumption. Therefore, the
left hand side of the above is non-positive.



(The third step) Then, we have

0> j}: (V*Vr(n), 7]2 T(ﬂ')) Vg = jl: (V 7(7), V(I]2 T(ﬂ'))) Vg

- f STl + estr Ve, ) g
P

Here, the second term in the integrand in the above is 2(n Ve,.‘r(n'),ei(r]) T(7m)).
Then, we have

Po— 2 r _ P
[ 7 Y[Farm| <=2 [ Y Torem.emronr, =2 [ Vv W
L] L= i=1

Here, Vi := n V,,7(x), Wi = ei() () (i = 1,..., p).

1
0<|VeViz — Wi* = €|Vil> £ 2(V;, W;) + - |W|2
€

LRV, W) < elVil + 1WA #)
Substituting (#) into the RHS of the above , and putting € = %

)4
f Z vg_—szW,,W)vg
1 S )
AW ATTREND Zel(n) [ vs.
i=1

Therefore, we have

~

V .T(7r)

T < 4] Zlvm2 e < 23 [ by,

(The fourth step) Tending r — oo in (##), by completeness of (P, g) and
1
Exm) = 5 [ I, < oo
2 Jp

we have [, 37 |V,, 7@ v, = 0. We obtain Vy 7(m) =0 (¥ X € X(P).

Thus, ¢ = |r(m)| is constant (~*) X |7(x@)]? = 2(Vx7(n), 7(7)) = 0 (V X € X(P)).

In the case VoI(P, g) = oo and E;(rr) < oo, we have ¢ = 0.

(*5) If ¢ # 0, then E»(n) = % fP [r(x)]? v, = 5 Vol(P, g) = oo which is a contradiction.

Thus, if Vol(P, g) = co, we have ¢ = 0, i.e., m: (P, g) = (M, h) is harmonic.

(The fifth step) In the case that E(r) < oo and E» () < oo, let us define a 1-form
a € AY(P) by a(X) := (dn(X),7(1)), (X € X(P)). Then, we have

[ 1atve= [ ( Zla(e)l P < f ld 70 v,

1 2
< ( fP |drl? vg fP () ? vg =2 VE(x) Ex(n).



)4
Fora = = ) (V,,a)(e;) € C(P), we have
i=1

—da = ) (Vaade) = ) feiale)) — a(Veen)
= D e (dn(en), 7(m)) — (dn(V,,e0), T())
= () {Vedn(e) - dn(Ve0)}, 7(m) + Y (dn(es), Ve, v(m)

= (7(m), 7(n)) + (dnm, Vf(ﬂ)) = |r(x)l?

since V-r(n) = 0. By the above, we have

f |6a|v, = f lr(@) vy = 2 Ex(n) < oo.
P P

By the completeness of (P, g), we can apply Gaffney’s theorem,

0= f(—éa')vg = fl‘r(ﬂ')lzvg.
P P

Therefore, we obtain 7(x) = 0,i.e.,, 7 : (P, g) = (M, h) is harmonic. O

§5 Geometry of CR manifolds Let us begin the CR formalism. l.e., an odd
dimensional analogue of Kahler manifold: Let (M?"*1, 6), a contact manifold of (2r+1)-
dim., T € X(M), the characteristic vector field, 6(T) = 1. T,.(M) = H, (M) & RT,,
(x € M), and assume J is the complex str. on H(M), and J(H(M)) = H(M):

JUX)=-X; [X,Y]e HM) (X, Y € HM)).

Let gg, the Webster Riemannian metricon (M, 0), i.e., go(X,Y) = dO(X,JY) (X, Y €
H(M)), go(X,T) = 0 (x € HM)), goT,T) = 1. Then, (M, gy) is called a strictly
pseudoconvex CR manif.

For two Riemannian manifolds (M?*"*1, g,), (N, k), and for f € C®(M, N), let the
pseudo energy be

1 2n
B =3 [ D0 nXov,
2 Mi:l

where {X;} is an orthonrmal frame field on (H(M), gg). The first variation formula is
given by

4 t_oEb(ft) = —fM h(tp(f), V) vg,,

a
where 15(f) = Ziz:l B(X;, X;) is the pseudo tension field, and By(X, Y) is the second
fundamental form. Then the second variation formula is given as follows.

| L Er 0 = fy hTs ), Vv,

de?

where J5(V) = AV = Ry(V), AV = = 52 {Vx,(Vy,V) = Vv, 1V}, and Ry(V) =

Zfz”l R"(V,df(X;))df(X;). Here, V is the induced connection of V", V is the Tanaka-
Webster connection. The pseudo bienergy is

