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1 Introduction

Thema Inference on Bernoulli trial

Data X1, · · · , Xn

Assumptions

A1. X1, · · · , Xn : independent

A2. Pr{Xi = 1} = 1− Pr{Xi = 0} = p (0 < p < 1)

1.1 Binomial test

Null hypothesis

H0 : p = p0 (a specified number)

Test statistic

T =
n∑

i=1

Xi

Null distribution Under H0

T ∼ B(n, p0),

Pr{T = k} = q0(k) :=
n!

k!(n− k)!
pk0(1− p0)

n−k (k = 0, 1, · · · , n)

a. One–sided upper-tail test

H0 : p = p0 versus H1 : p > p0

T ≥ bα ⇒ Reject H0, bα = min
{
k :

n∑
j=k

q0(k) ≤ α
}

Randomized test
In the case of α0 = Pr{T ≥ bα} < α.
Let U : uniform random variable on (0, 1).

T ≥ bα ⇒ Reject

or

T = bα − 1 and U <
α− α0

q0(bα − 1)
⇒ Reject

1



The P–value
Let t : observed value
Pr{B ≥ t} is called “P–value”, B ∼ B(n, p0)

b. One–sided lower-tail test

H0 : p = p0 versus H2 : p < p0

T ≤ cα ⇒ Reject H0, cα = max
{
k :

k∑
j=0

q0(k) ≤ α
}

c. Two–sided test

H0 : p = p0 versus H3 : p ̸= p0

T ≥ bα1 or T ≤ cα2 ⇒ Reject H0, α1 + α2 = α

Large–sample approximation

T ∗ =
T − np0√
np0(1− p0)

d−→ N(0, 1)

T ∗ ≥ zα ⇒ Reject (one–sided upper–tail test)

T ∗ ≤ −zα ⇒ Reject (one–sided lower–tail test)

|T ∗| ≥ zα/2 ⇒ Reject (Tow–sided test)

zα : upper 100α percent point of N(0, 1)

1.2 Point estimation

Estimator

p̂ =
1

n
T =

1

n
#{i : Xi = 1, 1 ≤ i ≤ n}

Properties

E[p̂] = p (unbiased estimator)

Var[p̂] =
1

n
p(1− p)

√
n(p̂− p)√
p(1− p)

d−→ N(0, 1) (n→ ∞)

1.3 Interval estimation

Define {
pL(k;α)

}
k=0,1,··· ,n and

{
pU(k;α)

}
k=0,1,··· ,n
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such that

pL(k;α) < pU(k;α) (k = 0, 1, · · · , n)
pL(k;α) < pL(k + 1;α), pU(k;α) < pU(k + 1;α) (k = 0, 1, · · · , n− 1)∑
k:pL(k;α)≤p≤pU (k;α)

n!

k!(n− k)!
pk(1− p)k ≥ 1− α for all p ∈ (0, 1).

⇒

Pr{pL(T ;α) ≤ p ≤ pU(T ;α)} ≥ 1− α for all p

Confidence interval

[pL(T ;α), pU(T ;α)] : 1− α confidence interval for p

Large–sample approximation

pL(T ;α) = p̂− zα/2

[ p̂(1− p̂)

n

]1/2
, pU(T ;α) = p̂+ zα/2

[ p̂(1− p̂)

n

]1/2
⇒

lim
n→∞

Pr{pL(T ;α) ≤ p ≤ pU(T ;α)} = 1− α

2 The One–Sample Location Problem

Thema Inferences on the location

Two types of data

• paired replicates data — “pretreatment” and “posttreatment”

• one–sample data

2.1 Paired replicates analyses by way of signed ranks

Data

Subject i Xi Yi
1 X1 Y1
2 X2 Y2
...

...
...

n Xn Yn
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Assumptions

A1. Let Zi = Yi −Xi (i = 1, · · · , n).
Z1, · · · , Zn : independent

A2. Let Fi(t) = Pr{Zi ≤ t} (i = 1, · · · , n).
Fi is continuous and

Fi(θ + t) + Fi(θ − t) = 1, for every t (i = 1, · · · , n)

Note θ is the median which is referred as the treatment effect

2.1.1 A distribution–free signed rank test (Wilcoxon)

Null hypothesis

H0 : θ = 0

Test statistic

ψi =

{
1, (Zi > 0)
0, (Zi < 0)

Ri : the rank of |Z1|, · · · , |Zn| ordered from least to greatest

⇒ T+ =
n∑

i=1

Riψi : Wilcoxon signed rank statistic

Null distribution Let

V1, · · · , Vn : independent random variables

Pr{Vi = i} = Pr{Vi = 0} =
1

2
(i = 1, · · · , n)

⇒ T+ ∼
n∑

i=1

Vi same distribution ⇒ distribution free (not depend on Fi)

∵
θ = 0 ⇒ |Z1|, · · · , |Zn|, ψ1, · · · , ψn : independent
Define Ii, · · · , In by

Ij = i⇔ Ri = j (j = 1, · · · , n).

⇒ (I1, · · · , In), ψ1, · · · , ψn : independent
bj = 0 or 1 (j = 1, · · · , n).
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Sn : set of all permutations of (1, 2, · · · , n).

Pr{ψI1 = b1, · · · , ψIn = bn}

=
∑

(s1,··· ,sn)∈Sn

Pr{ψI1 = b1, · · · , ψIn = bn, (I1, · · · , In) = (s1, · · · , sn)}

=
∑

(s1,··· ,sn)∈Sn

Pr{ψs1 = b1, · · · , ψsn = bn, (I1, · · · , In) = (s1, · · · , sn)}

=
∑

(s1,··· ,sn)∈Sn

Pr{(I1, · · · , In) = (s1, · · · , sn)}
( n∏

i=1

Pr{ψsi = bi}
)

=
∑

(s1,··· ,sn)∈Sn

Pr{(I1, · · · , In) = (s1, · · · , sn)}
(1
2

)n
=
(1
2

)n
⇒
ψI1 , · · · , ψIn : independent,

Pr{ψIj = 0} = Pr{ψIj = 1} =
1

2
(j = 1, · · · , n)

Define

Vj = ψIjj (j = 1, · · · , n).

Then V1 · · · , Vn : independent, Pr{Vj = 0} = Pr{Vj = j} = 1
2
,

T+ =
n∑

j=1

Vj,

Three types of test
a. One–sided upper-tail test

H0 : θ = 0 versus H1 : θ > 0

T+ ≥ tα ⇒ Reject H0, tα = min

{
k : Pr

{ n∑
i=1

Vi ≥ k
}
≤ α

}

b. One–sided lower-tail test

H0 : θ = 0 versus H2 : θ < 0

T+ ≤ n(n+ 1)

2
− tα ⇒ Reject H0,

c. Two–sided test

H0 : θ = 0 versus H3 : θ ̸= 0

T+ ≥ tα/2 or T+ ≤ n(n+ 1)

2
− tα/2 ⇒ Reject H0,
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Large–sample approximation
Under H0

E[T+] =
n(n+ 1)

4
, Var[T+] =

n(n+ 1)(2n+ 1)

24

T ∗ =
T+ − E[T+]√

Var[T+]

d−→ N(0, 1) (n→ ∞)

T ∗ ≥ zα ⇒ Reject (one–sided upper–tail test)

T ∗ ≤ −zα ⇒ Reject (one–sided lower–tail test)

|T ∗| ≥ zα/2 ⇒ Reject (Tow–sided test)

zα : upper 100α percent point of N(0, 1)

∵ '

&

$

%

Lemma (Lindeberg)
{Xn}n=1,2,··· : sequence of independent random variables
E[Xn] = 0,E[X2

n] = σ2
n <∞

lim
n→∞

1

s2n

n∑
j=1

∫
|x|>εsn

x2dFj(x) = 0 for all ε > 0∑n
j=1Xn

sn

d−→ N(0, 1),

where

s2n =
n∑

j=1

σ2
n

Let Xj = Vj − E[Vj]. Then Pr(Xj = − j
2
) = Pr(Xj =

j
2
) = 1

2
.

E[Vj] =
j

2
, σ2

j = Var[Vj] =
j2

2
−
(j
2

)2
=
j2

4

s2n = Var[T+] =
n(n+ 1)(2n+ 1)

24∣∣∣∣∣ j
2

sn

∣∣∣∣∣ ≤ n

2sn
=

√
6n

(n+ 1)(2n+ 1)
→ 0 (n→ ∞)

Hence

∃nε s.t. n > nε ⇒
∫
|x|>εsn

x2dFj(x) = 0,

which leads that the Lindeberg condition holds.

