ASYMPTOTIC PROPERTY OF DIVERGENT FORMAL
SOLUTIONS IN LINEARIZATION OF SINGULAR VECTOR FIELD

MASAFUMI YOSHINO

ABSTRACT. We study asymptotic properties of divergent formal solutions appear-
ing in the linearization problem of a sigular vector field without a Diophantine
condition or an existence of additional first integrals. We will give an asymptotic
meaning to divergent formal solutions constructed by a singular perturbative solu-
tion (cf. [6]).

1. INTRODUCTION

A linearizing transformation of a singular vector field satisfies a certain semilinear
Fuchsian system of equations of several variables. (cf. (2.2)). The system has a formal
power series solution under a general nonresonance condition, while formal solutions
are divergent in general. (cf. [3] and Proposition 3.1 of [7]. ) The convergence of
the series can be proved under a Diophantine condition or an existence of additional
first integrals. In this paper we study equations of two independent variables, and
we shall give an asymptotic meaning to a formal solution without any Diophantine
condition or an existence of additional first integrals.

In [6], we constructed a singular perturbative solution with respect to a singular
perturbative parameter € by resumming a singular perturbative formal solution. If
the so-called Poincaré condition and the nonresonance condition are verified, then by
analytic continuation with respect to € up to € = 1 we obtain the classical Poincaré
solution. In this paper we are interested in the case where the Poincaré condition or a
Diophantine condition is not verified. By the same method as in [6] we can construct a
singular perturbative solution and make an analytic continuation with respect to € up
to a sector with vertex at ¢ = 1 as well. On the other hand the analytic continuation
of the resummed singular perturbative solution does not necessarily converge when
e — 1.

Our goal in this paper is to show that the analytic continuation of the resummed
singular perturbative solution is an asymptotic expansion of a certain analytic solution
in a multi sector of the space variables uniformly with respect to € in a sector with
vertex at € = 1. More precisely, we can show the assertion for equations with nonliear
part satisfying certain support conditions (cf. (2.19) and (2.20) ) for which a small
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denominator may appear. (See also [7].) We hope that our new approach to a
linearization problem via an equation with singular perturbative parameter might be
generalized to the case of general independent variables. We also remark that our
proof does not use the so-called Newton method in constructing a solution, which
make the proof simpler than the one based on the Newton method.

This paper is organized as follows. In section 2 we state our results. In section 3
we prepare a necessary lemma. In the last section we prove our main theorem.

2. STATEMENT OF RESULTS

Let z = (z1,72) € C? be the variable in C? and let R be the set of real numbers.
For a 2-square constant matrix A, we denote by L, the Lie derivative of the linear
vector field zA - 0,

(2.1) Ly = [zA0y, ] = (zA,0;) — A,
where (zA, 0,) = 25:1(95/\)3‘(8/8%‘): with (zA); being the j-th component of zA. It

is well known that the following system of equations is the linearizing equation of the
singular vector field zA - 0, + R(z)0,

(2:2) Lyu = R(z + u(z)),
where u = "(uq, uz) is an unknown vector function and the function
(2.3) R(y) ="(Ri(y), Ra(y))

is holomorphic in some neighborhood of y = 0 in C? such that R(y) = O(|y|?) when
ly| — 0. In order to study (2.2) we consider the following equation with the parameter
£

(2.4) Liu=e(zA, 0p)u — ul = R(x + u(x)),

then we let ¢ — 1.
In the following we assume that A is a diagonal matrix whose components are given
by 1 and —7 < 0, where 7 > 0 is an irrational number. Hence we have

(25) <ZL’A, 8x> == xlf)l - Tl‘gag.

We first construct a formal solution of (2.4) u"V(z,¢) in a formal power series of ¢
(2.6) u(x,e) = Ze”uzv(x) =u) (z) +eulV () + -,
v=0

where the coefficients !V (z) (v = 0,1,...) are holomorphic vector functions of x in
some open set independent of v. We will substitute the expansion (2.6) into (2.4).
We first note

(27) €<CL’A, a:v>uw —uA = Z(é(l’/\, aﬁv>uz‘f/(‘r) - Uzv(x)f\)é’,
v=0
(2.8) Rx+u") = R@+uy +ule+uye®+--)

= Rz +u))+eu)(VR)(z +u) )+ O(?).
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By comparing the coefficients of € = 1 and ¢, we obtain

(2.9) uy (2)A + R(x + ) = 0.

