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Seeking collaborators for ... el &2

By Keita Seto (ELI-NP/IFIN-HH)

Each topics can innovate the frontier of

high-intensity field physics (& 5&E 15 #38) !

Physics side

- Pair creation/annihilation mechanism by Brownian model
- Photon-photon scatterings by Brownian model

- Applications of Brownian particles

Required skills: QED (QFT), stochastic analysis, etc.
(incl. measure theory, probability theory based on measure theory)

Simulation side

- Fokker-Planck equation

- Wiener process in Minkowski spacetime
(Random value generation x 4 with the “It0 rule”.)

- Integration of the above ideas + alpha




ELI-NP & Laser Facilities w eli 38
http:IMWWiCU“OI'g! Nuclear Physics

By Keita Seto (ELI-NP/IFIN-HH)
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Non-linear QED @ ELI-NP weli @

By Keita Seto (ELI-NP/IFIN-HH)

Radiation reaction = non-linear Compton scatterings ??

lllustrated by K. Seto
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Present (Major) Schemes nei S

Nuclear Physics ' ‘

Classical & Quantum Dynamics By Keita Seto (ELLND/IFIH)

Intensity (field strength)

A 4 Radiation reaction
in “high-intensity field physics”

=T - O LAD equation
\&. ,‘/( in classical dynamics
I 1 "

Furry picture |
I
| p—— [ C
B - ol O' * Relativity

Quantization _ .
Dirac equation

in quantum dynamics

ELI-NP regime
(regime of radiation reaction)

dz’ dz?

0 ex 2

LAD equation dv* m,z, (d?v* d*V"
_ _ m =f, "+ v Ve,
(classical dynamics) dz c

Non-linear

Compton scatterings Furry picture
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meli (e

Radiation Reaction @ E7 area 55

Investigation of
the running coupling

between an electron & radiation

eHigh—FieId = q(;{) X eclassical

Solving Maxwell’s eq G

Radiation formula:
dw

High-intensity

e () x —==
YAS Eelectron\/l_

dw

classical

dt

(Laser intensity dependence)

K. Seto, PTEP 2015, 103A01 (2015).

K. Homma, et. al, Rom. Rep. Phys. 68 Supp., 5233 (2016).

K. Seto, arXiv: 1611.05861 (2016)
K. Seto, arXiv: 1611.05458 (2016).

By Keita Seto (ELI-NP/IFIN-HH)

electron beam bunch
(LINAC/LWFA)
)
m @," Y

outgoing “radiating” electron

Ax,Ap{
€ - - =

incoming
electron

radiation
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Non-linear Compton Scattering

In non-linear QED

el e

By Keita Seto (ELI-NP/IFIN-HH)

Solve the Dirac equation with an external plane wave field strictly:

Then, the Volkov solution is derived:

W\i;olkov(x’ p,S) =€ !

[7//1 (Ihaﬂ T ep\e/j() - mOCH4X4]WV0Ikov (X’ p) =0

LU (p.s)

Si[x’ p’ A,k] — plux,u _."GE:kax“ dga [iepvp\:x +

p K

o

ii—Si[X,p;A,k] o |:]I4x4 T e(yﬂkﬂ) ) (7/1/'6\:)!()

2p Kk

J2p°

ezg,,A‘;A{xj
>

Orthogonality & Completeness are imposed:

[y, (1n0" + eA) +e

y7]
ad

)~ mcl*“Jy/(x, p) = 0

:> ¥ \olkov ( p)

A (K')

V/Volkov ( p l)

But, focusing and superposition?? :
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ldea: Ehrenfest’'s theorem

Schodinger equation

U
Wave function /(1)) - J‘Rg d*x w (X)X (X)

~ d*(x(t))

Average trajectory: m, e

=(F(x(1)))

Before taking the average...?

Nelson’s “stochastic’” mechanics !!



