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1. Introduction

1. Testing equality of r covariance matrices
: ii.d. :
Xij,Z:]_,...,’l’Lj ~ Np(ﬂj,zj),jzl,...,r
H()IEl:"':ET
The modified likelihood ratio test rejects Hy for small values of

V= H;:l (det Aj)nj/2
(det A)n/2 7
A; : the matrix of sums of squares and products formed from the j-nth sample

A=A +---+ A,
Moment formula (Under Hy)

h p[n/2] Lp[n;(1+h)/2]
BV = 1+h/21H L2

T[] = PP~ /4Hr a—(j—1)/2]



2. The sphericity test
X;, i=1,...,n"% Ny(u,%)
Hy : X = A\, where ) is unspecified

The likelihood ratio text rejects Hy for small values of

det A

(%trA)Z”

A the matrix of sums of squares and products

V:

Moment formula (Under Hy)

Llpn/2ITy[(n + 2h)/2]
Plp(n +2h)/2]Ty[n/2]

BV = "



3. MANOVA test
K:BX,-I—EZ,Z:L,N
B:pxr, X;:rxl, ei=1,...,N"& N)07¥)
Hy :BC =0, (' isaknown matrix of rank ¢

The likelihood ratio text rejects Hy for small values of
_ det(B)
~ det(A + B)
A the matrix of sums of squares and products due to the hypothesis

B :  the matrix of sums of squares and products due to the error

Moment formula (Under Hy)

Lyl + 20/, 0+ 0)/2

BV = T, /ol fm + g+ 22 * "




2. General formulas of asymptotic expansion

Classical large sample approximation Box (1949, Biometrika)

E[Vh]Kx[ y] {, Tloi(1L+5) + €]

=1 Ti™ i1 Ly (L4 h) + ny]

p q
Zyj: Tr, Tk =axM, y;=b;M, M — oo (n— o0)
j=1 k=1
T ==2plogV, Br=(1-p)zx=0(), ¢=(1-py; =0(1)
i / : - Yk N\ — (s
¢r(t) = logE[e"™] = —2 log(1 — 2it)+ > Tl = 2it)™ =1} +O(M~¢+)
k=1

f= —2[§§k—im—§(q—p>],

(DM G Ben(Bi+ &) < Bieale + 1)
LTRSS {Z (p:)k 2 (py;)* ]

j=1



Expansion of the characteristic function

or(t) = exp{ir(t)} = ¢s(t) + O(M 1),
s(t) = (1 — 2it) I/

{1+i]\;ki;” > H% (1 — 2it)~ 1]}

m=1 lhi++ln=k i=1
1;>1

Asymptotic expansion of the distribution function
P(T < ) = Gy(z) + O(M D)

Gs(x) :/ {%/ e_mws(t)dt}dx (inverting formula)



High dimensional Edgeworth expansion
The moment generating function of log I/

brogv (t) := Elexp(itlog V)] = E[V*]
— K x [ ?:1 yjyj]Zt 1 Dlza(1 +it) + &

q

R i=1 Ty (1 +it) +ny
cumulants
p 1y p
j
k1 = E[log V] = log ]— Z 20O (z; + &) Z ;0O (y; + ;)
i:l T;*

j=1

q
K = Ziﬁilb(k_l)(% + &) — Z yjlb(k_l)(yj +n;) (k> 2)
=il =i
dk:—i—l

where 1*) (a) = o

log I'[a]



Formal Edgeworth expansion

Buogv (t) = p4(t) i= ‘W{”Z ,Zm (it }

_ —F3k)/2 Ks14+3 " Ksp+3
Vk,j Ko Z ( 51 +3) (sk+3)'7

s1t+--+sp=jJ

ET‘

S S—

PV M <) % Qule) = 0(0) — 0(0) Y 15 O oo (o),

Vs ZF

hj : the j—th order Hermite polynomial

Il
o

J



3. Uniform error bounds

If we find a function such that

‘leogV(t) - st(t)| < G(t) and

/ %dt is computable

Then

10

< i/oo |Prog v (£) —
T2 ]



3.1. Previous results

We have found computable error bounds of the following statistics under a frame-
work

p— 00, N — 00, With£—>6i€(0,1)
n;

MANOVA test

The modified likelihood ratio test testing ¥ = I,

The likelihood ratio test testing the sphericity

The modified likelihood ratio test testing > =3y = --- = 3,
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Numerical examples

