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1 Introduction

1.1 Definition and properties of probability space
Definition 1.1 (Probability space)
(Q, B, P) is called a probability space if the following conditions (i) and (ii) hold :
(i) B is a o-field of €2, that is, B is a family of subsets of {2, and (B1) ~ (B3) are satisfied.

(B1) 2 e B.
(B2) Ae B= A° € B.
(B3) Aj,Ay,...€ B=| A €B.
i=1
Q2 and (2, B) are called a sample space and a measurable space, respectively. Elements of

B (subsets of Q) are called events.

(i) P isa probability measure on (2, B), that is, P is a real valued function on B, and (P1 ~ P3)
holds.

(P1) 0 <P(A) <1forany A€ B.
(P2) P(Q) =1.

(P3) If Ay, Ay,... € Band A; N A; =0 (i # j) = P(| 4) =D _P(A).
=1 =1

Thoerem 1.1 (Properties of probability spaces)
(Q, B, P) : a probability space

{A,}n=12.. : asequence of events in B
(1) P(|J An) <> P(4,)
n=1 n=1
(2) Ay CAnn (n=1,2,...) = P(| J A,) = lim P(4,)
n=1



(3) Ay DA (n=1,2,...) =P ﬂA = lim P(4,).
n=1

A, = P(lim, ,A4,) = lim P(A,).

n—oo

(4) lim,_s0A, = lim

n~>oo

Problem 1.1
Prove Theorem 1.1.

Thoerem 1.2 (The first Borel-Cantelli lemma)
{A }n=12,. : asequence of events.

ZP ) < 00 = P(lim,_004,) = 0 (P(lim,, , A%) = 1).

Nn—r00 n

Thoerem 1.3 (The second Borel-Cantelli lemma)
{A,}n=12.. : asequence of independent events.

iP(An) =00 = P(lim,_,00A4,) = 1 (P(lim AL) =0).

N—r 00 n

Definition 1.2 (Borel field)
The minimum o-field which includes all open subsets of R is called the (one dimensional)
Borel field, which is denoted by B. The measurable space (R, B) is called the Borel space.

Definition 1.3 (Random variable)
(2, B,P) : a probability space
X:Q—R
If X is Borel measurable, X is called a random variable on (2, B, P), which means
"BeB, X YB):={weQ|X(w)ecB}eB.
Here Py : B € B +— P(X'(B)) becomes a probability measure on (R,B), which is called
the distribution of X.

Definition 1.4 (Expectation)
X : arandom variable
f : a Borel measurable function ("B € B, f~}(B) € B)

B[f(X)] = / F(@)dPy (x) is called the expectation of f(X).
E[X] : the mean of X, Var[X]=E[(X — E[X])?] : the variance of X.

Lemma 1.1 (Chebyshev’s inequality)
X : arandom variable such that E[X] exists.

Var[X]

Ya>0,P(|X —E[X]| > a) < —
a

Definition 1.5 (Convergence in probability)
{Xn}n=12.. : asequence of random variables defined on (2, B, P).
X : arandom variable defined on (2, 5, P).

We say “X,, converges to X in probability”, and denote “X,, & X (n — o00)” if
Y6 >0, lim P(|X, — X|>6) =0.
n—o0



Example 1.1 (Weak low of large numbers)
{X, }n=12.. : asequence of independent random variables on (£2, B, P)
E[X;] = p, Var[X;] =0? (i =1,2,...; u,0° € R)

_ 1 — »
= X, = — X; .
nzgl = (n — oc0)

Problem 1.2
Prove Example 1.1 with using Chebyshev’s inequality.

Definition 1.6 (Almost sure convergence)
{Xn}n=12.. : asequence of random variables defined on (92, B, P).
X : arandom variable defined on (2, 5, P).