E. NelsonlZ&kd meli &5
Nuclear Physics ' ‘
BrownEMZMEI-BEFHE @ ' o cocummm

#FEEdward NelsonlIRD AR R M Schrodinger AR EEMTHLZEFRLT=

Theorem (Nelson): Probability space: (2, D(#),#)
: . > we L2
> plisinztice dR(@,t) =V, (X(t, ), t)dt + W, (t, )
= (Itd integral) 2m, _
= el Wiener process
0 oV(X, 1) +Vv(Xx,t) - Vv(x,t) \
< . .
i Dynamics: m, i T) — hi V2U(x, 1) VV (x,1)
§ “Wave” 0
EE -
o V(X,t):V+(X’t)J2rV—(X’t) :Im{iVIm//(X,t)} >
0
Sub—egs: )
u(x 1) = Y50 ;V—(X’t) . Re{mivm w(x,t)}
L 0 y,

BHEE ()= dBIX(t, )] dt | = Schrédinger A2
Ehrenfest dt

m, %(t) — _VV (E[R(t, ¢)], 1)

A

. Nelson

12




E. NelsonlZ&kd neli &
Brownfv!!il"éﬁotl? jJ $ @ NBlyKeP:cyaSeto (ELI-N P/l)
“Schrodinger DR EN N F” [ZFM7E ‘NelsonDFERNF" DTS
O LG FOEENMLEITS | (TBIEETTEHEEET)

dX(m,t) =V, (X(t,®),t)dt + / i dW, (t, )
2m,

Q RENFEIMD ZEHNERZETHY . T [LFokker-Planck FFEXDEETH S
0,P(x 1)+ VIV (X O P(x ] £ =

U Y

ERD EEEAT
8.p(,1) + V- [V(x. ) p(, ] =0, u(x.t)= % «VIn p(x,1)

0

Vip(x,1)=0

Q@ EF-THMEHARZRFETT—HTHNS!

ERBIX AR FIMESERDEZE EMaxwell HFEX
C>  WEORERFEHET - FHEBCompton#REL)I<E BN 45
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By Keita Seto (ELI-NP/IFIN-HH)

: /A
170, w(X,t) =| - Ve —

Schrodinger A3z o om

w(X,1) = Const. x e/ s ' x g™V 2mE

3

ome 1 ET

L T B2t (141) Lo :{} | 43

@, ¥ N

o S0 RS

E:> iVInV/(x,t) S G) —%Vr Nl |
m, - My w(X,t) 1-0 m, 2

0 oo

( V(G HV () [ h B a0
I:> vix.1) = 2 =Im m_oV Iy (x,6) =0 x/Bohr radius i y/Bohr radius
x
u(x,t) _ V. (x1)-V_(x,t) _ Re{mivmw(x,t)} - /_% vr
L 0 0
- 2 % l
g2 d5 . E X(w,t) — X oo
V (% f) = (w,1) = < dt+ |——dW, (t, @)
I::> < (%) Arreh VT I:> drneh | X(o0,1) — X' 2m,
vr=lx(x—x) _ X@D =X e |"aW (t,0)
k r | X(,t) — X' 2m, ”




Relativistic Brownian motion el )
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Arelativistic Brownian particle —  di &<
& Field generation mechanism S

By Keita Seto (ELI-NP/IFIN-HH)

Volume | [& Volume Il [&
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ERHFEL Mt RER
[ZDUVT A Brownian Particle and Fields [: [ZDLVT

A Brownian Particle and Fields 1I:
Construction of Kinematics and Dynamics Radiation Reaction as an Application
Keita Seto* Keita Seto*
November 18, 2016 November 18, 2016

14 Nov 2016

Extreme Light Infrastructure - Nuclear Physics (ELI-NP)
Horia Hulubei National Institute for R&D in Physics and Nuclear Engineering (IFIN-HH),

Extreme Light Infrastructure - Nuclear Physics (ELENP)
30 Reactorului St., Bucharest-Magurele, jud. Ilfov, P.0.B. MG-6, RO-077125, Romania.