Testing equality to the specified value

H0 : θ = θ0 (specified value)
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Test statistic

ψi =

{
1, (Zi > θ0)
0, (Zi < θ0)

Ri : the rank of |Z1 − θ0|, · · · , |Zn − θ0| ordered from least to greatest

⇒ T+ =
n∑

i=1

Riψi : Wilcoxon signed rank statistic

2.1.2 An estimator associated with Wilcoxon’s signed rank statistic
(Hodges–Lehmann)

Derivation Choose the value of θ0 such that H0 : θ = θ0 is least significant, that is

θ̂ = argmin
θ0

∣∣∣∣T+
0 − n(n+ 1)

4

∣∣∣∣ ,
T+
0 : test statistic for testing “θ = θ0”

Estimator

θ̂ = median

{
Zi + Zj

2
, 1 ≤ i ≤ j ≤ n

}
W (1) < · · · < W (M) : ordered values of

Zi + Zj

2

M =
n(n+ 1)

2
= 2k + 1 ⇒ θ̂ = W (k+1)

M = 2k ⇒ θ̂ =
W (k) +W (k+1)

2

-x
Zi+Zj

2

θ0

T+
0 ⇒ T+

0 − 1

θ0 < Z(1) < Z(2) · · · < Z(n) ⇒ T+
0 =

n(n+ 1)

2
Z(n) < θ0 ⇒ T+

0 = 0

2.1.3 A distribution–free confidence interval based on Wilcoxon’s signed
rank test (Tukey)

Derivation Collect θ0 such that the two sided test for

H0 : θ = θ0 versus H3 : θ ̸= θ0

does not reject.

Confidence interval

Cα =
n(n+ 1)

2
+ 1− tα/2,

θL =W (Ca), θU = WM+1−Cα = W (ta/2)

⇒
Pr θ{θL < θ < θU} = 1− α for all θ

7



Large–sample approximation

Cα ≈ n(n+ 1)

4
− zα/2

{
n(n+ 1)(2n+ 1)

24

}1/2

2.2 Paired replicates analyses by way of signs

Data

Subject i Xi Yi
1 X1 Y1
2 X2 Y2
...

...
...

n Xn Yn

Assumptions

B1. Let Zi = Yi −Xi (i = 1, · · · , n).
Z1, · · · , Zn : independent

B2.

Pr{Zi < θ} = Pr{Zi > θ} =
1

2
(n = 1, · · · , n)

2.2.1 A distribution–free signed test (Fisher)

Null hypothesis

H0 : θ = 0

Test statistic

ψi =

{
1, (Zi > 0)
0, (Zi < 0)

⇒ B =
n∑

i=1

ψi : Fisher’s signed statistic

Null distribution

B ∼ B
(
n,

1

2

)
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Three types of test
a. One–sided upper-tail test

H0 : θ = 0 versus H1 : θ > 0

B ≥ bα ⇒ Reject H0, bα = min

{
k :

n∑
i=k

n!

i!(n− i)!

(1
2

)n
≤ α

}
b. One–sided lower-tail test

H0 : θ = 0 versus H2 : θ < 0

B ≤ n− bα ⇒ Reject H0,

c. Two–sided test

H0 : θ = 0 versus H3 : θ ̸= 0

B ≥ bα/2 or B ≤ n− tα/2 ⇒ Reject H0,

Large–sample approximation
Under H0

E[B] =
n

2
, Var[B] =

n

4

B∗ =
B − E[B]√

Var[B]

d−→ N(0, 1) (n→ ∞)

B∗ ≥ zα ⇒ Reject (one–sided upper–tail test)

B∗ ≤ −zα ⇒ Reject (one–sided lower–tail test)

|B∗| ≥ zα/2 ⇒ Reject (Tow–sided test)

zα : upper 100α percent point of N(0, 1)

Testing equality to the specified value

H0 : θ = θ0

Test statistic

ψi =

{
1, (Zi > θ0)
0, (Zi < θ0)

⇒ B =
n∑

i=1

ψi

2.2.2 An estimator associated with the sign statistic(Hodges–Lehmann)

Derivation Choose the value of θ0 such that H0 : θ = θ0 is least significant, that is

θ̂ = argmin
θ0

∣∣∣B0 −
n

2

∣∣∣ ,
B0 : test statistic for testing “ θ = θ0 ”
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Estimator

θ̂ = median
{
Zi : 1 ≤ i ≤ n

}
2.2.3 A distribution–free confidential interval based on the sign test (Thomp-

son, Savur)

Derivation Collect θ0 such that the two–sided test for

H0 : θ = θ0 versus H3 : θ ̸= θ0

does not reject.

Confidence interval

Cα = n+ 1− bα/2

Z(1) < Z(2) < · · · < Z(n) : ordered statistics of Z1, · · · , Zn

θL = Z(Cα), θU = Z(bα/2)

⇒
Pr θ{θL < θ < θU} = 1− α for all θ

Large–sample approximation

Cα ≈ n

2
− zα/2

{n
4

}1/2

2.3 One–sample data

Data

X1, · · · , Xn

Assumptions

C1. X1, · · · , Xn : independent

C2. Let Fi(t) = Pr{Xi ≤ t} (i = 1, · · · , n).
Fi is continuous and

Fi(θ + t) + Fi(θ − t) = 1, for every t (n = 1, · · · , n)

2.3.1 A distribution–free signed rank test

Null hypothesis

H0 : θ = θ0

Define

Zi = Xi − θ0 (i = 1, · · · , n)

The same procedure as §2.1.1 can be used.
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2.3.2 An estimator based on the signed rank test

The same procedure as §2.1.2 can be used

2.3.3 A distribution free confidential interval based on the signed rank test

The same procedure as §2.1.3 can be used.

2.4 Procedures based on the sign statistic

Data

X1, · · · , Xn

Assumptions

D1.
X1, · · · , Xn : independent

D2.

Pr{Xi < θ} = Pr{Xi > θ} =
1

2
(n = 1, · · · , n)

Define

Zi = Xi − θ0 (i = 1, · · · , n)

Procedures The same procedures in §2.2 can be used for testing problem, point esti-
mation and interval estimation.

3 The Two–Sample Location Problem

Data

X1, · · · , Xm, Y1, · · · , Yn

Assumptions

A1. X1, · · · , Xm : a random sample from population 1

Y1, · · · , Yn : a random sample from population 2

that is

X1, · · · , Xm : i.i.d. (independent and identically distributed)

Y1, · · · , Yn : i.i.d. (independent and identically distributed)

A2. (X1, · · · , Xm), (Y1, · · · , Yn) : independent

A3. Population distribution functions of 1 (F (t)) and 2 (G(t))are continuous.

11



Null hypothesis

H0 : F (t) = G(t) for all t

F (t) = Pr{Xi ≤ t}, G(t) = Pr{Yi ≤ t}

Alternative hypothesis(Assumption)

H : G(t) = F (t−∆)

Under H

Pr{Xi +∆ ≤ t} = Pr{Xi ≤ t−∆} = F (t−∆) = G(t)

⇒ X1 +∆, · · · , Xm +∆, Y1, · · · , Yn : i.i.d.

F : control（対照群）
G : case（処置群）
∆ : treatment effect

3.1 A distribution–free rank sum test (Wilcoxon, Mann and
Whitney)

Testing problems

H0 : ∆ = 0 versus


H1 : ∆ > 0
H2 : ∆ < 0
H3 : ∆ ̸= 0

Derivation
Under H0

X1, · · · , Xm, Y1, · · · , Yn : i.i.d.

Test statistic

W =
n∑

j=1

Sj

Sj : rank of Yj in {X1, · · · , Xm, Y1, · · · , Yn}

Null distribution
Sn,N : set of subsets of {1, 2, · · · , N} (N = m+ n) of size n

⇒
{S1, · · · , Sn} is uniformly distributed random set on Sn,N

Example m = 4, n = 3

S4,7 =



{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 2, 7}, {1, 3, 4}, {1, 3, 5},
{1, 3, 6}, {1, 3, 7}, {1, 4, 5}, {1, 4, 6}, {1, 4, 7}, {1, 5, 6}, {1, 5, 7},
{1, 6, 7}, {2, 3, 4}, {2, 3, 5}, {2, 3, 6}, {2, 3, 7}, {2, 4, 5}, {2, 4, 6},
{2, 4, 7}, {2, 5, 6}, {2, 5, 7}, {2, 6, 7}, {3, 4, 5}, {3, 4, 6}, {3, 4, 7},
{3, 5, 6}, {3, 5, 7}, {3, 6, 7}, {4, 5, 6}, {4, 5, 7}, {4, 6, 7}, {5, 6, 7}
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w 6 7 8 9 10 11 12 13 14 15 16 17 18
Pr{W = w} 1

35
1
35

2
35

3
35

4
35

4
35

5
35

4
35

4
35

3
35

2
35

1
35

1
35

Three types of test
a. One–sided upper-tail test

H0 : ∆ = 0 versus H1 : ∆ > 0

W ≥ wα ⇒ Reject H0,

b. One–sided lower-tail test

H0 : ∆ = 0 versus H2 : ∆ < 0

W ≤ n(m+ n+ 1)− wα ⇒ Reject H0,

c. Two–sided test

H0 : ∆ = 0 versus H3 : ∆ ̸= 0

W ≥ wα/2 or W ≤ n(m+ n+ 1)− wα/2 ⇒ Reject H0,

Large–sample approximation
Under H0

E[W ] =
n(m+ n+ 1)

2
, Var0[W ] =

mn(m+ n+ 1)

12

W ∗ =
W − E[W ]√

Var0[W ]

d−→ N(0, 1) (n→ ∞)