We say “X,, converges to X almost surely”, and denote “X,, 3 X (n — o00)” if

0 € Q s.t. P(Q) =1, and "w € Qp, lim X, (w) = X(w)

n—oo

1.2 Strong law of large numbers

Thoerem 1.4 (Kolmogorov’s inequality)
{Xn}n=12..: asequence of independent random variables on (2, B, P).
Si=Xi+-+X,.
EX,]=0,j=1,....,n=

E(S2
P( max |S;| > a) < (2”), a>0 (1.1)
1=1,..., a
Thoerem 1.5 (Convergence of the partial sum)
{X, }n=12.. : asequence of independent random variables on (£, B, P).

Sj=X1+--+Xj.
E[X,] =0, n=1,2,... and ZVar[Xn] < 00
n=1

n
=5, = Z X} converges to a certain random variable almost surely.
k=1
Lemma 1.2 (Kronecker’s lemma)
{mu}n=12. : a sequence of positive numbers such that m, < m,4 (n = 1,2,...) and
lim m,, = cc.

n—oo
{z,} : a sequence of real numbers.
n

: Ty 1
lim — <00 = lim — = 0.
k=1 k=1
Thoerem 1.6
{X,}n=12.. : asequence of independent random variables on (£, B, P).

= E[X2 1l & s
E[Xn]zoaﬂdz%<o<>:>EZXn =0 (n — o0).
k=1

n=1



Thoerem 1.7 (Kolmogorov’s strong law)
{X, }n=12.. : asequence of independent random variables on (£, B, P).

]' a a.s
E[Xn]:a,Var[Xn]gv,n:1,2’___:>_§ X, %% a (n — o0).
n
k=1

Problem 1.3
Prove Kolmogorov’s strong law. (You can use Theorem 1.6 without proof.)

Thoerem 1.8 (Khinchin)
X1, Xo, ... : independent identically distributed random variables on (2, 5, P)
p : real number such that 2 >p >1

nil/pZ(Xk — m) lff 0 < E[‘Xl‘p] < oo and m = E[Xl]
k=1

Lemma 1.3

X1, Xs, ... : independent identically distributed random variables on (2, B, P)
p : real number such that 2 >p >1
Assume

E[|X1]7] < 0o and E[X;] = 0.

Define

[ Xa(w), [ Xa(w)| <n'?
Y”(“)_{ 0, |Xn(w)|>nt""

Then
i P(X, #Y,) < oo, (1.2)

Zn_Q/pE[YnQ] < 00, (1.3)
n=1

n—oo

lim n~'/? Y "E[Y;] = 0. (1.4)
k=1

1.3 Central limit theorem

Definition 1.7 (Characteristic function)
X : arandom variable
ox(t) = E[e"*] is called the characteristic function of X.

Thoerem 1.9

Let px(t) be a characteristic function. Then we have
(1) x(0) =1.
(2) lex(t)] < 1.

(3) px(t) is uniformly continuous



(4) Pexsa(t) = e™px(ct). where ¢, d are constants.

(5) If E(]X|") < oo, then px(t) is C"-class and

dn
—ox(t)]  =i"BXM).
qEex0)|  =iBx)
Problem 1.4
Prove Theorem 1.9.
Lemma 1.4
(1) "y >0,
v o .
0< (Sgna)/ smocxdm S/ smxdm.
0 x o <
°° sin ax T
2 dr = — .
(2) /0 ——da = osgna
where
1, a>0
sgn o = 0, =0
-1, a<O.

Thoerem 1.10 (Inversion foumulae)
X : arandom variable
F'x : the distribution function of X
@x : the characteristic function of X

If Fx is consinuous at a and b (a < b), it holds that

1 T e—it(l _ e—ltb
Fx(b) — Fx(a) = lim —/ ———px(t)dt.
T it
Thoerem 1.11 (one-to-one correspondence)
X1, X5 : random variables
iy - the distribution of Xy (k =1,2)
¢k © the characteristic function of X (k =1, 2)

Then it holds that
P1 = P2 & U1 = Uo.
Problem 1.5

Cauchy distribution with the loacation parameter p and the scale parameter o is denoted as
Ca(p, o), and defined by the following probability density function:

o

o) = o e )

(1) Derive the characteristic function of Ca(0,1). (Hint:residue theorem)

(2) Show that if X1, ..., X, "% Ca(u, 1), X, ~ Calu,1).