% Error bounds for testing Hy : 3 = X5 in the case of s = 2

ny =ne = 18 ny = 18,ny = 36
P BOUND P BOUND
3 1 0.0037 (0.55) | 3 | 0.0035 (0.65)
6 | 0.0013 (0.55) | 6 | 0.0013 (0.65)
9 | 0.0009 (0.60) | 9 |0.0010 (0.65)
12 | 0.0010 (0.70) | 12 | 0.0012 (0.80)
15 | 0.0037 (0.95) | 15 | 0.0097 (0.95)
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% Error bounds for testing Hy : ¥ = A, in the case of s = 2

n =30 n = 60
P BOUND P BOUND
5 | 0.1417 (0.75) | 10 | 0.0255 (0.55)
10 | 0.0276 (0.60) | 20 | 0.0031 (0.40)
15 | 0.0093 (0.60) | 30 | 0.0008 (0.40)
20 | 0.0052 (0.65) | 40 | 0.0004 (0.45)
25 | 0.0067 (0.90) | 50 | 0.0004 (0.60)
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% Error bounds for testing Hy : X = I, in the case of s = 2

n =30 n = 60
P BOUND P BOUND
5 | 0.0886 (0.70) | 10 | 0.0186 (0.50)
10 | 0.0196 (0.60) | 20 | 0.0026 (0.40)
15 | 0.0074 (0.60) | 30 | 0.0008 (0.40)
20 | 0.0041 (0.65) | 40 | 0.0004 (0.40)
25 | 0.0050 (0.85) | 50 | 0.0004 (0.55)
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3.2. Error bounds for large sample approximation

Yr(t) = > {gn(t) — gx(0)} — Z{hj(t) = h;(0)},

where
gr(t) = 2itpzy log 2y + log I[pxy (1 — 2it) + By + &,
hy(t) = 2itpy;log y; + log I'lpy; (1 — 2it) + €; + ny],
and
B = (1= plz, = 0(1), ¢ = (1 = p)y; = O(1)
Generalized Stirling’s theorem due to Barnes (1899):

1 ~ (=1)*Brs1(h)
log D[z -] =log v 2m 4 (-4 b= g)leez=2= DL Sy

k=1

+ Rs—|—1 (.CU),

rigorous representation of R,(z) is required.
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Lemma (from the infinite product definition due to Euler)

logI'[z + a] = lim {(z—l—a— 1)logn

n—oo

+ zn:{logk —log(z+a—1+ k)}}

k=1
Lemma generalized Euler—-Maclaurin’s formula

f(x): complex valued function of real argument

n—1
= Z flz+1
=1

(k’)
> &0 "6 dx+ZB’““ (B )~ O}

" Bsi1(a) + (—1)°Bsy1(x — |x] — Su
+/1 (@) ((3“)!( 1= ) o

k:O
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Lemma

Zlog z4+a+l) = / log(z 4+ z)dx + Bi(a )logZiT
1
. s—1 +1Bm+1( >{ 1 B 1 }
= +1) (z+n)™  (z4+1)™

”Cs+1(zz:,a) 1
dz + Rsn(z,a),
+/1 s+1 (ero) r+ R (2, a)

where
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Lemma

g(t) — gr(0) = Bu1(Br + &) log(1 — 2it)

(—=1)"*' By (Br + &) 1
* m(m + 1)(pxg)™ { (1 —2it)° 1}

/Oo Csy1(x; Br + &)
+
0 s+ 1

1 B 1 d
(pzy + )5t (pxp(l — 2it) + x)s+! g

= = = — (B — &p\ —Br — & m
+Z Z ml{(pxk—l—i) _(pxk(l—Qi)—l—l) }

=0 m=s+1
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Theorem

s—1

Yr(t) = S log(l — 2it)+ Z {1 — (1 —2it)™™} +Rems,

—2[;& —;m ~ g(q—p)],
(—1)m* [Zq: Ber(l(ﬁk +&) Zp: Byi(e; + 771)’]

m(m + 1) pTy)™ (py;)™

Tm =
Jj=1
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:i/j

k=1

1

1

Corr(; Br +§k){
s+1 (

o AL x)s—i—l

(prr(l — 2it) + x)st!
1

bie

* Copr1(z; €5 + 773‘){ 1
(

s+1

py; + @)t

PTk

20

s

 (py;(1 — 2it) + x)sH1 }dx

+23 > (2 - (2"

1 =0 m=s+1

SHIPIECE

7)
py; +1 PY;



3.3. Wilks’ lambda distribution (MANOVA test)
A =det{B(W + B)"'} ~ A,(q,n)
B ~ Wp(Q: E)J W ~ Wp(n7 Z) (TL > p)
Moment formula

Bt — T L8 + BT[]
=11 M= Pﬂ IT[2H + h]

Jj=1
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High dimensional approximation (Tonda and Fujikoshi (2004), Wakaki (2007))

—log A — Ky
Pr{ (K2)'/? Sx}

— @(I) = ¢($){%h2(gj) 4 ... } + O(m—(s—i-l)/Q)’
k; . cumulants , k; : standardized cumulant ,

1
it Tk AP

n — oo, (n_p)—>OO
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Error bound(Wakaki(2007))

Fy(x) : Edgeworth expansion with using (s + 2)-th cumulants

Table 1: The error bounds for s = 2 and n = 50.

p | q | error-bound || p | ¢ | error-bound
10 | 5 0.0272 10 | 10 0.0099
20 | 5 0.0110 20 | 10 0.0035
30 | 5 0.0077 30 | 10 0.0023
40 | 5 0.0100 40 | 10 0.0029
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Error bound for the large sample approximation
Theorem