Horia Hulubei National Institute for R&D in Physics and Nuclear Enginee: rmg (IFIN-HH),
30 Reactorului St., Bucharest-Magurele, jud. Ilfov, P.O.B. MG-6, RO-077125, Romania.

14 Nov 2016

The key issues are- -

- the correspondence hetween classical and Browman quantum dynamucs
- the field generation mechanism ==

by keeping the Lorentz invariance (relativistic covariance).

This Volume 1T is reproduced from a part of arXiv:1603. 03373 .

arXiv:16
arXiv:161
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Radiation Reaction - from Classical Physics to Quantum Fields
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Horia Hulubei National Institute for R&D in Physics and Nuclear Engineering (IFIN-HH)
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Nuclear Physics ()

Brownian partiCIe mOdEI By Keita Seto (ELI-NP/IFIN-HH)

K. Seto, arXiv: 1611.05861 (2016).

Conclusion 18 (System of a scalar electron and a field). Consider the probability space ({2, D(2?), &) and
the Minkowski space (A*(Vyi;, g), Z(A*(Vi,9)), ). When the sub-o-algebras of 2, cp and F,cp with
their filtration are included in D(2?), the D-progressive i(o,e) == {&(7,w) € A*(Vi;,g)|T € R,w € 2}

characterized by

di* (1, w) = VE (&(r,w))dr + A x dWE(r,w) (89) kinematics

is defined as the kinematics of a stochastic scalar electron [Definition . The following action integral

[Theorem

S[&,V, V', 4] — /dT/,M v )dw“’”) l_v;(;r)w(ar) > dynamics

/dff o, 1€ T) Aa(Re 07(2)

a9)

. L T 2] - o3 T o T
+f“(“w’4 )d‘”(i');moc[Fﬂ-'s( ) + 0fep(@)] - [FP(x) + 617 ()] (90)

provides the following dynamics of a stochastic scalar electron [Theorem and a field [Theorem
characterized by V== (1—14)/2x Vy + (1 +1i)/2x V_ eV}, &iV}, and F € V§, @ Vi classical: m,dv* /dz =—ev F *

Scalar electron (Klein-Gordon eq.)
) —

mD,VH(#(7,w)) = —eV, (&(7,w)) F* (&(7,w)

(91)
Maxwell eq.
0. [F*(z) + 6f* ()] = po X E Il—ec/l;d'r' Re (V¥ ()} 6%(z — fﬁ('r',w))ﬂ (92)

U(1) gauge
Here, the dynamics of is equivalent to the Klein-Gordon equation. These dynamies fulfill the U (1)
gauge symmetry such that sym metrv

#(z) = e~ A/ x 3(z),  A'*(z) = A%(z) — 9 A(z) . (93) %J
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By Keita Seto (ELI-NP/IFIN-HH)

£(1)

Sense by
Mathematical physicist

meli

Nuclear Physics

The Borel o-algebra of

Let us consider the Mathematical spaces ... a topological space |

q) Probability space
(2,D(2),7)

U

D-progressive process
(Relativistic kinematics)

dx“(z,w) = V! (X(r,w))d7 + A x dW/ (7, w)

N

Fokker-Planck eq.

0,000,2)+ 0,7 (P, )]+ 07, (x,7) =0

U

Proper time

ot \/E[[d "R,(7,2)-dR" ()]
C

\.

2) Metric Affine space Q
( Minkowski spacetime)

(A*(Vy,9), B(A" (V. 9)), 1)
Action integral

S[x,V, V', A]
= du(X) £(x, %, V, V", A

A*(Vy.9)

b
EOMs

\

m,D. V" (X(z, w)) = —eV.(R(z, w)) F* (X(z, ®))

o, [F7(x)+o 1 (x)]

_”OXE[[ ecj drRe Vv(x)}é“(x X(7, ))]]

18
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Kinematics i o
D-progressively measurable process " LS

By Keita Seto (ELI-NP/IFIN-HH)

Definition 1 (D-progressive #(o,e)). Consider the {22 }-progressively measurable and the {.%;}-
progressively measurable process (o, ).