Definition 1.8 (9% UIXR)
{Xn}n=12.. : asequence of random variables
X : arandom variables
F, : the distribution function of X,, (n =1,2,...)
F': the distribution function of X
We say “X,, converges to X in distribution”, and denote “X,, 4 X (n — 00)” if
lim F,(x) ==

n—oo
for any continuous point x of F.

Lemma 1.5
If X, % X (n — 00), lim E{g(X,)} = E{g(X)} for any continuous and bounded function g.
n—oo

Thoerem 1.12 (Lévy’s continuity theorem)
©n(t) : the characteristic function of a random variable X,, (n =1,2,...)
If o, (t) converges to ¢(t) at each t and ¢(t) is continous at ¢t = 0, ¢(t) is the characteristic

function of certain distribtution Py, and X, 5 Py (n — o0).

Lemma 1.6

Under the assumptions of Theorem 1.12, for any positive number ¢ there exists A such that
P(|X,| <A)>1—-¢, n=1,2,... (1.5)

Lemma 1.7

For any real number z, it holds that

n—=1 . \L n
e S| e
El |7 nl
k=0
Thoerem 1.13 (Central limit theorem (Lindeberg))
Xn1,Xn2...,X,, 1 independent random variables for each n
Assume E[X,, ;] =0, ZVar[Xn,k} =1 and
k=1
Yr >0, H;ZE[X;,AXMM] =0, (1.6)
k=1
Then Z, = % X -+ N(0,1).
k=1
Thoerem 1.14 (Central limit theorem)
{Xn}n=12.. : asequence of independent and identically distributed random variables
Suppose
E(X;) = p, Var(X;) =0?, j=1,2,....
Then -
1 ¢ V(X —p) d
Dy = —— X;—p)=——=— N(0,1).
20— = 0.1
Problem 1.6

Prove Theorem 1.14.



2 RALHEEEDDH

Definition 2.1 (RA & BEHS )

WERZE X1, ..., X, DAEVIZHNL T, FA—OfERSHE P IS & &, X,,..., X, 1%, 246 P »
5D, REI nBIEAEARL VW, PE2RERMSHE NS,

Definition 2.2 (#EFtETIV)
REERMIDAGH, HOMERDMDEE D

P={Pp; 0 €0}, O CR? (pldddHKRK

BT B eEIND L&, P e REMAMOMETETIVEWVWD. TDEE, 0 2R, 0 & RHK
Z2[H] & AR

Example 2.1

INERRGEB R n AODHE X,,..., X, (cm) 2HlET5LT5. ZOLE X,,...,X, Ok
EMDEIZERDA N, 0%) PO OMEAEREEZ 5ND. 202X, UL, 0 = (u,0°),
REZERIZ © = R x (0,00) &7 5. V¥ u, 28K o OO 0UE, B2, /NFE 6 FEH RO
W, BEH 130cm BAF O ABD R

exp{— u)
\/27?02 P
WZEoTHEPT A ENTE D,

Definition 2.3 (#I /Ny ¥ —5 4 TS5 —DEEERH)
X OMEREEFEBE f(x) T 5. HEREERB g(x) TR/ LT

KL(fi9) = E[ L]

EHVNY 7 =547 5 —DHREEHEIER. 72720, P(f(X) >0, g(X) =0) >0 D& X,
KL(f;g9) =00 LEFET S.

Lemma 2.1

ERD gzt UT, KL(f;9) > 000 S, S5IIMER 1T f(X)=g(X) DL EIZRS.
X1, X & f(2:00), 00 € © & U, IRDIRE (AQ) B D LD & T 5.