1
Enalh =3 fM o)y o) Vays Ve = 0 A (dO)".

The first variation formula of Ep is



%| Epy(f1) = _fM h(Tp2(f), V) vg,,
where 75(f) i |s the pseudo bitension field given by

T5,2(f) = Ap(@p(f) = T, RM(75(f), df (X)df (X)),
AC*®map f : (M,gs) = (N,h) is pseudo biharmonic if T52(f) = 0. A pseudo
harmonic map is pseudo biharmonic.
The CR analogue of the generalized Chen’s conjecture is: If (N, k) has non-positive
curvature, then every pseudo biharmonic isometric immersion f : (M, gg) = (N, h)
must be pseudo harmonic.

Lemma (G.-Y. Jiang) Let f : (M, g) = (N, h) be an isometric immersion whose

—_—1
mean curvature vector field is parallel, i.e., Vy7(f) = 0 (V X € X¥(M)). Then, we have

AG(f))
== (T(_f), R™"(df(e;), df (e;))df(e))) df (e;) + X j (T(f), Blei,e))) Byleiye)).
Recall 72(f) = A(r(f)) — X; Rh(‘r(f),ej)ej, and f is biharmonic if T2(f) = 0. Here
{e;} is a local orthon. frame field on (M, g).
Lemma Let f: (M, g¢) = (N, h), an admissible (i.e., By(X,T) = 0, X € H(M))

isometric immer. whose pseudo mean curvature vector field is parallel, i.e., V;T,,(f) =
0 (V X € HMM)). Then, we have
Ap(tp(f) = = T (s (), RM(df (X)), df (X))d f(X))) df (X;)
- X (f), RM(df (X), df (T)df(T)) df (X;)
+ 2 (7(f), B(Xi, X)) Bp(Xi, Xj).
Here, recall 7,2(f) = Ap(tp(f))-2; Rh(Tb(f), X)X}, and f is biharmonic if 75 2(f) =
Here, {X;} is a local orthonormal frame field on H(M), T is the characteristic vector field
of a strictly p.convex CR manifold (M, gy).
Theorem 6 Let f be an isometric immersion of a CR manifold (M*"*1, g4) into

—_—l
§2+2(1), and Vy1(f) = 0 (Y X € H(M)) not harmonic. Then, f is pseudo bihar-
monic iff |Bf|H(M)xH(M)|2 = 2n.
Theorem 7  Let f be an isom. immer. of a CR manifold (M*"*1, gg) into the

complex projective space (P"*\(c), h, J) of holo. sect. curv. ¢ > 0, and V;Tb(f) =
0 (VY X € H(M)) not harmonic. Then, f is pseudo biharmonic if and only if either
(1) J@f(D) € df(TM) & |Bf|H<M)xH(M)|2 23 or
) J@f() L f(M) & |Bslaonxaonl* =

§6 Geometry of foliated Riemannian manifolds. Let ¥ = U, s L, be a foliation
over a Riemannian manifold (M, g). Foreachleaf L =L, (1€ A)of ¥, LetQ = Q, :=
TM/L = TM/L),m : TM — Q = TM/L, the projection, L* c TM, the transversal
subbundle, and o : Q — L*, the corresponding bundle isomorphism.

Let VM| the Levi-Civita connection of (M, g), and V, the transverse Levi-Civita con-
nection on Q. Let ¢, a foliated map of (M, g, ¥) into (M’, g’, F’), i.e., ¥ leaf L of F,
daleaf L’ of ¥/, (L) c L’. o : Q — L*, abundle map such that w o o = id. Let

o d 4
dro:=n"odpoo; Q - Q beabundlemap: Q » L+ c TM Stw S Q’. Here,
Q*cT*M,n: TM - Q=TM/L, ' : TM’ —» Q' = TM’/L’. Then, it holds that
dre € T(Q* @ ¢7'Q").



(First variation) (cf. Chiang-Wolak, Jung) The transversal energy is defined by
E(p) := 3 [, ldrel*v,. For a C> foliated variation {,} with ¢y = ¢ and %h:o =
VeyplQ,

4| Buten = - [ Vruton,
Here, T1:(¢) is the transversal tension field defined by
Tie(9) 1= X7 (Vi dre)(Eo).

Here, V is the induced connection in 0* ® ¢~1Q’ from the Levi-Civita connection of
(M, g’), and {Ea}z=1 is a local orthonormal frame field on Q.