W ∗ ≥ zα ⇒ Reject (one–sided upper–tail test)

W ∗ ≤ −zα ⇒ Reject (one–sided lower–tail test)

|W ∗| ≥ zα/2 ⇒ Reject (Tow–sided test)

zα : upper 100α percent point of N(0, 1)

Proof

ϕ(x, y) =

{
1 if x < y
0 otherwise

U =
m∑
i=1

n∑
j=1

ϕ(Xi, Yj)

⇒ W = U +
n(n+ 1)

2

13



∵

R(Yj) : rank of Yj

⇒ R(Yj) =
m∑
i=1

ϕ(Xi, Yj) +
n∑

j′=1

ϕ(Yj′ , Yj) + 1,

W =
n∑

j=1

m∑
i=1

ϕ(Xi, Yj) +
n∑

j=1

n∑
j′=1

ϕ(Yj′ , Yj) + n

n∑
j=1

n∑
j′=1

ϕ(Yj′ , Yj) = 0 + 1 + · · ·+ n− 1 =
n(n− 1)

2

E[U ] =
m∑
i=1

n∑
j=1

E[ϕ(X, Y )], X, Y
i.i.d.∼ F,

E[ϕ(X,Y )] = EY [ϕ(X,Y )|Y ] = EY [F (Y )] =
1

2
∵ F (Y ) ∼ U(0, 1) Uniform distribution

E[W ] =
mn

2
+
n(n+ 1)

2
=
n(m+ n+ 1)

2

Var[U ] =
m∑
i=1

m∑
i′=1

n∑
j=1

n∑
j′=1

Cov[ϕ(Xi, Yj), ϕ(Xi′ , Yj′)]

If i ̸= i′, j ̸= j′

Cov[ϕ(Xi, Yj), ϕ(Xi′ , Yj′)] = 0

If i ̸= i′, j = j′

Cov[ϕ(Xi, Yj), ϕ(Xi′ , Yj)] = E[ϕ(Xi, Yj)ϕ(Xi′ , Yj)]− E[ϕ(Xi, Yj)] · E[ϕ(Xi′ , Yj)]

= EXi,Xj
E
[
ϕ(Xi, Yj)ϕ(Xi′ , Yj)|Xi, Xi′

]
− 1

4

= EXi,Xi′

[
Pr{max{Xi, Xi′} < Y |Xi, Xi′}

]
− 1

4

= EXi,Xi′

[
min

{
1− F (Xi), 1− F (Xi′)

}]
− 1

4
=

1

3
− 1

4
=

1

12
If i = i′, j ̸= j′

Cov[ϕ(Xi, Yj), ϕ(Xi, Yj′)] =
1

12
similarly as above

If i = i′, j = j′

Cov[ϕ(Xi, Yj), ϕ(Xi, Yj)] = E[ϕ(Xi, Yj)
2]− 1

4
= E[ϕ(Xi, Yj)]−

1

4
=

1

4

Var[U ] =
m∑
i=1

m∑
i′=1

n∑
j=1

n∑
j′=1

{
(1− δii′)δjj′

12
+
δii′(1− δjj′)

12
+
δii′δjj′

4

}

=
1

12

m∑
i=1

m∑
i′=1

n∑
j=1

n∑
j′=1

{
δjj′ + δii′ + δii′δjj′

}
=

1

12
(m2n+mn2 +mn) =

mn(m+ n+ 1)

12

14



Theorem (CLT for a general Mann–Whittney statistic)
Assume

X1, · · · , Xm : i.i.d., Y1, · · · , Yn : i.i.d.

(X1, · · · , Xm), (Y1, · · · , Yn) : independent

E[φ(Xi, Yj)] = 0, Var[φ(Xi, Yj)] = σ2 <∞.

Let

U =
1

mn

m∑
i=1

n∑
j=1

φ(Xi, Yj).

If

lim
N→∞

N

m
= ∃ρ10, lim

N→∞

N

n
= ∃ρ01

then

√
NU

d−→ N(0, σ2
∗), σ2

∗ = ρ10σ
2
10 + ρ01σ

2
01

where N = m+ n, and

σ2
10 = VarX [E[φ(X,Y )|X]], σ2

01 = VarY [E[φ(X,Y )|Y ]]

Proof
Let

U∗ =
1

m

m∑
i=1

φ10(Xi) +
1

n

n∑
j=1

φ01(Yj),

φ10(x) = E[φ(x, Y )], φ01(y) = E[φ(X, y)].

Then

Var[U∗] =
1

m
σ2
10 +

1

n
σ2
01,

√
NU∗ d−→ N(0, σ2

∗).

Var[U ] =
1

m
σ2
10 +

1

n
σ2
01 +

1

mn
(σ2 − σ2

10 − σ2
01),

Cov[U,U∗] =
1

m
σ2
10 +

1

n
σ2
01.

Hence

E[N(U − U∗)2] = N
{
Var[U ]− 2Cov[U,U∗] + Var[U∗]

}
=

N

mn
(σ2 − σ2

10 − σ2
01) → 0 ⇒

√
N(U − U∗)

P−→ 0.

√
NU =

√
NU∗ +

{√
N(U − U∗)

} d−→ N(0, σ2
∗)

15



3.2 An estimator associated with Wilcoxon’s rank sum statistic
(Hodges–Lehmann)

Testing equality to the specified value

H0 : ∆ = ∆0 (specified value)

Let

Sj(∆0) : rank of Yj −∆0 in {X1, · · · , Xm, Y1 −∆0, · · · , Yn −∆0}

Two–sided test

H0 versus H3 : ∆ ̸= ∆0

W (∆0) =
n∑

j=1

Sj(∆0) ≥ wα/2 or W ≤ n(m+ n+ 1)− wα/2 ⇒ Reject H0

Derivation Choose the value of ∆0 such that H0 : ∆ = ∆0 is least significant, that is

∆̂ = argmin∆0

∣∣∣∣W (∆0)−
n(m+ n+ 1)

2

∣∣∣∣
Estimator

∆̂ = median{(Yj −Xi); i = 1, · · · ,m; j = 1, · · · , n}

∵

W (∆0) =
m∑
i=1

n∑
j=1

ϕ(Xi, Yj −∆0) +
n(n+ 1)

2
.

3.3 A distribution-free confidence interval based on Wilcoxon’s
rank sum test (Moses)

Derivation Collect ∆0 such that the two–sided test for

H0 : ∆ = ∆0 versus H3 : ∆ ̸= ∆0

does not reject.

Confidence interval

Cα =
n(2m+ n+ 1)

2
+ 1− wα/2

U(1) < U(2) < · · · < Umn : ordered statistic of

{(Yj −Xi); i = 1, · · · ,m; j = 1, · · · , n}
∆L = U(Cα), ∆U = Umn+1−(Cα)

⇒
Pr
∆
{∆L < ∆ < ∆U} = 1− α for all ∆.

16



Large–sample approximation

Cα ≈ mn

2
− zα/2

{
mn(m+ n+ 1)

12

}1/2

.

4 The Two–Sample Dispersion Problem and Other

Two–Sample Problems

Data

X1, · · · , Xm, Y1, · · · , Yn

Assumptions

A1. X1, · · · , Xm : a random sample from continuous population 1

Y1, · · · , Yn : a random sample from continuous population 2

that is

X1, · · · , Xm : i.i.d. (independent and identically distributed)

Y1, · · · , Yn : i.i.d. (independent and identically distributed)

A2. (X1, · · · , Xm), (Y1, · · · , Yn) : independent

4.1 A distribution–free rank test for dispersion–case of equal
medians (Ansari–Bradley)

Null hypothesis
F,G : the distribution functions corresponding to population 1 and 2.

H0 : F (t) = G(t), for every t

Alternative hypothesis (Assumption)

H : F (t) = H

(
t− θ1
η1

)
and G(t) = H

(
t− θ2
η2

)
Additional assumption
A3. θ1 = θ2

Testing problems

H0 : γ = 1 versus


H1 : γ

2 > 1
H2 : γ

2 < 1
H3 : γ

2 ̸= 1
,

where

γ =
η1
η2

17



Test statistic

C =
n∑

j=1

Sj,

Sj =
N + 1

2
−
∣∣∣N + 1

2
−Rj

∣∣∣
Rj : rank of Yj in {X1, · · · , Xm, Y1, · · ·Yn},
N = m+ n

Note

Rj ≤
N + 1

2
⇒ Sj = Rj

Rj >
N + 1

2
⇒ Sj = N + 1−Rj

Three types of test
a. One–sided upper-tail test

H0 : γ
2 = 1 versus H1 : γ

2 > 1

C ≥ cα ⇒ Reject H0,

b. One–sided lower-tail test

H0 : γ
2 = 1 versus H2 : γ

2 < 1

C ≤ [c1−α − 1] ⇒ Reject H0,

c. Two–sided test

H0 : γ
2 = 1 versus H3 : γ

2 ̸= 1

C ≥ cα/2 or C ≤ [c1−α/2 − 1] ⇒ Reject H0,

Null distribution

(S1, · · · , Sn) : random sample of n integers from{
{1, 2, · · · , N

2
, N

2
, N

2
− 1, · · · , 1} (N :even )

{1, 2, · · · , N+1
2
, N+1

2
− 1, · · · , 1} (N :odd )

without replacement

Lemma
(X1, · · · , Xn) : random sample of size n from finite population

Π = (a1, a2, · · · , aN)

without replacement.