Yp(t) = log Elexp{—Mit log A}]

:rngbgl—%t+§: —{1-(1-2it)™"}

q
+ Z Remc_p+]‘7s+1<7jt),
j=1
where
_ (_Q)k Z?:ﬂBkH(%j) o Bk+1(c_g+j)}
U= k(k+1) ’

1
c=5p-q+1)
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where

OOCS ;m _Cs ;g
Fioin, () :/ +1(7; 55°) +1(7; §)
1 s+1

1 1
: . — dx
{ (M(12—2zt) 4 — 1)s+1 (% 4+ — 1)8—|—1 }

DD

=1 k=s+1

| { ({Afﬁtag);)_ im) - <(p<z+wa+)k2z_>'? ) }
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Note
k:odd = =0 (Box (1949): v =73 =15 =0)

Y2k k
¢T(t):—510g (1 — 2it) +ZMQ%{1— (1 — 2it)~%}

+ Z Remc—p+j,2s+2 (Zt)a

=i
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The residual of the expansion of the characteristic function

- (% Rs 1
P(t) = tho(t) + L i\/[(;g + M;sg)) (s=0,1,--),

Gu(t) = y2u{l — (1 — 2it)_2u}7

q
R,(t) = M* Z Rem,_p s,

j=1

Rp7q75 (t)

¢r(t) = Elexp{—Mitlog A}] = ¢s(t) + (1 — Qit)_pq/z N2(m+1)
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bu(t) = (1 — 2t pq/2{1+zmz 3 Hgl}

k=1 ly+-tlp=j i=1

liz

s 1 k—2 k—1—j _
+ Roy1+ ) E{Z Z ( 11 gu) Ro1j-su B
k=2

<s 1- ]
s—1
1 g
k—1 - r -
+ Rs—k+2R1 }7 ELS(J;) - s {6 Z ]{;' }

k=1
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Lemma

q
‘ 1
ZRemc_pﬂ',m(Zt) < WKp,q,m(t)7 |Rs(t)] < Kp7q728(t)

J=1

N
Kpqm (t) = mm{ﬁflnq,mv By qm

o { 12t 2 }
m min ,
b,q, /1—+—4t2 m_|_1
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1 - \m+1 C+]
Ap,q,m:§z (C+]) Ll,m( M)

j=1
\m c—p+yJ
—(c—p+7) “Ll,m(—]\]} ])}

q

o c+J
Byam = 3_{ (e 3" Lam ()

j=1
. —p+j
—(c=p+ )" Lom <M> }

M

ZCmH(l’; C;]> - Cm-l—l (x; w

2m
Cp.qm = — max
= m 0<z<L1

m—1
1 z"
Ll,m(x) = _m{_ log(l — ZL') — —},
7 — k

Lo m(z) = x”irl {(1 ol — ) 2 — ; k(xk—il)}
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Theorem

1 * Gpgs(t
sup | Pr{—Mlog A < z} — Fy(2)|< m/ p,‘qt,‘( )dt,

Fi(z) = /_m{% /: e—itws(t)dt}dx

s Ky q0(t
Gpanl®) = {Kpa®0F* Brns| 20| 4 Ko
—J

DS DY)

k‘: ]Olzkljl
<s—1-—j

k—1—

pq2(s+1 J—> b )( )Kp,qﬂ(t)j

g1,
1

1=

T K yateisn) (D) Kpaa(H)F }
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case of s =1

Fy(2) = Gy(2) + 15{G1(@) — Grra@)},

Gpaa(t) = (1+ 4t2>‘p”4{Kp,q,4<t> + {Kpgalt) [ 202)] }

case of s = 2

Fy(@) = Gy(2) + 15{G1(@) = Graa(@))

1
+W (= — CQ)Gf<x) + Cle+4(5U) + CQGf_|_8(SC)}.
,YQ
&1 = _72(1 + 72)7 Cy = ?2 — V4,
pq(159 — 50p” + 3p* — 504> + 10p°¢* + 3¢")
o 1920 ’

Gpq2(t) = (1 + 4t%)7Pe/ 4{Kp,q,6(t)+

%H — (1= 2it) 2| K, g a(t) + {Kpo2(t) P Ers [Kp],\(zzz(t)} }
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3.4. Comparison of error bounds between two types of ex-

pansions

Table 2: n = 50.HD(High dimension)(s = 2), LS(Large sample)(s = 1)

p | q| HD LS p | q HD LS
10 | 5 | 0.0272 | 0.000783 || 10 | 10 | 0.0099 | 0.00235
20 | 5] 0.0110 | 0.0170 20 | 10 | 0.0035 | 0.0357
30| 5] 0.0077 | 0.251 30 | 10 | 0.0023 | 0.517
40 | 5| 0.0100 > 1 40 | 10 | 0.0029 > 1
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Table 3: n =50,p=20,g =5

s | HD S LS

0 | 0.0406 0| 0.0571
1| 0.0181 1| 0.0170
21 0.0110 21 0.00187
31 0.0078

41 0.0061
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End of this talk. Thank you.
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