AC* foliatedmapy : (M, g,F) » (M’, g’,5"’) is said to be transversally harmonic

if Tir() = 0.
(Second variation formula)  For every transversally harmonicmap ¢ : (M, g, ) —

(M, g',F"), let s, : M — M’ be any foliated variation of ¢ with V = %l(s,t):(mm,
0y,
W= T'(s,t)=(0,0) and g9 = ¢, we have

P _
asai (s,t):(o,O)Etr(%’t) B fM(Jtr’«’(V)’ W)ve,

Here, for V € I'(p~1Q"),
Jir,o(V) := V*VV-V.V - traceg RS (V, drp)dre
==X (Ve Ve, —Vv, )V = 2! R (V,drp(E)dre(Ey).

We want the condition to have fM(V,V, V)ve = 0. The transversal bitension field
Tir,2(¢) of a smooth foliated map ¢ is defined by 7, () := Jir,(tir(9)). The transver-
sal bienergy E, ¢ of a smooth foliated map ¢ is defined by E, tr(¢) := % fM [t (@) vg.
A smooth foliated map ¢ : (M, g, F) —» (M’, g’,F’) is said to be transversally bihar-
monic if T, ¢r(p) = 0.

§7 Rigidity of pseudo biharmonic maps. We want to show

Theorem 8 Let ¢ be a pseudo biharmonic map of a complete strictly pseudo-
convex CR manifold (M, gg) into another Riemannian manifold (N, h) of non-positive
curvature. If Ep3(p) < oo and Ey(p) < oo, then ¢ is pseudo harmonic.

(Proof of Theorem 8)  The proof of Theorem 8 is divided into four steps.
(The first step): Take a cut-off function n on M as

0 < n(x) < 1,5(x) = 10n B.(xp), n(x) = 0 outside B;,(xy), and |V&ip| < % on M.
The pseudo bitension field 15 2(¢) of a map ¢ : (M, g¢) = (N, h) is:

Tp2(p) = Ap(Tp()) — Zf:l R"(t3(¢), dp(X;))dp(X;). For a pseudo biharmonic map
¢ : (M, gg) > (N, h), because of RN <0,

S A @@ 1 (@) vg, = [y, 17 T2 (R (T1(0), dp(X:)d@(X), T(9)) v, < 0.

—H —H —H —_
Here, Ay = (V )*V ,where Vy = Vyu, and X = X# + go(X, T)T (X" € H(M)) and
V is the induced connection on I'(¢~'TN).



(The second step) Thus, we have

2 SH St 2
02 fM (AT, Prs(9)) = fM T @)V (o))
2n
= f D (Vxmh(@), V(o Th(9)))
M3

= fM (7 (Vx,7(0), Vi, T5(90)) + XU Vx,70(0), Th(9)))

= fM 7 [V +2 fM 0 Vx,70(0), Xi(p) 75(9)).

Thus, letting Vi := 7 Vx,75(¢), W; 1= Xi() 75(9),

2n
f 7 Vs’ -2 f 0 Vx,T5(@), Xip) T5(9)) = =2 f DUV W @)
M M M

Use Cauchy-Schwarz inequality in (#), +2(V;,W;) < €|V]* + % [Wi® (¥ € > 0).

We have
2n 1 2n
@ <e f Wi+ 1 f Wi,
IS I

1
27

2n _ 1 _
f 7 Vx| <5 f D Vx| +2 f PR
M ix 2Ju4 M

Thus, we have
- 16
f 7 ) Vx| <4 f Vil I ()< = f @ ()
M 7 M r“Jm

(The third step) By completeness, we can r — co. Ej2(p) = %fM ltp(@))? < oo
implies that the right hand side of (x) goes to zero if r — oo. Therefore, we have
S =2 [Vx,7s(0)|" = 0. Thus, we obtain Vx7y(p) = 0 (VX € H(M)).