X̄ =
1

n

n∑
j=1

Xj

18



⇒

E[X̄] = µ =
1

N

N∑
j=1

aj,

Var[X̄] =
N − n

n(N − 1)
σ2, σ2 =

1

N

N∑
j=1

(aj − µ)2

Proof.

Pr{Xj = ak} =
(N − 1)(N − 2) · · · (N − n+ 1)

N(N − 1) · · · (N − n+ 1)
=

1

N

⇒ E[Xj] = µ, Var[Xj] = E[X2
j ]− µ2 =

1

N

N∑
j=1

a2j − µ2 = σ2

Pr{Xi = ak, Xj = am} =
(N − 2) · · · (N − n+ 1)

N(N − 1) · · · (N − n+ 1)
=

1

N(N − 1)

1

N

( N∑
k=1

ak

)2
=

1

N

N∑
k=1

a2k +
1

N

∑
k ̸=m

akam

(i ̸= j) ⇒

E[XiXj] =
1

N(N − 1)

∑
k ̸=m

akam =
1

N − 1

{
Nµ2 − (σ2 + µ2)

}
= µ2 − 1

N − 1
σ2

E[X̄] =
1

n

n∑
j=1

E[Xj] = µ

Var[X̄] =
1

n2

n∑
j=1

Var[Xj] +
1

n2

∑
i ̸=j

Cov[Xi, Xj] =
1

n
σ2 − n(n− 1)

n2(N − 1)
σ2

Case of N : even

E0[C] =
2

N

N/2∑
k=1

k =
n(N + 2)

4

Var0[C] =
n(N − n)

N − 1

{
2

N

N/2∑
k=1

k2 −
(N + 2

4

)2}
=
mn(N − 2)(N + 2)

48(N − 1)

Case of N : odd

E0[C] =
n(N + 1)2

4N

Var0[C] =
mn(N + 1)(3 +N2)

48N2
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Large–sample approximation

C∗ =
C − E0[C]√

Var0[C]
→ N(0, 1) (m,n→ ∞)

∵ Under H0

F−1(Y1), · · · , F−1(Yn), F
−1(X1), · · · , F−1(Xm)

i.i.d.∼ U(0, 1)(
uniform distribution on (0, 1)

)
The following theorem can be applied since

C =
n(N + 1)

2
− N + 2

2

n∑
i=1

∣∣∣1− 2Ri

N + 1

∣∣∣.
Theorem (CLT for a general rank statistic) Let

U1, · · · , Un, Un+1, · · · , Um+n
i.i.d.∼ U(0, 1)

Ri : rank of Ui

SN =
N∑
i=1

ciϕ
( Ri

N + 1

)
,

N = m+ n,

ϕ : Lipschitz continuous function on [0, 1] which is not constant

If

lim
N→∞

maxi(c
(N)
i − c̄(N))2∑N

i=1(c
(N)
i − c̄(N))2

= 0
(
c̄(N) =

1

N

N∑
i=1

c
(N)
i

)
,

Then

SN − E[SN ]√
Var[SN ]

→ N(0, 1) (N → ∞)

Proof
Define

TN =
N∑
i=1

diϕ(Ui), di = c
(N)
i − c̄(N)

Then

(1)
TN − E[TN ]√

Var[TN ]
→ N(0, 1)

(2)
Var[SN − TN ]

Var[TN ]
→ 0
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(3)
SN − E[SN ]√

Var[SN ]
− TN − E[TN ]√

Var[TN ]

P−→ 0

when (N → ∞).
Proof of (1)

g(t) := log E[exp(itϕ(Ui))] = iµt− t2

2
σ2 + ε(t)t2

ε(t) =
1

2

{
g′′(θt)− g′′(0)

}
(0 < θ < 1)

µ = E[ϕ(Ui)] =
1

i
g′(0), σ2 = Var[ϕ(Ui)] = −g′′(0)∣∣∣∣∣log E

[
exp
(TN − E[TN ]√

Var[TN ]

)]
+
t2

2

∣∣∣∣∣ =
∣∣∣∣∣

N∑
j=1

ε

(
djt√∑N
j=1 d

2
j

)
d2j t

2∑N
j=1 d

2
j

∣∣∣∣∣
≤ max

j

∣∣∣∣∣ε
(

djt√∑N
j=1 d

2
j

)∣∣∣∣∣→ 0

Proof of (3)

L = {X : random variable such that E[X] = 0,Var[X] <∞}
=⇒ Cov[X, Y ] : an inner product on the linear space L√√√√E

[(
SN − E[SN ]√

Var[SN ]
− TN − E[TN ]√

Var[TN ]

)2
]

=

{
E

[(
SN − E[SN ]√

Var[SN ]
− SN − E[SN ]√

Var[TN ]
+
SN − E[SN ]√

Var[TN ]
− TN − E[TN ]√

Var[TN ]

)2
]}1/2

≤
∣∣√Var[TN ]−

√
Var[SN ]

∣∣√
Var[TN ]

+

√
Var[SN − TN ]

Var[TN ]
≤ 2

√
Var[SN − TN ]

Var[TN ]

Proof of (2)

(2-1) U1|R1=i,R2=j ∼ U1|R1=i (i ̸= j)

(2-2) Cov
[
ϕ
( R1

N + 1

)
, ϕ(U2)

]
= − 1

N − 1
Cov

[
ϕ
( R1

N + 1

)
, ϕ(U1)

]
(2-3) Cov

[
ϕ
( R1

N + 1

)
, ϕ
( R2

N + 1

)]
= − 1

N − 1
Var
[( R1

N + 1

)]
(2-4)

Var[SN − TN ]

Var[TN ]
=

{
N

N − 1

Var
[
ϕ
(

R1

N+1

)
− ϕ(U1)

]
Var[ϕ(U1)]

− 1

N − 1

}
(2-5) Var

[
ϕ
( R1

N + 1

)
− ϕ(U1)

]
→ 0
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Proof of (2-1)

Formula :

∫ b

a

(u− a)j(b− u)k = (b− a)j+k+1 j!k!

(j + k + 1)!

If i < j

Pr{R1 = i, R2 = j} =
1

N(N − 1)

Pr{U1 ≤ t |R1 = i, R2 = j}

=
1

P(R1 = i, R2 = j)

(N − 2)!

(i− 1)!(j − i− 1)!(N − j)!

· Pr
{
U3 < U1, · · · , Ui+1 < U1, U1 < Ui+2, · · · , Uj−1 < U2, U2 < Uj+1, · · · , Un, U1 ≤ t

}
=

N !

(i− 1)!(j − i− 1)!(N − j)!

∫ t

0

{∫ 1

u1

ui−1
1 (u2 − u1)

j−i−1(1− u2)
N−jdu2

}
du1

=
N !

(i− 1)!(N − i)!

∫ t

0

ui−1
1 (1− u1)

N−idu1,

Pr{U1 ≤ t |R1 = i}

= N · (N − 1)!

(i− 1)!(N − i)!
Pr{U2 < U1, . . . , Ui < U1, U1 < Ui+1, . . . , U1 < UN , U1 ≤ t}

=
N !

(i− 1)!(N − i)!

∫ t

0

ui−1
1 (1− u1)

N−idu1,

Similarly,

Pr{U2 ≤ t|R1 = i, R2 = j}

=
1

Pr{R1 = i, R2 = j}
(N − 2)!

(i− 1)!(j − i− 1)!(N − j)!

· Pr
{
U3 < U1, · · · , Ui+1 < U1, U1 < Ui+2, · · · , Uj−1 < U2, U2 < Uj, · · · , Un, U2 ≤ t

}
=

N !

(i− 1)!(j − i− 1)!(N − j)!
E[1U2≤t,U1<U2U

i−1
1 (U2 − U1)

j−i−1(1− U2)
N−j]

=
N !

(i− 1)!(j − i− 1)!(N − j)!

∫ t

0

{∫ u2

0

ui−1
1 (u2 − u1)

j−i−1(1− u2)
N−jdu1

}
du2

=
N !

(j − 1)!(N − j)!