[Nelson’s (S1)] For each (1,w) € R x {2, when the following 28((—o0,7]) x £, measurable function
Vi (2(o,e)) and the Z([r,o0)) x %, measurable function V¥ (%(o,e)) exist as the limit in L', #(o,e) is

named “Nelson’s (S1)-process” [2]:

Vi (i‘{‘i"‘ w)) _ 6tli_l;lg_+E |:|: i (T + (ST..C;?)— — i‘-p{T, .) L_@T:II {w) (])
Vf {i"(?’ w)) _ ét]il;la._'_]E |:|: iﬁ{?—! .) — jj:{?— - 5?'.. O) L?T:II {w) (2)

|[D-progressive] Let W, (o, e) and W_(o, e) be the forward and backward standard Wiener processes.
For a given set (7,w) € R x {2 with respect to 7, < 7 < 73, consider the following {2, }-progressive and
{.#, }-progressive Ito process [25].
H(rw) = ¥ (7,,w) +/ dr' VE(2(7",w)) + A x / dWH (", w) (3)
T TH
= i (r,w) - / dr' V¥ (i(r w)) — A x / AW* (', w) (4)

Where, A = /h/mg € R [19]. This stochastic process includes Nelson's (S1)-process obviously. Then,
introduce the modified rule of Nelson’s (S2) and (S3)-processes [2] as the limit in L2:

K. Seto, arXiv: 1611.05861 (2016).

, [Wi(r +07,0) —Wi(r,0)]| @ [Wi(r +67,0) —W(T,0)]| . T, .
o=- i [ e n il CIC
g +.sfli_‘3&+E |[ [W_(7,8) = W_(1 —d7,)] gj [W_(7,8) = W_(T — 41, e)] j’]l @) ©)

We name “the dual-progressively measurable process”, or shortening “D-progressive” and also “the D-
process”, such a {#; }-progressive and {.%; }-progressive #(o,s) instead of Nelson’s (52) and (S3)-
process [2]. Of cause, g € Vi;@Vy; is the metric in the Minkowski spacetime (A% (Vi g), Z(A* (Vi 9)), 1)
with its signature g = diag(+1, —1, —1, —1). The differential form of is also employed:

Kinematics—> [d*(r.«) = Vi(i(r.w))dr + A x dWe(r,w)] (7) 19




1 13 » . )
Key is the “Dual” progressively o eh ::

measurable stochastic process!! -, .. o e

(D-progressive: dX“(z,w) =V (X(r,w))d7 + A x dW, (7, ®) )

xX(7,) - x(t —dr,m)
=V X(t,w))dr + A xdW " (1, )

A4 A
| ' X(7 +d7,0) - X(7,0)
i i =V (X(r,0))dt + A xdW "(1,0)
| | i .
B C ) [ N— 4 ' | |
X(r+dr,@) [~ = LAt !
| | | |
I I I | |
| | | | |
I L 7) J EE— I | i i | Sample path @
L
| | | | |
' ' I ' l
I

»

T—dr T 7t+dr proper time

1t0 rule: For each w € (2,
dr-dr =0, dz-dW/(r,w) =0,
dW/ (7, ) -dW, (r,0) =F9""dr

20



Stochastic Model nei S5k

. Nuclear Physics ' ‘
vs CIaSSIcaI MOdeI By Keita Seto (ELI-NP/IFIN-HH)
~\

4 . .
Stochastic version

@ Propagation of a scalar electron
1.V, V" A= | [, ¢V (e )V i) |

m,D V*(X(r, w))