(The fourth step): Assume Ep(¢) < oo and Ep»(p) < oo. Define a 1-form on M by
(de(X),tp(p)) (X € H(M)),

0 X=T).

Therefore, we have, putting, € =

a(X) := {
Then we have
dive) = ¥ ,~(V§ja>(xj) + (V¥a)(T) = T ;{X;(a(X))) - a(nH(V§j X))}
= 2 i{Xj(a(X)) — a(Vy, X))} = = (1)
And also
—6pa = X (dop(X;), T5(9)) — (dp(Vx, X)), T5(p))
= (Vx,(dp(X))) — dp(Vx,X;), T5(9)) + (dp(X}), Vx, 75(0))
= (15(9), T1(9)) = ITp(@). )

Thus, we have

f (div@)] = f @I = 2 Epa() < oo.
M M



Furthermore, we have

[at= [ S < [ (3o mor)”

= d, <2+VE E oo.
fM ol 1750)| < 2 VEo() | Evalp) <

Then, we have [ |div(@)] < o and [ |o| < eo. By Gaffney’ s theorem,

and completeness of (M, g), we have 0 = [, div(@) = [ |ts(@)* = 2E;a(p). le.,
75(¢) = 0. Thus, ¢ is pseudo harmonic. o

§8 Rigidity of transversally biharmonic maps.

The generalized Chen’s conjecture for foliated Riemannian manifolds: For
any transversally biharmonic map from a foliated Riemannian manifold into another
foliated Riemannian manifold whose transversally sectional curvature is non-positive.
Then, it must be transversally harmonic.

We want to show

Theorem 9 Lety be a C* foliated map of a foliated Riemannian manifold (M, g, )
into a foliated Riemannian manifold (M’, g’, ') satisfying the conservation law and
transversally volume preserving. Assume that (M, g) is complete and the transversal
sectional curvature of (M’, g’, ") is non-positive. Then, if ¢ is transversally biharmonic
with finite transversal energy and finite transversal 2-energy, then ¢ is transversally
harmonic.

Letp : (M, g, ) » (M',g', '), C* fol. map. Let a(X,Y) (X,Y € I'(L)), s.
fundamental form of ¥ a(X,Y) = n(V}Q(Y), X,Y € I'(L)), wherenr : TM - Q,
Q0 = TM/L, and L, the tangent bundle of ¥. The tension field T of ¥ is T =
ijﬂ gl a(X;, X)), ({X,-}f=1 spanns I'(L)). Here, ¥ is transversally volume preserv-
ingj if div(t) = 0, ¢ satisfies conservation law if {E,} (a = 1,...,¢q), a local or-
thonormal frame field of I'(Q), divgS(p)(-) = E(VEaS(cp))(Ea,-) = 0, where S(p) =
%ldTgolng — ¢p* g is the transversal stress-energy.

Gaffney’s Theorem Let (M, g), a complete Riemannian manifold, and X, a C!
vector field on M.
(1) If [, 1X]vg < o0, and [, div(X)vg < oo, then, [, div(X)v, = 0.
(2) If f € CY (M), and X, a C" vector field on M satisfy
div(X) = 0, [, Xfvg < oo, [ IfPvy < 0, and [ IXPv, < co.
Then, we have: fM Xfvy=0.

We use the following lemma:

Lemma (S. D. Jung) For every C* foliated map ¢ : (M, g, F) » (M’, g’, F'), we
have divgS(e)(X) = —(13(p), dre(X)), X € T'(Q). In particular, if ¢ satisfies the
conservation law, i.e., divgS(@)(-) = 0, then (75(), dre(X)) = 0 (X € T'(Q)).

By Gaffney’s theorem, we have

Lemma If ¥ satisfies the transversally volume preserving, i.e., div(t) = 0, where T

is the tension field of the second fundamental form of a foliation #. Then fM T(fve =
0, (f € V=(M)).

(Proof of Theorem 9) The proof of Theorem 9 is divided into six steps.
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(The first step) Take a cut-off function  on M as
0 < (x) £ 1, n(x) = 1 0n B,(xg), n(x) = 0 outside By, (x9), and |Véx| < 2 on M.

The transversal tension field 7(¢p) satisfies that
To10(@) 1= Jro(tir(@)) = V* Vrir(p) —Voth(p) —tigRE (t11(9), dro)dre = 0.
Here V is the induced connection on ¢™'Q’ @ T*M.
(The second step) For a transversally biharmonic map ¢ : (M, g) — (N, h), F,
transv. volume preserv., div(t) = 0, we have if r = oo,

fM(YT?((’O)’ 7 1(p)) > § fM {(1p(9), T () = 0.
fM(V*V(Tter)), 7 1@ v = fM 7 ZZ=1(RQ' (ttr(p), dr(E))dro(Eo), Tir(9)) v
<0

since the transversal sectional curvature KQ'(H‘,,,,,) of (M’, g’,F") corresponding to

each plane I, , spanned by 7(¢) and dre(E,) (1 < a < g) is non-positive.
(The third step) Thus, we have

0> fM TV ), (@) = fM Fru(), Vi rie(@))
q
= [ > Frrule) T 0 o)
Ma:l
= fM (P Ve, 0@ + EoP Ve, 700(0), Ter(9)))
- fM 7 T +2 fM 01V, 710(0), Eal) Ter(0))-
By letting V, := 5 Vi, r(9), Wa := Eo() Tr(p),
q
f 7 Ve rulo) < - 2 f 1 V5, 7te(0)s Ealn) Tir()) = =2 f Vs Wb #)
M M M=

Use Cauchy-Schwarz inequality in (#):  +2(V,, W) < €[V >+ L [W,* (¥ € > 0).