(2.10) (xA, 0 uy = ulV A+ ul (VR)(z + ug)).

Because A is invertible and u}Y (z) = (|z|?) when z — 0, we can determine u} as

a holomorphic vector function in some neighborhood of the origin z = 0 from (2.9).
On the other hand, by noting that A + (VR)(x + u}) is an invertible matrix in
some neighborhood of the origin z = 0 by the assumption R(z) = O(|z|?), we can
determine u}" as a holomorphic function in some neighborhood of the origin x = 0
from (2.10). In order to determine u}” (v > 2) we compare the coefficients of ” of
both sides of (2.4). Namely, we differentiate (2.4) with respect to €, v times and we

put € = 0. Then, we obtain
(2.11) (A, 0 u) | = ulVA+uV (VR)(x +uy)
+ (terms consisting of u}V, i <v —1).

Clearly we can determine u!” as a holomorphic function in some neighborhood of

the origin x = 0 from (2.11). Hence we can determine u"V'. We note that u!’s are
holomorphic in some neighborhood of the origin independent of v in view of the above
argument.

By expanding )" (z) (v = 0,1,...) into the power series of z, w)) (z) = Y, u,',x%,
and summing up with respect to v, we obtain the formal expansion of u" (z, ¢),

(2.12) u(z,¢) = Z ul (g)a®

2
aeZ?

with ! being the formal power series of . In [6] we proved that, if 7 is irrational,
then the formal series 4" (¢) converges in some neighborhood of e = 1 independent of
a such that u"V(z,¢) coincides with a unique formal power series solution of (2.4), a
classical Poincaré series. Hence we can construct the solution of (2.2) from u" (z, ¢)
by setting ¢ = 1 in the class of formal power series. Note that we do not use any
Diophantine condition in the argument.

In order to give an analytical meaning to this argument, we begin with the resum-
mation of u" (z, ) when ¢ is in some sector. We define @' (z,¢) = u" (z,¢) —u} ().
Then the (formal) Borel transform of @" is defined by

o0 Cl/—l
~W ._ w
(2.13) B(a")(z,¢) = u)(z) oo

v=1

Because vV (x) is holomorphic in some neighborhood of the origin 2 = 0 independent

of v, the expansion u,) (z) =" ul‘f’axa converges in a common neighborhood of the
origin independent of v. By substituting the expansion into (2.13) we obtain
o v—1
~W _ W _« g
(214) B(u )(x7C) _Zzuu,ax (l/—]_)‘

v=1 «
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Let us assume that the right-hand side of (2.14) absolutely converges in some neigh-
borhood of (z,¢) = (0,0). (For the rigorous proof of this fact we refer [6].) Then, by
changing the order of the summation we obtain

(2.15) B(@") ZZ w CV

a v=l1

We define the Laplace transform U"Y (z, &) of B(aw)(x, ¢) by

(2.16) U (z,¢) := ZL (Z Uy (ng_l)!> x,

where the operator L is given by

Lie) = [ e
0
Here we assume an appropriate growth condition on f(¢). We define
UV (z,e) = U (z,e) +ul) (z).

If we recall that the Borel transform is the inverse of the Laplace transform, U% (z, )
gives a holomorphic function of € in a sectorial domain with the asymptotic expansion
u(z,e). We call UY (x,€) a resummation of a singular perturbative solution u".
For the direction £, (0 < & < 2m) and the opening 6 > 0 we define the sector Sy by

(2.17) Seo = {5 € C; |arge — ¢| < g, € F# O}.

The following theorem was proved in [6]. (cf. Theorem 2 of [6]. )

Theorem 1. There exist a direction &, an opening 6 > 0 and a neighborhood 2y of
the origin x = 0 such that UV (z,¢) is holomorphic in (z,e) € Qo x Seg and satisfies
(2.4). The formal solution u" (x,€), (2.12) is an asymptotic expansion of UV (z,¢)
in Qo X Sgg with respect to € € Sey.

We note that one can take ¢ any direction such that & # 0, 7. Suppose 7 < 0,
namely the Poincaré condition is verified. By Theorem 4 of [6] UY (z,&) can be
analytically continued with respect to € up to € = 1 when x is in some neighborhood
of the origin independent of €.