∫ t

0

uj−1
2 (1− u2)

N−jdu2 = Pr{U2 ≤ t|R2 = j}
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Proof of (2-2)

ψ(j) = ϕ
( j

N + 1

)
− 1

N

N∑
i=1

ϕ
( i

N + 1

)
Cov

[
ϕ
( R1

N + 1

)
, ϕ(U2)

]
= E

[
ψ(R1)ϕ(U2)

]
=

1

N(N − 1)

∑
i̸=j

ψ(i)E
[
ϕ(U2)

∣∣R1 = i, R2 = j
]

=
1

N(N − 1)

∑
i̸=j

ψ(i)E
[
ϕ(U2)

∣∣R2 = j
]

=
1

N(N − 1)

{ N∑
i=1

ψ(i)

}{ N∑
j=1

E
[
ϕ(U2)

∣∣R2 = j
]}

− 1

N(N − 1)

N∑
i=1

ψ(i)E
[
ϕ(U2)

∣∣R2 = i
]

= − 1

N − 1
E
[
ψ(R2)ϕ(U2)

]
= − 1

N − 1
Cov

[
ψ(R2), ϕ(U2)

]
Proof of (2-3)

Cov
[
ϕ
( R1

N + 1

)
, ϕ
( R2

N + 1

)]
= E[ψ(R1), ψ(R2)]

=
1

N(N − 1)

∑
i ̸=j

ψ(i)ψ(j) =
1

N(N − 1)

{ N∑
i=1

ψ(i)

}2

− 1

N(N − 1)

N∑
i=1

{
ψ(i)

}2
= − 1

N − 1
Var
[
ϕ
( R1

N + 1

)]
Proof of (2-4)

Cov[ψ(R1)− ϕ(U1), ψ(R2)− ϕ(U2)] = Cov[ψ(R1), ψ(R2)]− 2Cov[ψ(R1), ϕ(U2)]

= − 1

N − 1

{
Var[ψ(R1)]− 2Cov[ψ(R1), ϕ(U1)]

}
0 =

{ N∑
i=1

di

}2

=
N∑
i=1

d2i +
∑
i̸=j

didj

Var[SN − TN ] =
N∑
i=1

d2iVar[ψ(Ri)− ϕ(Ui)] +
∑
i ̸=j

didjCov[ψ(Ri)− ϕ(Ui), ψ(Rj)− ϕ(Uj)]

=

( N∑
i=1

d2i

){
N

N − 1

{
Var[ψ(R1)]− 2Cov[ψ(R1), ϕ(U1)]

}
+Var[ϕ(U1)]

}

Var[TN ] =

( N∑
i=1

d2i

)
Var[ϕ(U1)]
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Proof of (2-5)

fU1|R1=j(u) =
N !

(j − 1)!(N − j)!
uj−1(1− u)N−j

Var[U1|R1 = j] = E[U2
1 |R1 = j]− E[U1|R1 = j]2

=
N !

(j − 1)!(N − j)!

(j + 1)!(N − j)!

(N + 2)!
−
(

N !

(j − 1)!(N − j)!

j!(N − j)!

(N + 1)!

)2

=
j(N + 1− j)

(N + 1)2(N + 2)
(Formula in page 22)

E
[{
ϕ
( R1

N + 1

)
− ϕ(U1)

}2]
=

1

N

N∑
j=1

E
[{
ϕ
( j

N + 1

)
− ϕ(U1)

}2∣∣∣R1 = j
]

=
1

N

N∑
j=1

[∫
|u− j

N+1
|<ε

{
ϕ
( j

N + 1

)
− ϕ(u)

}2

fU1|R1=j(u)du∫
|u− j

N+1
|>ε

{
ϕ
( j

N + 1

)
− ϕ(u)

}2

fU1|R1=j(u)du

]

<
1

N

N∑
j=1

[
Dε2 Pr

{∣∣∣U1 −
j

N + 1

∣∣∣ < ε |R1 = j
}
+M Pr

{∣∣∣U1 −
j

N + 1

∣∣∣ > ε |R1 = j
}]

(
D = max

x<y

{ϕ(x)− ϕ(y)

x− y

}2

,M = max
x<y

{ϕ(x)− ϕ(y)}2
)

<
1

N

N∑
j=1

{
Dε2 +

M

ε2
Var[U1|R1 = j]

}
=

1

N

N∑
j=1

{
Dε2 +

M

ε2
j(N + 1− j)

(N + 1)2(N + 2)

}
= Dε2 +

M

ε2

{ 1

2(N + 2)
− 2N + 1

6(N + 1)(N + 2)

}
= Dε2 +

M

6ε2(N + 1)

E
[{
ϕ
( R1

N + 1

)
− ϕ(U1)

}2]
< 2

√
DM

N + 1

(
ε2 =

√
M

D(N + 1)

)

4.2 An asymptotically distribution–free test for dispersion based
on the Jackknife–medians not necessarily equal (Miller)

Assumptions

A1. X1, · · · , Xm : a random sample from continuous population 1

Y1, · · · , Yn : a random sample from continuous population 2

that is

X1, · · · , Xm : i.i.d. (independent and identically distributed)

Y1, · · · , Yn : i.i.d. (independent and identically distributed)

A2. (X1, · · · , Xm), (Y1, · · · , Yn) : independent
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Further hypothesis (Assumption)

H : F (t) = H

(
t− θ1
η1

)
and G(t) = H

(
t− θ2
η2

)
Additional assumption
A4. H has finite fourth moment.

E
[(X1 − θ1

η1

)4]
<∞

Procedure

X̄i =
m∑
s ̸=i

Xs

m− 1
, D2

i =
∑
s ̸=i

(Xs − X̄i)
2

m− 2
(i = 1, 2, · · · ,m)

Ȳj =
n∑
t ̸=i

Yt
n− 1

, E2
j =

∑
t ̸=i

(Yt − Ȳj)
2

n− 2
(i = 1, 2, · · · , n)

Si = logD2
i (i = 1, · · · ,m)

Tj = logD2
j (j = 1, · · · , n)

X̄0 =
1

m

m∑
s=1

Xs, S0 = log

[
m∑
s=1

(Xs − X̄0)
2

m− 1

]
,

Ȳ0 =
1

n

n∑
t=1

Yt, T0 = log

[
n∑

t=1

(Yt − Ȳ0)
2

n− 1

]

Ai = mS0 − (m− 1)Si (i = 1, · · · ,m)

Bj = nT0 − (n− 1)Tj (j = 1, · · · , n)

Ā =
m∑
i=1

Ai

m
, B̄ =

n∑
j=1

Bj

n

V1 =
m∑
i=1

(Ai − Ā)2

m(m− 1)
, V2 =

n∑
j=1

(Bj − B̄)2

n(n− 1)

Test statistic

Q =
Ā− B̄√
V1 + V2

a. One–sided upper-tail test

H0 : γ
2 = 1 versus H1 : γ

2 > 1

Q ≥ zα ⇒ Reject H0,

b. One–sided lower-tail test

H0 : γ
2 = 1 versus H2 : γ

2 < 1

Q ≤ −zα ⇒ Reject H0,
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c. Two–sided test

H0 : γ
2 = 1 versus H3 : γ

2 ̸= 1

|Q| ≥ zα/2 ⇒ Reject H0,

Jackknife technique

X1, · · · , Xn
i.i.d.∼ F, E[X1] = µ,Var[X1] = σ2

θ̂n : an estimator based on X1, · · · , Xn

θ̂
(i)
n−1 : the estimator based on X1, · · · , Xi−1, Xi+1, · · · , Xn

θ̃n,i = nθ̂n − (n− 1)θ̂
(i)
n−1 : jackknife pseudo–value

Tukey’s conjecture

(A1) θ̃n,1, · · · , θ̃n,n can be vied as an i.i.d. sample

(A2) Var[θ̃n,i] ≈ Var[
√
nθ̂n]

Jackknife estimator

θ̃n =
1

n

n∑
i=1

θ̃n,i : Bias modified Jackknife estimator

V =
n− 1

n

n∑
i=1

(
θ̂
(i)
n−1 −

1

n

n∑
j=1

θ̂
(j)
n−1

)2

: Jackknife variance estimator for Var[θ̂n]

Case of a smooth function of the sample mean

X1, · · · , Xn
i.i.d.∼ F, E[X1] = µ,Var[X1] = σ2

θ̂n = h(X̄n), h : C(3)–class , X̄n =
1

n

n∑
i=1

Xi

θ̂(i)n = h(X̄
(i)
n−1), X̄

(i)
n−1 =

1

n− 1

n∑
j ̸=i

Xj

Asymptotic normality of θ̂n

Zn =
√
n(X̄n − µ) −→ N(0, σ2) central limit theorem

h(X̄n) = h
(
µ+

1√
n
Zn

)
= h(µ) +

1√
n
h′(µ)Zn +

1

2n
h′′(µ)Z2

n + · · ·

√
n{h(X̄n)− h(µ)} = h′(µ)Zn +

1

2
√
n
h′′(µ)Z2

n + · · · −→ N
[
0, {h′(µ)}2σ2

]

26



Bias of the jackknife estimator

X̄n =
n− 1

n
X̄

(i)
n−1 +

1

n
Xi = X̄

(i)
n−1 +

1

n
(Xi − X̄

(i)
n−1)

= µ+
1√
n− 1

Z
(i)
n−1 +

1

n
(Xi − µ)− 1

n
√
n− 1

Z
(i)
n−1, Z

(i)
n−1 =

√
n− 1(X̄

(i)
n−1 − µ)

h(X̄n) = h(µ) + h′(µ)
{ 1√

n− 1
Z

(i)
n−1 +

1

n
(Xi − µ)− 1

n
√
n− 1

Z
(i)
n−1

}
+

1

2
h′′(µ)

{ 1√
n− 1

Z
(i)
n−1 +

1

n
(Xi − µ)− 1

n
√
n− 1

Z
(i)
n−1

}2

+
1

6
h(3)(µ)