We have
S+l [ Y
(#)Sff |Va|+—f Wl
Ma:l EMa:l

Therefore, we have, putting, € = 3,

q 1 _
[ Y Feruol <5 [ S Femu@f +2 [ 3 E0P ol
M a=1 2 My M=y

Thus, we have

_ 16
f 2 Y Ve, ru) < 4 f Vil o)< — f @l ()
M4 M rr Ju

(The fourth step) By completeness, we can r — co. E,t(9) := 3 [, Iter(@)* < oo
which implies that the right hand side of (%) goes to zero if r = oo. Therefore, we have
Ju 20 Ve tu(@)|* = 0. Thus, we have Vyt(¢) =0 (VX € Q).

(The fifth step):  Define a 1-form @ and a canonical vector field o by a(X) :=
(do(r(X), ir(9)), (X € XM)), (@*,Y) := a(Y), (Y € X(M)). Let {Ei}! | and
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{E‘,}Z=1 be locally defined orthonormal frame fields on leaves L and Q (dim L, = p,
dim Q, = ¢q, x € M). Then, we have:

dive®) = X7 (V" E) + 37 _ g(V5 o' E,)

= X (Eda(ED) - a((V}, E)} + 27 _ {Ea(@(Ey)) - (V] Eo)} = =8y (1)

By ertr(go) = 0 (VX € Q) and definition of @, we have

(1) = —bya = (dp(r( - X V5 E), (@) + E]_ {Ea (de(Eo), Tr(p))

~(dp(x(V5, Eo), 7r(9))}

= (de(n( = Z]_ V5 E), tir(p))

+ 20 Vi, @e(Eo), 7r(@)) + (dp(Ea), Vi, Tir(p)) ~(dp(x(VE Ea)), 7ir(0))}

= (do(n(- Zle Vi,iEi)) + Ezzl{VE., (dp(E,)) - dtp(n(ViaEa))}, Tr(p))- (2

(The sixth step): Assume Etr(p) < oo, and E, t1(¢) < oo. Since fM div(a®) ve =0,
we have:

0= [, divie") vy = - [ (do@(Z} | V5 E)),irlp)) v
+ J(Z0_ Ve, (de(Ey) - dp(r(V5, E) Tir(@)) v,
= [u{Tu(@) + do((Z]_ V5, Ea)), 7ir()) ve. (3)
Because for the agove last equality in (3), we used
Tielp) = 2 _ Ve, (dp(Ey) — dp(V§ E,))
= X1 _ (Ve (de(E)) — dp(Vy Ea)) ~dp(Z2_ V5 Ed)*).
Then, we have
@) = [, (rirlp) + de(Z]_ V5 B tir(@) ve = [, (Tirl@)s (@) ve.  (4)
for g : (M, g) = (N, h), satisfies the conservative law,
reX),te(@) =0 (X = (T!_ V5 E)* €T(Q)).
Here, W+ is the @-component of a vector field W on M relative to the decomposition
T™M = Le Q. O

§9. Legendrian submanifolds and Lagrangean submanifolds.  For Legen-
drian submanifolds and Lagrangean submanifolds let us recall:

Theorem 10 Let M™ be an m-dimensional submanifold of a Sasakian manifold
(N?m+1 J,&€m). Then, M is Legendrian in N if and only if C(M) c C(N) is La-
grangian in a Kahler cone manifold (C(N), h, I).

(Proof) M is Legendrian in N if and only if h(£, X) = 0 and (X, JY) = 0 for all X,
Y € X(M). The Kéhler form of C(N) is @ = 2r dr A i + r* dn which satifies

Qfi® + X, L® + Y) = P2{h(, 1Y — f2X) + h(X, JY)}.
Thus, M is Legendrian if and only if the pullback of Q to C(M) vanishes. Namely,
C(M) c C(N) is Lagrangian. O

Theorem 11 Lety : (M™, g) = N, a Legendrian submanifold of a Sasakian man-
ifold (N>, h, J,£,7), and let ¢ : C(M) 3 (r,x) » (r,(x)) € C(N), the Lagrangian
submanifold of a Kéhler cone manifold. Here, g = dr* + r*g, h = dr* + r*h. Then,

(1) t(p) = %, i.e., @ is harmonic if and only if ¢ is harmonic.