We now consider the case 7 > 0, irrational. By Theorem 4 of [6] UV (x,¢) can
be analytically continued with respect to € up to a neighborhood of € = 1 such that
Ime > 0 (or Ime < 0) when z is in some neighborhood of the origin which may
depend on €. By well known results on the divergence of the linearizing transformation
in the case of non Diophantine case we cannot expect the convergence of u" (z,¢)|.—
as a formal power series of x. (cf. [7]). In the following we study the asymptotic
meaning of the series.

Let n; and 79 be such that n; >0, 0 <ne < 7/2 and ny +ne/7 < /2. Let S; C C
and Sy C C be sectors with the openings 1; and 7., respectively, namely S; := {z; €
C;larg z;| < n;/2}, (j =1,2). For 0 < p <1 we define S;, := 5; N{|z;| < p}. Let
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0,0 < 8§ <7 be given. We denote by C, y the cone with vertex at ¢ = 1 with opening
0

(2.18) Cig:={ceC;larg(e — 1) F /2] <0/2}.

We define Cy 9, = Cy o N {le] < p}. For a = (a1, a2) € Z2% we set |a| = oy + .
We assume that R(x) is holomorphic in some neighborhood of the origin with the
Taylor expansion given either by

(2.19) R(z) = > Roz®,

a=(a1 ,az)EZi,al —Tag<—2T
or

(2.20) R(z) = > Roa®.

a:(al,ag)EZi,a177a2>2T
Then our main result in this paper is the following

Theorem 2. Suppose that either (2.19) or (2.20) is satisfied. Let 0 < 0 < w. Then
there exists p > 0 such that (2.4) has a solution uy(x, <) being holomorphic in S, X
So.p X Ci9, such that, for everye € Crp, and v =0,1,2,...

(2.21) us(z,e) — Z ul (e)x® = O(|z|**"), when x — 0, x € Sy, X Sa,.

|o|<v
Remark 1. If 7 < 0, namely the Poincaré condition is verified, then we may take
ux(w,€) in Theorem 2 as an analytic continuation of UV (x,&) up toe = 1. (cf. [6]).
Theorem 2 assures the existence of a similar function in the case T > 0. We expect
that our argument here also works for a resonant case after appropriate modifications,
which s left for a future problem.

3. PRELIMINARY LEMMA

In this section we prove the solvability of (2.4) modulo flat functions. We define
(31) Sp = Sl X SQ N {(l’l,.]fg) € (C2; ‘leiL'Q‘l/T < p, ’332‘ < p}

For every n > 1 we choose the smallest positive integer k,, such that n — 7k, < 0.
Namely, k,, is determined by the relation —7 < n — 7k, < 0. We set a,, = (n, k).
Let UV (z,¢) = 2 aeZz u (£)z be the one given in Theorem 1. Then we have

Lemma 3. Suppose that (2.19) is satisfied. Let 0 < 0 < w. Then there exist p > 0
and a function V(z,e) being holomorphic in S, x Cy g, and continuous up to the
boundary such that, for every n (n =0,1,2...) there exists g,(x,e) holomorphic in
S, X Cip, and continuous up to the boudary such that, for everye € C+y,

(3.2) Rx+V)— LV = 2%g,(x,e), v €5,
(3.3) V(z,e) — Z ul (e)x® = O(|z|™™), whenz —0, z €S,
|a|<n

Moreover there exist infinitely many o, (v =1,2,...) and 0',0 < ' < 1 independent
of a,, such that x;l_‘g/gn(m, e) is holomorphic and bounded in S, x C1 g ,.
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Remark 2. If (2.20) is satisfied, then we interchange the roles of x1 and xo. Then
Lemma 3 holds true. The proof is the same as that of Lemma 3.

Proof of Lemma 3. We divide the proof into 12 steps.
Step 1. For the sake of simplicity we denote C+ g and C4 g , by C and C,, respectively.
We will look for U = U(x,¢) in the form

(3.4) U=ao+bo+ Y a%(a;+1b),

J=1

with a; = a;(z1,€) and b; = b;(z2, €) being holomorphic and bounded in S x C, and
Sa,p X C,, respectively, and

(3.5) ag = O(z]), bj = O(a3), j=0,1,2,...,
such that the functions U,,_; (n > 1)

n—1
(36) Un,1 ‘= ag + bo + Z x (&j -+ b]>
j=1
satisfy
(3.7) Ryt :=LiUp_1 — R(x + Up_1) = 2% Ry (z, )

for some 7~€n_1(x, ¢) being holomorphic in S, x C, and continuous up to the boundary
such that R,_; = O(z3) as x5 — 0.