(A0) 040 75IEP(F(X;0) # f(X;0)) >0
KEDIERD 5

LS tog EED o upt): 1 0) (0 o0)

TH5. AE (A0) DR D LDOE &, F0IE 0 =0, D& EDABKME L B0, £, 374

bb [[F(X0,0) AL T B0% 6, =0,(X)£T5L, 0,13, n—00D&E o ITHT BT
=1

LI NG,



BAZR X = (X, X,) WS B EF L 2

> fs0), X D D5

P(X € A)=¢ 2G4
Fz:0)de, X HHEREROBE

xreA

YIB. ZZIT, 0 € 0. HEREEBIE f(2:0) % (x 2EELT) 0 OBBE AT L X

EERL, TEBRELE L.

Definition 2.4
RSB L0 x) DIRKREEHT20%20=0x) L XL, 0 DRLHEEBEBE VS, T4hbb

L(0; ) = sup L(6; z).
0co

72,0 X) 2 0 DREHEEEL VS,
SERE log L(0; ) % ((0;2) L3RS . £ < OGE, BAHEHEIILEHER
9

D LTEHEZ NS,

Problem 2.1
(1) X1,.... X, & B(1,6),0 € (0,1), THbBP(X;=1)=1-P(X;)) =0, i=1,....n &%
5. 0 DI HEER%Z KD K.

(2) Xq,...,X, i N(p,0%), 0 = (p,0%) &35, p,o> OREHEREEZ KD XK.

U

(3) X1,.... X, " U(0,0) (K (0,0) EO—BEDR) LT 5. 0 ORBAHER% KD &

Lemma 2.2
{X,} % (Q,B,P) FOMLRLERSN T2 &, X, B X THE-0DOBEADEMIE A, () =
{w; X, - X|<e} 2T HEE,

Ve >0, P(lim, , A,(e)) =1

THb.

Thoerem 2.1 (RAHEED—HH)
X1, X, K Py Py \RHERE IR, B2\ IXHERBIE f(2:0), 0 € © C R 2Fb, (kD
(A1),(A2) Z{EET 5.

(A1) FEED O, (0. # 0y) ITX U TIERS =6(6.) BEELT

f(X1;0)
0,) =E| sup lo
77( ) GEUin(s s f(X1; 90)

17U, Ups={0€6; ||6—0.] <o}




(A2) @ DIV NI MBREE K BFEIEL T

f(X3;0)
= E|sup lo
T 961?6 s f(X1;6)

DX E, BTN U THEE 1 TRAEMER 0, WEFIET 52510, 2 0) (n — ).

Thoerem 2.2 (HUEIERRMY ; 77 X —ILD+2FMH)

X1, .., X, ZHEREERI f(2;00) ZROEGII DGR ODT VX LERE TS, 72720, 6, €
O CR,OIFEATHD. £7z, 0, DEBFEU |, B Fi(x), Fy(z), H(x) LB M BFEL T
IRDEMEK D SED EANET 5.

(A1) f(2:0) 1X QIZBELT3MEIBDATRET H 5.

| Of(;0 O f(x;0
mmeeUfw—%74<ﬂ@% 6$3

£7z, Fi(z), Fy(z) &9 T, H, M 1%

< 0.

93 log f(x;0)
003

’ < FQ(ZE), /J)O,

‘ < H(z) Th5.

B {H(X)} <M
R
(A3) 74w v —IEHE J(6,) ZERIPDOETH 2.
:@&%,E%@Eﬁa5Kﬁbew%%14;nzN@%ﬁiig;bﬁ%m%$fpm§
FRER 010, X) /06 = 01, (6 — 6,00 + 0) WICIRZFD. ZOM%E 0, L T5L
(6, — 05) % N(0,.J(6,)7Y) (2.8)
DI D 3D,

Example 2.2
Xi,o o, X "5 Ca(00,1) &35, BUF, 0p=0 29 5.

f(x;@)_l 1+ 22
F(z;0)  B1i(x_0p

0<dp<b, 295 [0—0,<0DLZE

log

0< (z—0)*<max{(f. +6—2)% (z — 0, +0)*}
THEHMH

1+ 22
0etinnsyl L+ (2= 0)
< log(1 + 2?) + log(1 + (z — 0, + 6)?)
+log(1+ (z — 0, — 6)?),
Eg, [log{1 + (X; — a)?}] < o0