(2)1' (—) o J—(T(_)) _ Jo(x(p) + mt(p) _ T2p) + mt(p)

2lp) = @ P = I _r - M 2

l.e., ¢ is harmonic if and only if ¢ is harmonic and ¢ is biharmonicif and only if

J5(7(p) = m7(p).
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Corollary Let ¢ : (M™,g) —» N be a Legendrian submanifold of a Sasakian

manifold (N?*"*1, h, J,£,7), ¢ : C(M) = C(N), the Lagrangian submanifold of a K&hler
cone manifold. Then,

¢ : (M,g) = N is proper biharmonic if and only is 7(¢) is an eigensection of J;
with the eigenvalue m. Here, J is an elliptic operator of the form:

W = AW = T ROVW,5,20)p,2;, (W € D@ TCN),
and RW s the curvature tensor of (C(N), h).

§10. Biharmonic maps and symplectic geometry. Our question is as follows:
What is a relation between biharmonic maps and symplectic geometry?
One can ask: “When are Lagrangian submanifolds biharmonic immersions into a
symplectic manifold? ”
Take as a symplectic manifold, a K&hler manifold: “When is its Lagrangian subman-
ifold biharmonic immersion? ”

Let (&, J, h) be a complex m-dimensional K&hler manifold, and consider a symplec-
ticform on N by w(X,Y) := k(X,JY), X,Y € X(N).
A real submanifold M in N of dimension m is called to be Lagrangian if the immer-
sionp : M — N satisfies that *w = 0, i.e.,
h(TxM, J(T:M)) =0 (VY x € M).

Problem: Whenis ¢ : (M, g) —» (N, J, h) biharmonic? Here, g := ¢*h.

Then, we have
Theorem 12 (Maeta and Urakawa) Let (N, J, h), a Kéhler manifold, and (M, g), a
Lagrangian submanifold. Then, it is biharmonic if and only if

Trg(VAn) + Try(Ay:p(e)) — Z(Trg(ve*iB) — Try(V:B)(e;, »), Hy e; = 0,
A*H + TryB(Au(e), ®) + Z RicV(JH,e;)Je; — Z Ric(JH, ¢;)Je;
— J Tr,Apyn.e(®) + m JAu(JH) = 0.
where m = dim M, and Ric, Ric" are the Ricci tensors of (M, g), (N, h).

In particular, we have

Theorem 13 (Maeta and Urakawa) If (N, J, h) = N™(4c), the complex space form of
complex dim m, with constant holomorphic curvature 4c(< 0, = 0, > 0), and (M, g),
a Lagrangian submanifold. Then it is biharmonic if and only if

Tre(VAn) + Trg(Av:u(®)) = 0, A*H + TrgB(Au(e), ®) — (m + 3)cH = 0.

B.Y. Chen introduced the following two notions on Lagrangian submanifold M in a
Kahler manifold N: H-umbilic: M is called H-umbilic if M has a local orthonormal
frame field {e;} satisfying that

B(e1,e1) = AJe1, Bley,e;) = pJei, Bleise;) = pJer, Blei,ej) =0 (i £ j),

where 2 < i,j < m = dim M, B is the second f.f. of M — N, and A, u are local
functions on M.
PNMC: M has a parallel normalized mean curvature vector field if V*(I—gl) =0.

We have (cf. Maeta and Urakawa [MU])



Theorem14 Letp : M — (N™(4c),J,h) be a Lagrangian H-umbilic PNMC
submanifold. Then, it is biharmonic iff c = 1 and ¢(M) is congruent to a submanifold
of P™(4) given by

’ 2 ’

H —iy 1 ipx 1 ipx )
7T e # e e

( 1+[12 ’ 1+[.12 Y1, ’ 1+/12 Ym

where x, y; € R with X" yi# = 1. Here, n : $*"*1 — P™(4) is the Hopf fibering, and

m+5+ Vm2+6m+25 (/l = (”2 _ 1)/”)

=% 2m ’

§11. Bubbling phenomena of harmonic maps and biharmonic maps  For any
C>0,let7 :={p:(M™", g) - (N", h) smooth harmonic | fM lde|"ve < C}.