{ 1√
n− 1

Z
(i)
n−1 +

1

n
(Xi − µ)− 1

n
√
n− 1

Z
(i)
n−1

}3

+Op(n
−2)

h(X̄
(i)
n−1) = h(µ) + h′(µ)

1√
n− 1

Z
(i)
n−1

+
1

2
h′′(µ)

1

n− 1

{
Z

(i)
n−1

}2
+

1

6
h(3)(µ)

1

(n− 1)3/2
{
Z

(i)
n−1

}3
+Op(n

−2)

θ̃n,i = nh(X̄n)− (n− 1)h(X̄
(i)
n−1)

= h(µ) +
h′(µ)√
n− 1

Z
(i)
n−1 +

h′′(µ)

2(n− 1)

{
Z

(i)
n−1

}2
+

h(3)(µ)

6(n− 1)3/2
{
Z

(i)
n−1

}3
+ h′(µ)

{
(Xi − µ)− 1√

n− 1
Z

(i)
n−1

}
+
h′′(µ)

2

{ 2√
n− 1

Z
(i)
n−1(Xi − µ) +

1

n
(Xi − µ)2 − 2

n− 1

{
Z

(i)
n−1

}2}
+
h(3)(µ)

6

{ 3

n− 1

{
Z

(i)
n−1

}2
(Xi − µ)

}
+Op(n

−3/2)

= h(µ) + h′(µ)(Xi − µ) +
h′′(µ)√
n− 1

Z
(i)
n−1(Xi − µ)

+
h′′(µ)

2

{ 1
n
(Xi − µ)2 − 1

(n− 1)

{
Z

(i)
n−1

}2}
+

h(3)(µ)

2(n− 1)

{
Z

(i)
n−1

}2
(Xi − µ) +Op(n

−3/2)

Z
(i)
n−1, (Xi) : independent

⇒ E[θ̃n,i] = h(µ) +
h′′(µ)

2

{ 1
n
− 1

n− 1

}
σ2 +O(n−3/2) = h(µ) +O(n−3/2)

(i ̸= j) ⇒ E[{θ̃n,i − h(µ)}{θ̃n,j − h(µ)}]

=
{h′′(µ)}2

n− 1
E[Z

(i)
n−1Z

(j)
n−1(Xi − µ)(Xj − µ)] +O(n−3/2) = O(n−3/2)

27



E[{θ̃n,i − h(µ)}2] = {h′(µ)}2E[(Xi − µ)2] +
h′(µ)h′′(µ)

n
E[(Xi − µ)3]

+
h′(µ)h(3)(µ)

n− 1
E[
{
Z

(i)
n−1

}2
(Xi − µ)2] +

{h′′(µ)}2

n− 1
E[
{
Z

(i)
n−1

}2
(Xi − µ)2]

+O(n−3/2) (κ3 = E[(Xi − µ)3])

= {h′(µ)}2σ2 +
h′(µ)h′′(µ)

n
κ3 +

1

n− 1

[
h′(µ)h(3)(µ) + {h′′(µ)}2

]
σ4 +O(n−3/2)

Let Zn =
√
n(X̄n − µ) then

θ̂n = h(X̄n) = h(µ) +
h′(µ)√
n
Zn +

h′′(µ)

2n
Z2

n +
h(3)(µ)

6n
Z3

n +Op(n
−3/2)

Var[
√
nθ̂n] = {h′(µ)}2σ2 +

h′(µ)h′′(µ)

n
κ3

+
1

n

[
h′(µ)h(3)(µ) +

1

2
{h′′(µ)}2

]
σ4 +O(n−3/2)

So

Var[
√
nθ̂n]− Var[θ̃n] = O(n−1)

Asymptotic normality of θ̃n

X̄
(i)
n−1 = X̄n −

1

n− 1
(X̄n −Xi)

nh(X̄n)− (n− 1)h(X̄
(i)
n−1)

= h(X̄n)− h′(X̄n)(X̄n −Xi)−
h′′(X̄n)

2(n− 1)
(X̄n −Xi)

2 +Op(n
−2)

θ̃n =
1

n

n∑
i=1

θ̃n,i = h(X̄n)−
h′′(X̄n)

2n
Sn +Op(n

−2), Sn =
1

n− 1

n∑
i=1

(X̄n −Xi)
2

√
n
{
θ̂n − h(µ)

}
−
√
n
{
θ̃n − h(µ)

}
= Op(n

−1/2) (∵ X̄n
P→ µ, Sn

P→ σ2)

4.3 A distribution–free rank test for either location or dispersion
(Lepage)

Assumptions

A1. X1, · · · , Xm : a random sample from continuous population 1

Y1, · · · , Yn : a random sample from continuous population 2

that is

X1, · · · , Xm : i.i.d. (independent and identically distributed)

Y1, · · · , Yn : i.i.d. (independent and identically distributed)

A2. (X1, · · · , Xm), (Y1, · · · , Yn) : independent
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Further hypothesis (Assumption)

H : F (t) = H

(
t− θ1
η1

)
and G(t) = H

(
t− θ2
η2

)
Testing problem

H0 : θ1 = θ2 and η1 = η2 versus H1 : θ1 ̸= θ2 and/or η1 ̸= η2

Test statistic

Ri : rank of Yi in X1, · · · , Xm, Y1, · · · , Yn

W =
n∑

i=1

Ri : Wilcoxon rank sum statistic ,

C =
n∑

i=1

{
N + 1

2
−
∣∣∣N + 1

2
−Ri

∣∣∣} : Ansari–Bradley scale statistic

D = (W ∗)2 + (C∗)2, where W ∗ =
W − E0[W ]√

Var0[W ]
and C∗ =

C − E0[C]√
Var0[C]

Procedure

D ≥ dα ⇒ reject H0

dα is obtained based on the fact that

(R1, · · · , Rn) is a random sample from {1, 2, · · · , N} without replacement

Large–sample approximation

D −→ χ2
2, (min{m,n} → ∞)

D ≥ χ2
2,α ⇒ reject

χ2
2 : chi–square distribution with degree of freedom 2

χ2
2,α : upper 100α percent point of χ2

2

∵
Let

TW =
m

N

n∑
i=1

Ui −
n

N

m∑
i=1

Un+i

TC =
m

N

n∑
i=1

ϕ(Ui)−
n

N

m∑
i=1

ϕ(Un+i) ϕ(u) =
∣∣1− 2u

∣∣.
where Ui = F−1(Xi) i = 1, · · · ,m; Ui = F−1(Yi) i = 1, · · · , n

Then from the proof of Theorem in section 4.1,

W ∗ − TW√
Var(TW )

P→ 0, C∗ − TC√
Var(TC)

P→ 0
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Let a1, a2 : any constants, and

Ta = a1TW + a2TC =
m

N

n∑
i=1

{
a1Ui + a2ϕ(Ui)

}
− n

N

m∑
i=1

{
a1Ui+n + a2ϕ(Ui+n)

}
Then

E[Ta] = 0 and Var[Ta] =
mn

12N
(a21 + a22)

Ta√
Var[Ta]

=
a1T

∗
W + a2T

∗
C√

a21 + a22
→ N(0, 1) (min{m,n} → ∞)

T ∗
W =

TW√
Var(TW )

, T ∗
C =

TC√
Var(TC)

,

Hence (
T ∗
W

T ∗
C

)
→ N2

[(
0
0

)
,

(
1 0
0 1

)]

4.4 A distribution–free test for general differences in two popu-
lations (Kolmogorov–Smirnov)

Assumptions

A1. X1, · · · , Xm
i.i.d.∼ F , Y1, · · · , Yn

i.i.d.∼ G

A2. (X1, · · · , Xm), (Y1, · · · , Yn) : independent

Testing problem

H0 : F (t) = G(t) for any t versus H1 : F (t) ̸= G(t) for at least one t

Test statistic

J =
mn

d
max

−∞<t<∞
{|Fm(t)− Fn(t)|},

where

d : greatest common divisor of m and n

Fm(t) =
1

m
#{Xi|Xi ≤ t, i = 1, · · · ,m}

(the empirical distribution function for X)

Gn(t) =
1

m
#{Yi|Yi ≤ t, i = 1, · · · , n}

(the empirical distribution function for Y )
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Procedure

J ≥ jα ⇒ reject H0

UnderH0 the conditional distribution of (X1, · · · , Xm) can be viewed as the one of random
sample from Z(1) ≤ Z(2) ≤ · · · ≤ Z(N) without replacement.