THEIDPONLR—TDNHEH LD

log

ﬂXﬁQ}

. f(X;0)
(lsnn Ey, [ sup log F(X; 60)

—0 ocy, s 1 (X;00)

} = Ey, [log

9



Ehe K21 LD 0. £ 00 5 51E By llog L5 0)) <0 UrensoT, 21 0 (A1) £ F

f(z;60)
sup log f@:6) _ su logldl——gc2
|9|>% f(z;60) |9\>I; 1+ (z —0)?
log(1 + z?), x| > k
1+ 22
log——— 0<z<k
= Ogl—l—(x —2k)2’ v
1+
1 0 > —k
Og1+(:c+k)2’ .
X .

o>k J(X1;00)
= Ellog(1 + X7)] — E[lo<x, <k log{1 + (k — X1)*}]
— E[losx,< & log{1 + (k + X1)*}]
= Eflog(1 + X?)]
— 2E[1g<x, < log{1 + (k — X1)*}]
E>10DrZ

E[lo<x, <k log{l + (k — X1)*}]
> Ello<x, <1 log{1 + (k — X;)*}]
> Ello<x, <1 log{1 + (k — 1)?}]
=log{l+ (k- 1)*}P(0 < X; < 1)

— oo (k— o)

THEHS FHE 21D (A2) A .

bSO MR PdES
1(0,X) == log{l+ (X; — 0)*} —nlogn
=1
THY, lim 10, X) = ~00,1(0,X) < —nlogm THEHM 5, fk | TR ), JAFEL,

EM21 k00,30, ThD.

Example 2.3
X1, X & Ca(p,1), 0p =02 F 3.
of (x;0) 2(x —0)
00  w{1+ (z —0)2}’
Pf(a:0) 8 6
000 i+ @—02P  w{it (w071
olog f(x;0) 2(x —0)
06 {1+ (z—0)?}
Olog f(x;0) 16(z — 0) 4(z —0)
063 T {14+ (z—02P " a{l+ (z—0)2)2

10



xz—0 1
A T R S Py e
( 1, z| <6
1
= Hy(z;0) := O+ @ _oppiz *7 J
! T < —0

({14 (2 +9)2 /2

00 S dx

?log f(x;0)
963
(A2) B D 1D, £ 72, J(6o) = % Y RBDT (A3) B 0.
TEHRRERDOMITI R TIEZRWD, #1122 T, LHECEOBIUEZRLTE Y, HLHEE
HEREARADMEL > TVWBEDT, B 22 THEANMETE SN TWAMIARLHERTH D,
U7=2D o T A EE O EHRELRINSG.

ED k> t,cea;t‘/ Hy(z: 6)dz < oo, RERTHBHS, EMH22 O (Al),

11



3 MRESTEDDT
3.1 {REURTE DEHE

X =(X1,.... X)), X1,Xo,.... X, %P,
PQEP:{PQ; 96@},@CRP

£95. X OEBMEx = (z1,...,1,) o, KT
Hy:0 €0, (6, CO)
MIEL WA E D DHE T & M8z IEHMERE & W8, Hy 2 IREIRER, £7-,
H,:0€0\6,

% X4 ILARER & SR,
IRERMUE TR IE, X O (R™) OEAEE W 2T DI Il&-oTEHEZ NS, EE W
WXL T
xd W= Hy ZEHLARN

ETNERW. ZDEE W &, ZHIZ L > THZR S NEHREDEINI & P,
Hy BIELWDIZ Hy 2 FEH$ 2340 %, 851 FEOBR, H) BELVDIZ Hy ZHHTL 204
D%, FE2FEDBEER L X,

B(O; W) = Po(X e W)
Edoe, 1M B2MOEMROEZ SHERIE, ThTh

BB W) (6 € 60),

1=6;W) (0 ¢ 6)

LRIND.BOW) (0¢0,) ZHHALILR. FEH I3 1 MO, 21T & > TH S 1
FEWREWGEDRL VO T, BHEIE, B 1 HOGERMEERD ERE UT 0.05 X 0.01 72 /NS 2 fH