Step 2. We will construct a; and b; in (3.4) formally. We first rewrite UV (z,¢) =
ez u ()z® in the following form

(3.8) UV = dg(z1,€) + bo(a2,8) + 2 (@n(1,€) + bu(72,2)),

n=1
where the formal power series d,(z1,€) and b,(z2,€) (n = 0,1,...) satisfy
(3.9) ao(x1,€) = O(x2), bp(xg,8) = O(x2), n=0,1,2,...

We consider the case 7 > 1. We note k; < j for every j. We determine ao(z,¢) and
bo (w9, €) as the Taylor series in U" consisting of powers of 1 and x5 only, respectively.
By subtracting ao + by from UW we see that the resultant term is divisable by z;xs.
Hence we can choose terms which are divisable by z®'. By determing @, and b
similarly as @, and by we subtract 2% (d;, + b;) again and see that the remaing term
is divisable by x**x;29. Hence it is divisable by x*2. We repeat the argument and we
can rearrange the series U in the above form. We note that because we may have
ki =ky=---=ky for some ¢ > 1, the expression is not unique in general.

Next we consider the case 0 < 7 < 1. Because we have k; > j for some j the
situation is different from the case 7 > 1. We first show that the support of the
Taylor expansion of U" is contained in the convex cone I'y := {(ay, as) € R* a; >
0, a1 —Tay < —27}. To see this, we recall that U" is the formal power series solution
of (2.4) such that U" = O(]z|?). On the other hand, by (2.19) the term of degree 2 in
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the expansion of R vanishes. Because L preserves monomials, it follows that terms
with degree 2 in U" also vanishes. Next the terms of degree 3 in R is given by the
constant times x3. Indeed, by the support condition on R, a; — Ty < —27 we have
ag > 3 if ay > 1. Because L} preserves monomials, it follows that terms with degree
3 in U" has the weight a; — Tas < —27. Let us suppose that the assertion holds
for every term 2 in U" up to |a| < v. Consider the monomial 2, 3 = (81, 32),
|3] = v + 1 appearing from R(z + u). We may consider (z; + uy)*(zy + ug)™ for
k+m < v+ 1 instead of R(x+ u) without loss of generality. In order to estimate the
weight 3; — 73, from the above for every 27 appearing from (21 +uy)* (2o +ug)™, it is
sufficient to consider terms which contains 2% because the weight of terms appearing
from (z; +u;)¥ is less than or equals to k. As for the weight of terms appearing from
(29 + ug)™ it is largest when x5 appears because the weight of every monomial in
Uy is strictly smaller than —27 by inductive assumption. Because k — 7m < —27 by
(2.19), we see that every monomial 2°, |3| = v + 1 appearing from R(z + u) has the
desired property. Hence the support of the Taylor expansion of UW is contained in
[o.

In order to write U" in the form (3.8) we determine Gy and by similarly as in the
case 7 > 1. Subtracting ag + INJO from U we see that the resultant term is divisable
by x1x9. Moreover, since ky satisfies that —7 < 1—7k; < 0, it follows that m > ki +2
if (1,m) is on the support of U". Hence the resultant term is divisable by z®1z2. We
now determine a; and b; as in the case 7 > 1 and consider U" — Zjl':o x% (a; + b)),
where 2% = 1. It satisfies the same support condition as U". Hence we can proceed
in the same way by noting that m > k, + 2 if (n,m) is on the support of U". This
proves that U" can be expanded in (3.8).

Step 3. We will determine ay and by such that

(3.10) Ro := L5 (ag + bo) — R(z + ag + by) = 22 Ro(z, €)
for some holomorphic function ﬁo(x, g) in S, xC, being continuous up to the boundary

such that Ry = O(z2). Putting x5 = 0 or z; = 0 in (3.10) we see that w := aq (resp.
w :=by), w= (wy,wsy) satisfies the system of equations

(3.11) er 0w —w; = Ry(x + wy,wy),
(3.12) er 01wy + Twy = Ro(xy + wy,ws),
respectively

(3.13) —eTxo0w; —wy; = Ri(wy, 29 + wo),
(3.14) —eTx00wy + Twy =  Ro(wy, e + wy).