Deriving J
data

No. 1 2 3 4 5 6 7 8 9 10
X 3 3 5 7 9
Y 3 4 4 6 7 8 10 10 11 12

Z(1) ≤ Z(2) ≤ · · · ≤ ZN : ordered statistic of X1, · · · , Xm, Y1, · · · , Yn

i Z(i) F5(Z(i)) G10(Z(i)) |F5(Z(5))−G10(Z(i))|
1 3 2/5 1/10 3/10
2 3 2/5 1/10 3/10
3 3 2/5 1/10 3/10
4 4 2/5 3/10 1/10
5 4 2/5 3/10 1/10
6 5 3/5 3/10 3/10
7 6 3/5 4/10 2/10
8 7 4/5 5/10 3/10
9 7 4/5 5/10 3/10
10 8 4/5 6/10 2/10
11 9 5/5 6/10 4/10
12 10 5/5 8/10 2/10
13 10 5/5 8/10 2/10
14 11 5/5 9/10 1/10
15 12 5/5 10/10 0

⇒ J = 10×5
5

4
10

= 4

Large–sample approximation

J∗ =

√
mn

N
max

−∞<t∞
{|Fm(t)− Fn(t)|}

P0(J
∗ < s) →

∞∑
k=−∞

(−1)ke−2k2s2 , 0 for s >,≤ 0 (min{m,n} → ∞)

5 The One-Way Layout

Data
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Treatments
1 2 · · · k
X11 X12 · · · X1k

X21 X22 · · · X2k
...

...
...

Xn11 Xn22 · · · Xnkk

Assumptions

A1. X11, X21, · · · , Xn11, · · · , X1k, · · · , Xnkk : independent

A2. X1j, X2j, · · · , Xnjj
i.i.d.∼ Fj

A3. F1, · · · , Fk belong to the same location family of distributions:

Fj(t) = F (t− τj), −∞ < t <∞, j = 1, · · · , k
τj : unknown parameter

F : continuous distribution function with unknown median θ

One–way layout model

Xij = θ + τj + eij i = 1, · · · , nj, j = 1, · · · , k
τj : treatment j effect

eij : i.i.d. ,median[eij] = 0

Hypothesis

H0 : τ1 = · · · = τk

5.1 A distribution–free test for general alternatives
(Kruskal–Wallis)

Testing problem

H0 versus H1 : τ1, · · · τk are not all equal

Test statistic

H =
12

N(N + 1)

k∑
j=1

nj

(
R·j −

N + 1

2

)2

=

(
12

N(N + 1)

k∑
j=1

R2
j

nj

)
− 3(N + 1),

N =
k∑

j=1

nj, Rj =

nj∑
i=1

rij, R·j =
Rj

nj

, j = 1, · · · , k

rij : rank of Xij in all observations
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Procedure

H ≥ hα ⇒ reject H0

hα is derived based on the fact that�
�

�
�

Under H0, all N !/(
∏k

j=1 nj!) assignments of n1 ranks to the treatment
1 observations, n2 ranks to the treatment 2 observations, · · · , nk ranks
to the treatment k observations, are equally likely.

Example for deriving the exact null distribution

k = 3, n1 = n2 = n3 = 2, Number of rank assignments =
6!

2!2!2!
= 90

H =
12

6(6 + 1)

R2
1 +R2

2 +R3
2

2
− 3(6 + 1) =

A

7
− 21, A = R2

1 +R2
2 +R3

2

I II III
(a) 1 2 3 4 5 6 A = 179, H = 4.57
(b) 1 2 3 5 4 6 A = 173, H = 3.71
(c) 1 2 3 6 4 5 A = 171, H = 3.43
(d) 1 3 2 4 5 6 A = 173, H = 3.71
(e) 1 3 2 5 4 6 A = 165, H = 2.57
(f) 1 3 2 6 4 5 A = 161, H = 2.00
(g) 1 4 2 3 5 6 A = 171, H = 3.43
(h) 1 4 2 5 3 6 A = 155, H = 1.14
(i) 1 4 2 6 3 5 A = 153, H = 0.857
(j) 1 5 2 3 4 6 A = 161, H = 2.00
(k) 1 5 2 4 3 6 A = 153, H = 0.857
(l) 1 5 2 6 3 4 A = 149, H = 0.286
(m) 1 6 2 3 4 5 A = 155, H = 1.14
(n) 1 6 2 4 3 5 A = 149, H = 0.286
(o) 1 6 2 5 3 4 A = 147, H = 0

(I,II,III) ⇒ (I,III,II), (II,I,III),(II,III,I),(III,I,II),(III,II,I)

h 0 0.286 0.857 1.14 2.00 2.57 3.43 3.71 4.57
Pr{H = h} 1

15
2
15

2
15

2
15

2
15

1
15

2
15

2
15

1
15

Large–sample approximation

H −→ χ2
k−1, (min{n1, · · · , nk} → ∞)

H ≥ χ2
k−1,α ⇒ reject H0

Proof

Sn :=
k∑

j=1

nj∑
i=1

aj
nj

rij, a1, · · · , ak : constants
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Then

SN − E[SN ]√
Var[SN ]

→ N(0, 1)

∵ Theorem in section 4.1 can be applied since

c
(N)
ij :=

N + 1

nj

aj (i = 1, · · · , nj; j = 1, · · · , k)

c̄(N) =
1

N

k∑
j=1

nj∑
i=1

c
(N)
ij =

N + 1

N

k∑
j=1

aj =
N + 1

N
A (say)

maxi,j(c
(N)
ij − c̄(N))2∑k

j=1

∑nj

i=1(c
(N)
ij − c̄(N))2

=
maxj(

aj
nj

− A
N
)2∑k

j=1 nj(
aj
nj

− A
N
)2
<

1

nj∗

→ 0, j∗ = argmaxj(
aj
nj

− A

N
)2

E[rij] =
1

N

N∑
l=1

l =
N + 1

2
= µ (say) ,

Var[rij] =
1

N

N∑
l=1

l2 − µ2 =
(N + 1)(N − 1)

12
= σ2 (say) ,

Cov[rij, ri′j′ ] =
1

N(N − 1)

∑
l ̸=l′

ll′ − µ2

=
N

N − 1

{(
1

N

N∑
l=1

l

)2

− 1

N2

N∑
l=1

l2
}
− µ2

=
N

N − 1

{
µ2 − 1

N
(σ2 + µ2)

}
− µ2 = − 1

N − 1
σ2
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E[SN ] =

( k∑
j=1

aj

)
µ

Var[SN ] =
k∑

j=1

Var

[ nj∑
i=1

aj
nj

rij

]
+

k∑
j ̸=j′

Cov

[ nj∑
i=1

aj
nj

rij,

nj′∑
i=1

aj′

nj′
rij′

]

Var

[ nj∑
i=1

aj
nj

rij

]
=
(aj
nj

)2{ nj∑
i=1

Var[rij] +

nj∑
i̸=i′

Cov[rij, ri′j]

}
=
(aj
nj

)2{
nj −

nj(nj−1)

N − 1

}
σ2

Cov

[ nj∑
i=1

aj
nj

rij,

nj′∑
i=1

aj′

nj′
rij′

]
=

nj∑
i=1

nj′∑
i′=1

ajaj′

njnj′

(
− σ2

N − 1

)

Var[SN ] = (a1, · · · , ak)′B

a1...
ak

 σ2,

B = (bjl), bjl =

{
1
nj

− 1
N−1

nj−1

nj
(j = l)

− 1
N−1

(j ̸= l)

B =
N

N − 1


1
n1

0
. . .

0 1
nk

− 1

N − 1

1
...
1

 (1, · · · , 1)

=
N

N − 1


1√
n1

0
. . .

0 1√
nk


Ik − 1

N


√
n1
...√
nk

 (
√
n1, · · · ,

√
nk)




1√
n1

0
. . .

0 1√
nk


Define

ZN =


1√
n1

∑n1

i=1 ri1
...

1√
nk

∑nk

i=1 rik

 , DN =


1√
n1

0
. . .

0 1√
nk

 , n =


√
n1
...√
nk

 and ΠN = Ik −
1

N
nn′

then

SN = a′DNZN ,

E[SN ] =
N + 1

2
a′DNn,

Var[SN ] =
N(N + 1)

12
a′DNΠNDNa.
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Define

ΠN = Ik −
1

N
nn′ = HN

k×(k−1)
H ′

N

UN =

√
12

N(N + 1)
H ′

N

(
ZN − N + 1

2
n
)
=

√
12

N(N + 1)
H ′

NZN

⇒ UN → Nk−1(0, Ik−1)

(∵ s′UN = SN − E[SN ] with a =
√

12
N(N+1)

D−1
N HNs, and Var[s′UN ] = s′s)

ΠNZN =


1√
n1

∑n1

i=1 ri1
...