ZETD. sup f(O; W) < a 725 KD IRWEZ BRIKE o DWIE LTI,
ASSH)

=BEEE O<a<ll,

sup B(6; W) < a
[ASSH

DEMETNT, 0 € O\O TR UT, B BO;W) ZERETDHW 2KDB. TD XD LHRE%:
BB NIRE &IPS, BRIRIIMEIT—MRIZ 0 ¢ Oy ITIRKIFET 205, (FRED 0 ¢ Oy IZX L TRt
ERRICTHIREN DN, T i —RRBDIRE & TS

12



BIRRORE O, — {6} D& =, Hy % BSIKH & I3
O = {8y, 61} (B £ 61), Oy = {60} £ T 3. 2D =, REHL AIHEIL & b 2 W,

H@Z@ZQ(), H1:0:91 (39)

L5,

Thoerem 3.1 (XM<Y —E7YVVDEKRER)
X DERFEERELE f(x;0) & U, (3.9) IZWT 2HEKE o DREMEZEZ 5.

We = {x; f(x;61) > c f(x;00)}

v L.
PQO(X € Wc) =«

Zli72 S ¢ WEIES B ERETH. ZDE S, W, 2 RAME T2MERIRBHMETH 5.

ARG E G IR TH D L &, &0 € ©\0y [T LT, @ 3.1 ITX D, BIRIIREDRIE
INBD, T, BRIRIMEIX 0 T 2T RS, mMAMED 0 ITIRIE L R\nW e &, £ OMGE
1%, —BRERNIIRE £ 725

Example 3.1 (ESBERBOBFHEICET HRE)
iid.

Xi,o X N (1) 2 U

Hy:p=0, Hy:p>0

3.2 0 =0, DRE
X1, X, "X Py, Po I3HERBERI f(2:0),0 €O CRP 2o X L

U%/{\Eﬂé’ﬂié% Ho 10 = 00, yﬁﬁ/ﬂi%ﬁ H1 : 0 # 00

DMEMEELEZ 5. )
KETIE, B2MTH A EHO K 512, BAERE 0, 2L T, KE AR
5u(0) =3 % —0 (3.10)

i=1
DI THBHETH. DL E, LEREMER
. H?zl f(Xz‘;oo)

[T, f(Xi560)

LY, EYRIERISRAED TR T

—210g)\—d>xz n — 00

13



7))V REERET =1
Tw = n(0, — 6,)'J(0,)(6, — 6,)

CEFEIND. BMYLIEHIRMGEDO T T

d .2
Tw = x, n—00

A 3T RRER AT B 1
1
TS = Esn(eo)/J(Oo)*lsn(Bo)

CREBINDS. Y RIERIZMED R T

d 9
Ts = x, n— o0

3.3 BEHEEDORTE

X1, X K Py, P IXHERBEBIE f(2:0), 0 €O CRP 25D LT 5. 0y = {0(£);€ €
ECRI},g<pdBHEE

U%/éﬁ\f\,f}igﬁ Hy:0 ¢ @0, ;ﬁﬁ’ﬂigﬁ H,:6 ¢ O

DMEMEEFZEZS. 22T, 0(€) F = FTEHINZ © NItz L5 CP D2 bVE
e L, ¢ IIRMTHE LTS,

RIEIHAE L, EDNRTA—RD 0y = 0(&) THDEIRETS. £7-, 0 2ETOERL
Wiz 0, IWERHOTTD ¢ OREHERE £, LT5. Z0OL S REHAEE

~

_ H?:l f(X,, O(A n))
H?:1 f(Xu en)

s,
7V RMEMETE, A I T7MEMEIRITZT N TN,

Ty = {0, — 0(€.)}J(0(€,)){6, — 6(€.)}:
Ty = —5,(0(6)) 7(0,) " 5a(0161)
CERERINDG. ZOLE EYBRIFHIZMAED T T

—2log)\~TW~TSi>ngq

14