Forany C > 0,let F := {p : (M™, g) = (N", h) smooth biharmonic | fM lde|"ve <
C & [, In@Pve <C).

Question: Are both # small or big?  Our answer: a rather surprising: Both F
are smalll. l.e., both ¥ cause bubblings, kinds of compactness.

More precisely, recall previous bubbling result of harmonic maps:

Theorem 15 Let (M, g), (N, h) be compact Riem. manifold dim M > 3. For any
C >0, letF :={p : M",g) - (N",h) smooth harmonic | fM lde|"v, < C}.
Then, for every {¢;} € F, there exist S = {x1,-++ ,x¢} € M, and a harmonic map
P = (M\S, g) = (N, h) such that (1) ¢;, = ¢ in the C*-topology on M\S (j —
), (2) the Radon measures |dg;,|" v, converges to a measure given by |dge|" v +
i @k bx, (> o).

Our bubbling of biharmonic maps with N. Nakauchi is :

Theorem 16 (Bubbling) Let (M, g), (N, h) be compact Riem. mfds. dim M > 3.
ForanyC > 0, letF := {¢p : (M™, g) — (N", h) smooth biharmonic | fM lde|"v, < C
and fM lr()? vy < C}. Then, for every {¢;} € F, there exist S = {x1,+++ ,x(} € M,
and a biharmonic map ¢, : (M\S,g) — (N, h) such that (1) ¢;; = ¢ in the C*-
topology on M\S (j — o0), (2) the Radon measure |dg;,|" v, converges to a measure
l[dpeol™ vg + Xi<k<e @k Ox, (J = 0).

§12. Joint works with N. Koiso. We state a joint work with N. Koiso and H.
Urakawa: Let ¢ : M™ + (R™*1, gy), a biharm. hypersurface, A;, the principal curva-
ture, i = 1,--- , m), v;, the unit principal curvature vector fields. Let T := ) A;. Then,
-3 is a simple principal curvature, say 4,, = —3. Then, we have

Theorem 17 (Koiso-Urakawa) Let ¢ : M™ + (R™*1, g¢), a biharmonic hypersur-
face, with 4; # 4; G # J), and g(V,vj,ve) # 0 Vi, j,k = 1,--- ,m—1), V, the
induced connection with respect to the induced metric g. Then, M is minimal.

Theorem 18 (Koiso-Urakawa) Every Riemannian manifold (M, g) can be embed-
ded as a biharmonic but not minimal hypersurface in a Riemannian manifold,

(M xR, g(t) := g(t)+dt?) with g(0) = g. Here g(t) is a solution of the system of the
ordinary differential equation’s: @ = -1 g’(¢), B = =1 g”(t) + 1 Cer) (g'(1) ® g'(1)).
Here g’(1)(X, Y) = dg(8)(X, Y)/at, and Cg(-), is the contraction, (X, Y) = §(VXY, N)
X, Y € X(M)), N = 9/0t, is the unit normal vector field along M att = 0, and
BX,Y) := g(O)R(N, X)Y, N).
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§13. Classification of biharmonic homogeneous submanifolds in compact
symmetric spaces.

Theorem 19 Let (G, K1, K») be any commutative symmetric triad, i.e., G, a compact
simple Lie group, G/K; (i = 1,2), compact symmetric space, two involutions 6;, 6,60, =
6,0,, and K, Ky act on G/K;, G/K,, of cohomogeneity one, respectively.

Then, K,-orbit, proper biharmonic if and only if Ky -orbit, proper biharmonic.

Furthermore, we have:

Case 1: 3 cases.

- (SO + b + ¢), SO + b) x SO(c), SO(b + ¢)),

- (SU4), S(U2) x U(2)),Sp(2)),

- (Sp(2), U(2),Sp(1) x Sp(1)).

In each case, there exists a unique proper biharmonic hypersurfaces K,-orbit in G/ K;.
Case 2: 7 cases.

- (SO + 29), SO(2) x SO29), UQ +¢q)) (¢>1),

<(SUA +b+c), S(UA +b) xU(c), SUA)x UMb +¢c)) (b=20,c>1),

< (Sp(d + b + ¢), Sp(1 + b) x Sp(c), Sp(1) x Spb +¢)) (b =0, c>1),

- (SO(8), U4), UM4)),

- (E, SO(10) - U(D), Fy),

- (SO + ¢), SO(g), SO(g)) (¢ > 1),

- (F4, Spin(9), Spin(9)).