Bl — d A (X *))R. (g o .
=—eV (X(z, ®))F* (R(z, ®)) " [[ IR T€A, (X(7,*))Re{V" (X(7, ))}ﬂ 43 Interaction term

l of of
- 007 S IR 00+ 8T, 001 [F (04 56 (0]
{ =E[[—echdTRe{V”(x)}é“(x—X(T,-))]] G Propagation of Field(s)
4 . 3 )
Classical version @ Propagation of a scalar electron
_ my a
Sclalssical [X’V’ A] = IRdT 2 Va (T)V (T)
—dereAa(x(r))v (7) 4: Interaction term
m i =—eF"v 1 of
g dT g + A4(V’<4/|,g)dlLl(X) 4 C Faﬂ(X)F (X)
py %0, F = [—ec [ dzve(0)5* (x - x(r))J Ho
. . ﬁ Propagation of Field(s) y

Definitions of their velocities: VeV, ®iV,, & veV, .



ANF—RBFDDynamics(REME)E 0i o
KI el N ‘Gordonﬁ& -t 'ﬁﬁj NU;;alr(;y:C;eto (ELI-N P/I)

K. Seto, arXiv: 1611.05861 (2016).

Theorem (Nelson): Probability space: (£2,D(%), %)
: : we
> Kinematics:  geu(z, ) = VA (R(r, 0))d7 + A x AW/ (7, )
‘_:55 (Eco |n.tegfal) Wiener process
S particle
2
g Dynamics: m,® V*(X(r,w)) = —eV (R(z, w)) F* (X(, ®)) )
% “Wave”
& G . e « >
ub—eq: V*(X) = —x[i70” In ¢(x) + eA” (X)]

VAV () V() -V (X)
N 2 2

Y,

A E[X“(7,® ] —
HHEIE  V(r )'=OI [[Xd (7,21 = Klein-Gordon A2 =
Ehrenfest ¢

m d—ﬂ(r) =—ev F*(E[X(z,e)])

22



Field(s) el =
- Maxwe" equatlon By Keita Seto (ELI-NP/IFIN-HH)
a/l [F . (X) T 5 f o (X)] — IUO X jéllassical, Klein-Gordon, stochastic (X)
Classical model
Jlssion (¥) = e[ dzw#(2)5* (x - X(7))
. space -
| Scalar QED model ©V=8v—i;e/x(x)
Aﬁ Space jllglein-Gordon (X) - ZIf: X gyv |:¢*(X)®V¢(X) _ ¢(X)©Tx¢*(x):|

| II

(. 0) Brownian motion model stochastic process
:gﬁ j 4 — _ H YUy R+ e
I Space Jstochastic(x) — EH eCdeTRe{V (X)}5 (X X(Z’, ) )H

- K. Seto, arXiv: 1611.05458 (2016).



How to solve the Maxwell equation? K e[] .‘g;@

- Factor of “stochasticity” By Keita Seto (EL-NP/IFIN-HH)

The theorem for the analysis of radiation from a stochastic scalar electron.

Theorem 4 (Factor of stochasticity). In the Minkowski spacetime (A4(Vil, q), B(A* (Vil, g)), ), consider
an arbitrary B(A? (V}t{, g))/ B(R)-measurable and C>°-local square integrable generalized-function f along
the D-progressive (o, e), and it fulfills f(E[z(7,e)]) # 0 for each 7 € R. Then, a certain C°°-function
=:R — R exists such that

E[f(&(r,e))] = E(r) x f(E[2(r,e)]) |- (29)

Definition 5 (Integral transformation). Consider Theorem let le(t) = E[f(z(7,e))] be regarded
as the integral transform with respect to its integral kernel p(z,7) = E[§*(z — (7, e))] and K'f(t) =
=(7) x f(E[z(7,e)]) by the kernel p/(z,7) = =(7) x é*(x — E[i(7,e)]) for x € A*(V},,g). Hence, these

two integral operators invoke the relation, K = K'.