1√
nk

∑nk

i=1 rik

− 1

N
n

k∑
j=1

nj∑
i=1

rij =


√
n1(R·1 − N+1

2
)

...√
nk(R·k − N+1

2
)


U ′

NUN =
12

N(N + 1)
Z ′

NΠNZN =
12

N(N + 1)

k∑
j=1

nj

(
R·j −

N + 1

2

)2

= H

Hence

H = UNUN → χ2
k−1

Note

Z ′
NΠNZN = Z ′

NZN − 1

N
(Z ′

Nn)
2 =

k∑
j=1

1

nj

( nj∑
i=1

rij

)2
− 1

N

(N(N + 1)

2

)2
H =

(
12

N(N + 1)

k∑
j=1

R2
j

nj

)
− 3(N + 1)

5.2 A distribution–free test for ordered alternatives
(Jonckheere–Terpstra)

Testing problem

H0 versus H2 : τ1 ≤ τ2 ≤ · · · ≤ τk, with at least one strict inequality

Test statistic

J =
k−1∑
a=1

k∑
b=a+1

Uab

Uab =
na∑
i=1

nb∑
j=1

ϕ(Xia, Xjb), 1 ≤ a < b ≤ k

ϕ(x, y) =

{
1 if x < y
0 otherwise
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Procedure

J ≥ jα ⇒ reject H0

Example for deriving the exact null distribution

Rij : rank of Xij ⇒ Uab =
na∑
i=1

nb∑
j=1

ϕ(Xia, Xjb) =
na∑
i=1

nb∑
j=1

ϕ(Ria, Rjb)

k = 3, n1 = n2 = 1, n3 = 2

I II III J
(a) 1 2 3 4 5
(b) 2 1 3 4 4
(c) 1 3 2 4 4
(d) 3 1 2 4 3
(e) 1 4 2 3 3
(f) 4 1 3 2 2
(g) 2 3 1 4 3
(h) 3 2 1 4 2
(i) 2 4 1 3 2
(j) 4 2 1 3 1
(k) 3 4 1 2 1
(l) 4 3 1 2 0

j 0 1 2 3 4 5
Pr{J = j} 1

12
2
12

3
12

3
12

2
12

1
12

Large–sample approximation
Under H0

E[J ] =
N2 −

∑k
j=1 nj

4
,

Var[J ] =
N2(2N + 3)−

∑k
j=1 n

2
j(2nj + 3)

72
J − E[J ]√
Var[J ]

→ N(0, 1) (min{n1, · · · , nk} → ∞)

Proof

E[J ] =
k−1∑
a=1

k∑
b=a+1

E[Uab] =
k−1∑
a=1

k∑
b=a+1

nanbE[ϕ(X,Y )] =
N2 −

∑k
a=1 n

2
a

2
E[ϕ(X, Y )]

J∗ =
k−1∑
a=1

k∑
b=a+1

U∗
ab

U∗
ab = nb

na∑
i=1

ϕ10(Xia) + nb

nb∑
j=1

ϕ01(Xjb)

ϕ10(x) = E[ϕ(X,Y )|X = x], ϕ01(y) = E[ϕ(X, Y )|Y = y]
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Formulas

X,Y, Z
i.i.d.∼ F

σ2
10 = Var[ϕ10(X)], σ2

01 = Var[ϕ01(X)], σ2
11 = Cov[ϕ10(X), ϕ01(X)]

⇒ Cov[ϕ(X, Y ), ϕ(X,Z)] = σ2
10, Cov[ϕ(X,Y ), ϕ(Z, Y )] = σ2

01,

Cov[ϕ(X,Y ), ϕ(Y, Z)] = σ11, Cov[ϕ(X, Y ), ϕ(Z,X)] = σ11,

Cov[ϕ(X,Y ), ϕ10(X)] = σ2
10, Cov[ϕ(X,Y ), ϕ10(Y )] = σ11,

Cov[ϕ(X,Y ), ϕ01(X)] = σ11, Cov[ϕ(X,Y ), ϕ01(Y )] = σ2
01,

Var[Uab] = nanb(σ
2 − σ2

10 − σ2
01) + nan

2
bσ

2
10 + n2

anbσ
2
01

Cov[Uab, Uac] = nanbncσ
2
10, (b ̸= c)

Cov[Uab, Ubc] = nanbncσ11,

Cov[Uab, Ucb] = nanbncσ
2
01, (a ̸= c)

Cov[Uab, U
∗
ab] = nan

2
bσ

2
10 + n2

anbσ
2
01,

Cov[Uab, U
∗
ac] = nanbncσ

2
10, (b ̸= c)

Cov[Uab, U
∗
bc] = Cov[Uab, U

∗
ca] = nanbncσ11

Cov[Uab, U
∗
cb] = nanbncσ

2
01, (a ̸= c)

Var[U∗
ab] = nan

2
bσ

2
10 + n2

anbσ
2
01

Cov[U∗
ab, U

∗
ac] = nanbncσ

2
10, (b ̸= c)

Cov[U∗
ab, U

∗
bc] = nanbncσ11,

Cov[U∗
ab, U

∗
cb] = nanbncσ

2
01, (a ̸= c)

Var[J − J∗] =
k−1∑
a=1

k∑
b=a+1

Var[Uab − U∗
ab]

+
k−1∑
a=1

k∑
b=a+1

k−1∑
a′=1

k∑
b′=a′+1

(a,b)̸=(a′,b′)

Cov[(Uab − U∗
ab), (Ua′b′ − U∗

a′b′)]

=

{k−1∑
a=1

k∑
b=a+1

nanb

}
(σ2 − σ2

10 − σ2
01)
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Var[J ] =
k−1∑
a=1

k∑
b=a+1

Var[Uab] +
k−1∑
a=1

k∑
b=a+1

k−1∑
a′=1

k∑
b′=a′+1

(a,b) ̸=(a′,b′)

Cov[Uab, Ua′b′ ]

=

{k−1∑
a=1

k∑
b=a+1

nanb

}
(σ2 − σ2

10 − σ2
01) + 2

{k−2∑
a=1

k−1∑
b=a+1

k∑
c=b+1

nanbnc

}
σ11

+

{k−1∑
a=1

k∑
b=a+1

nan
2
b + 2

k−2∑
a=1

k−1∑
b=a+1

k∑
c=b+1

nanbnc

}
σ2
10

+

{k−1∑
a=1

k∑
b=a+1

n2
anb + 2

k−2∑
a=1

k−1∑
b=a+1

k∑
c=b+1

nanbnc

}
σ2
01

Var[J∗] = 2

{k−2∑
a=1

k−1∑
b=a+1

k∑
c=b+1

nanbnc

}
σ11

+

{k−1∑
a=1

k∑
b=a+1

nan
2
b + 2

k−2∑
a=1

k−1∑
b=a+1

k∑
c=b+1

nanbnc

}
σ2
10

+

{k−1∑
a=1

k∑
b=a+1

n2
anb + 2

k−2∑
a=1

k−1∑
b=a+1

k∑
c=b+1

nanbnc

}
σ2
01

ϕ10(x) = E[ϕ(x, Y )] = 1− F (x), ϕ01(y) = E[ϕ(X, y)] = F (y)

E[ϕ(X, Y )] = E[ϕ10(X)] = E[ϕ01(X)] =
1

2
∵ F (X) ∼ U(0, 1)

E[J ] =
N2 −

∑k
a=1 n

2
a

4

σ2
10 = σ2

01 =
1

12

σ11 = E[{1− F (X)}F (X)]− 1

4
= − 1

12

σ2 = E[ϕ(X, Y )2]− 1

4
= E[ϕ(X, Y )]− 1

4
=

1

4

N3 =
k∑

a=1

k∑
b=1

k∑
c=1

nanbnc = 6
k∑

a=1

k∑
b=1

k∑
c=1

a<b<c

+ 3
k∑

a=1

k∑
b=1

a<b

(n2
anb + nan

2
b) +

k∑
a=1

n3
a

Var[J ] =
1

12

{
N2 −

∑k
a=1 n

2
a

2
+
N3 −

∑k
a=1 n

3
a

3

}
=
N2(2N + 3)−

∑k
a=1 n

2
a(2na + 3)

72

Var[J∗] =
N3 −

∑k
a=1 n

3
a

36
, Var[J − J∗] =

N2 −
∑k

a=1 n
2
a

24

⇒ J − E[J ]√
Var[J ]

− J∗ − E[J∗]√
Var[J∗]

P−→ 0
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U∗
ab = nb

na∑
i=1

ϕ10(Xia) + na

nb∑
j=1

ϕ01(Xib)

J∗ =
∑
a<b

U∗
ab =

k−1∑
a=1

k∑
b=a+1

nb

na∑
i=1

ϕ10(Xia) +
k−1∑
a=1

k∑
b=a+1

na

nb∑
i=1

ϕ01(Xib)

=
k−1∑
a=1

k∑
b=a+1

nb

na∑
i=1

ϕ10(Xia) +
k∑

a=2

a−1∑
b=1

nb

na∑
i=1

ϕ01(Xia)

=
k−1∑
a=1

k∑
b=a+1

nb

na∑
i=1

{1− F (Xia)}+
k∑

a=2

a−1∑
b=1

nb

na∑
i=1

F (Xia)

=
k−1∑
a=1

k∑
b=a+1

nanb +
k∑

a=1

{
−

k∑
b=a+1

nb +
a−1∑
b=1

nb

} na∑
i=1

F (Xia)

cia =

{
−

k∑
b=a+1

nb +
a−1∑
b=1

nb

}
, (i = 1, · · · , na; a = 1, · · · , k)

c̄ia =
1

N

k∑
a=1

na∑
i=1

cia =
1

N

{
−

k−1∑
a=1

k∑
b=a+1

nanb +
k∑

a=2

a−1∑
b=1

nanb

}
= 0

k∑
a=1

na∑
i=1

c2ia =
N3 −

∑k
a=1 n

3
a

3
, |cia| < N

maxi,a c
2
ia∑k

a=1

∑na

i=1 c
2
ia

≤ 3N2

N3 −
∑k

a=1 n
3
a

→ 0
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