In these cases, there exists a unique proper biharmonic hypersurface orbit of K,-action
on G/K;.
Case 3: 8 cases.

< (SO(2¢), SO(c) x SO(c), SO2c —1)) (¢c>1),

- (SU@), Sp(2), SO@4)),

- (S0O(6), U3), SOQ3) x SO(3)),

- (SUA + @), SO + q), S(UM) x U(g))) (¢ >1),

- (SU@2 + 29), S(UQ2) x U2q)), Sp(1 +¢q)) (¢ > 1),

- (Sp( + ¢), UA + q), Sp(1) x Sp(q)) (¢ > 1),

- (Eg¢, SU(6) - SU(2), Fy),

- (F4, Sp3) - Sp(1), Spin(9)).

In this case, for all biharmonic regular orbits of K,-action on G/K; (same as, K;-action
on G/K3) is minimal.

Theorem 20 Assume that (G, K1, K3) is a commutative compact symmetric triad
with dima = 1. Then, all biharmonic regular orbits for (K, x Kj)-actions on G are
classified as follows: All cases admitting regular orbits of the (K, x Ki)-action on G
which there exist two distinct proper biharmonic hypersurfaces, are one of the 15 cases
in the following list.

(1) All (G, Ky, K>) which have 3, proper biharmonic hypersurfaces

< (SO + b + ¢),SO + b) x SO(c), SO(b + ¢))

- (SU4),Sp(2),SO04) - (SU@),S(U(2) x U(2)),Sp(2))

- (Sp(2),U(2), Sp(1) x Sp(1))

- (SO2 +29),50(2) x SO2q), U1 + q)) (¢>1)

c(SUA+b+¢),S(UA + b) x U(c), S(UQA) x U(b + ¢))

< (Spd +b+¢),Sp(1 + b) x Sp(c), Sp(1) x Sp(b + ¢))

- (501 + ¢),50(¢),SO(q)) (9 >1)

-(SU + ¢),50(1 + ¢),S(U1) x U(q))) (q >52)



- (SUQ2 + 2¢),S(U22) x U(2q)), Sp(1 + q)) (¢ > 1)

- (Sp + ¢), U1 + ¢), Sp(1) x Sp(q)) (g = 2, g > 45)

- (E6,S0(10) - UQ1), F4)

- (F4, Spin(9), Spin(9))

- (F4, Sp3) - Sp(1), Spin(9))

- (SO8),U4), U4)).

(2) (G, K;, K>), any biharmnic regular orbit of the (K, x Ky)-action on G is harmonic
Recall the action of K;x Ky on G is (ky, k1) « x := kyxky™! (k; € K», k1 € Ky, x € G).

(2-1) (S0(6), U(3), SO(3) x SO(3)),

(2-2) (SUQ + q),S0(1 + ), SUA) x U(q)) (522 ¢q > 1),

(2-3) (Sp(1 + @), U(1 + q),Sp(1) x Sp(q)) (45 = q > 2),

(2-4) (Es, SU(6) - SU(2), F4).

For compact symmetric triads (G, Ki, K>) whose K;-action on G/K; is cohomogene-
ity two, we have :

Theorem 21 Let (G, K1, K3), a compact symmetric triad whose the K,-action on
G/ K, is of cohomogeneity two. Then, all singular orbit types are divided into one of
the following three cases: (Note the codimension of all such orbits of K, inG/K; > 2).

(i) There exists a unique proper biharmonic orbit,

(ii) there exist two proper biharmonic orbits,

(iii) any biharmonic orbit is harmonic.

Theorem 22  All the compact symmetric triads (G, K1, K>), the K»-action on G/ K,
is cohomogeneity two as follows:

(1) Ay: 12 cases (ii),

(2) B3: 6 cases (ii),

(3) C,: 15 cases (ii),

(4) BC,: 12 cases (ii),

(5) G,: 4 cases (ii) and 2 cases (iii),

(6) I-B,: 2 cases (i), 4 cases in (ii),

(7) I-C,: 4 cases (i) and 8 cases (ii),

(8) I-C,: 4 cases (i) and 8 cases in (ii),

9) I-BC;-Ai: 9 cases (ii),

(10) II-BC;: 9 cases (iii),

(11) I-BC,-B;: 4 cases (ii) and 5 cases in (iii),

(12) III-A;: 9 cases (iii),

(13) III-B,: 3 cases (iii),

(14) III-C;: 2 cases (i) and 7 cases in (iii),

(15) III-BC;: 9 cases (iii),

(16) III-G: 2 cases (iii).
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