Maxwell equation:
sy %0, [F* (X)+ 8 £ (X)] = E[[—ec [ drRe{V (x)}5* (x- m,o))ﬂ
= —ec J.RdrE(r)Re{Vv(x)}é“(x —E[R(z,*)])

24



Radiation reaction neli S
Nuclear Physics [ )

acting on a Brownian motion 5 Keita Seto (ELI-NP/IF-HH

Conclusion 9 (Radiation reaction). In the Minkowski spacetime (A"‘(V,{i.g).%(A (Vi1,9)). p) with the
probability space (2, D(2), 2), consider Theorem [2] namely, define the D-progressive i(c,e) =
{#(T.w) € A*(V};,9)|m € R,w € 2} as the stochastic kinematics of a scalar electron with the follow-
ing dynamics of a stochastic scalar electron and a field characterized by V € Vi, @iV}, and § € Vi, @ Vi,

mp®, VH(&(r,w)) = —eV, (#(1,w)) [F* (2(r,w)) + F* (&(7, w))] (74)

)+ 07 (x)] = po x E [[—cc/ dr’ Re {V"(z)} 6% (z — .i‘(r'.ov))]| (75)
R

Where, F,, € Vi; ® V},[satisfies 8,F~” = 0 and the dynamics of (74) is equivalent to the Klein-Gordon
equation. For the retarded and advanced fields F ;, = =3F +6f € V\{ & V,{‘ 3= ]:|+> «—1]/2 and
of € 'V;,{, V‘,{, represent fhe homogeneous solution of (75 {-) such that d,§"" = 0 and its singularity (T2{73).
Hence, the full dynamicq of the radiating stochastic scalar electron is as follows:

Derivation: K. Seto, arXiv: 1611.05458 (2016).

mg®, VF (2(1,w)) = — eV, (&(7,w)) F (&(,w))

K. Seto, arXiv: 1611.05458 (2016).

HAE[z(T, 9 (76)
—eVu(z(T,w)) y (Bl )])A +0 (@02(7,&;))
+05% (1, w) - OaF" (E[E(T,)])
This is the quantized equation of the LAD equation in classical dynamics,
dv n (d** d*v” :

25
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Radiation reaction: » eli G
- Averaged trajectory -

By Keita Seto (ELI-NP/IFIN-HH)

Average of a Brownian scalar electron
with radiation reaction

m, % E[[)”(#(T,.)]]:-e[Feﬁv(E[[)A((T,O)]])+SW(E[[)A((T,’)]]):|dE[[);(T &, (®5X(f w)j

5 (BIR(r, ) = - T2 { & B, D) S CI o gps(e, -y - L (fr)q
) ecC dr dr
a(E[[f((r,-)]]) _ d3E[[X(T )]] 3dInE ._(Z') d 2E[[X(T )]] - E(T):CI(X) @ an plane wave

dz? 2 dr

N\ .\.*0(1 10PW) Laser

ELI-NP target area
0.8

+ GBS-LINAC
v dﬂ —= (T) < dWcIassicaI i 0.6,;<
dt dt : 1
Qo Higher energies
LAD equation g‘;?zBOS,\;I;'\'}AC : by_wvg;A I02
(“purely” classical physics) ! 1< GBS-LINAC upgrade
B 1000 2000 3000 4000 5000

: I 1000MeV
10 . .
dv* m.z. ( d*v* d2v”
_ pv 0o v u
m, i =—eF, v, + 2 | 4.2 v 472 Vav, E [MeV]
26



SUNHIRY: weli &2

Nuclear Physics ()

Brownian motion for high-intensity field physics By Keita Seto (ELI-NP/IFIN-HH)

1) Nelson'’s stochastic quantization
+ Lorentz invariant
+ field generation
2) Radiation reaction on a Brownain motion

Future works

- Extension of mathematical model

- Numerical simulation

- Seeking the potential collaborators

& candidates of ELI-NP regular members

Thank you for your attention??
Further information,

maii o lkelfa.seto@eli-np.1o
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