We note that @ (resp. by) is the formal solution of (3.11)-(3.12) (resp. (3.13)(3.14)).
We will show that ag = 0. By (2.19) we have R(x1,0) = 0. It follows that the terms
of order z% in R(x; + wy,ws) appear from the terms of the form (z; 4+ w;)wy or wi.
By (3.9) these terms are O(z?). In order to see that the coefficients of z? of w; and
wy vanish, we note that ev —1 # 0 and ev + 7 # 0 for all integers v > 2 and € € C4 g
because Ime # 0. Hence, the coefficient of 2% in dy vanishes. Next, the coefficients
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of 23 in the right-hand sides of (3.11)-(3.12) vanish by the similar argument because
ao = O(z%). Hence the coefficient of 23 in @g vanish by (3.11) and (3.12). By induction
we obtain @y = 0. By the condition R;(z1,0) =0 (j = 1,2), we can put ap = 0.

We consider (3.13)—(3.14). By the nonresonance condition in proving a, = 0 and
(3.5) we see that (3.13)-(3.14) has a unique formal power series solution by = (i, Ws).
By the well-known Briot-Bouquet theorem, bo converges in some neighborhood of the
origin. (cf. [2]). We set by := by. By taking p sufficiently small we may assume that
by is holomorphic in {|z2| < p}. We can easily see that by is holomorphic with respect
to € in some neighborhood of ¢ = 1. By taking p sufficiently small we may asssume
that by is holomorphic in {|]e — 1| < p}.

We will estimate the remainder term Ry in (3.10). By (3.13) and (3.14) we have

Libo = R((O, 33'2) + bo)

Hence, by setting y; = (x1,0) and yo = (0, x5) + by(22,¢) and by recalling R(0) = 0
we have

1
(3.15) Ro = —R(y1 +y2) + R(y2) = —/ 21(0p, R) (L1 + y2)dty.
0

By (2.19), if (1,m) is on the support of R, then we have m > k; + 2. Hence Ry
satisfies Ry = xo‘17~20 for some 7~20 being holomorphic and bounded when = € S, and
e € C, and satisfying Ry = O(z3).

Step 4. We will determine a; and b;. For 0 <t <1 we set

(3.16) up = bo(xa,€) + tx* (a1 (1, €) + b1 (x2,€)),

and we determine a; and by (b; = O(z3)) such that

(317) Rl = Li(bo + ot (a1 + bl)) — R(.I' -+ bo + ™ (&1 + bl))
= Li(a™(ar+ b)) + T1 + Ro = 2R (),
Ty = R(z+uy)— R(x+u),

for some holomorphic function R4 (x,¢)in S, xC, being continuous up to the boundary
such that Ry = O(z2).
We first show

(3.18) Ro = —a% 1 (x2,€) + 2Q(x, €)

for some holomorphic functions fy(xs,€) and Q(x,¢) in S, x C, being continous up
to the boundary. Indeed, by Taylor’s formula the integrand in the right-hand side of
(3.15) is written in

1
21(00, R) (tiyr + 12) = 21(00, R) () + / t127 (07, R)(titayr + yo)dts.

0
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Hence, by (3.15) we have

1 1

(319) Ro == —xl(ﬁle)(yg)—/ dtl/ tle(ﬁilR)(t1t2y1+y2)dtg
0 0
= —axMf(x2,) + xQ(z, €).

By the support condition on R and (3.19) the function Q(z,¢) is a bounded holomor-
phic function on S, x C,. Hence we obtain the desired decomposition of Ry. We note
that 51 = O(z3) and Q = O(z3) by (2.19) and (3.19).

We consider 7. By Taylor’s formula we have

1
(3.20) T = - / (a1 + b))V R(x + up)dt.
0
We set
(321) @1 = VR(.I'l, 0), @2 = VR((O,.QZ'Q) + bo(]?g,S)).

First we shall show that ©; identically vanishes. Indeed, by (2.19) and R(z) = O(|x|?)
we obtain R(z) = O(x3), from which we have the assertion. By letting z5 — 0 in
(3.20) and by recalling by(0,) = b1(0,6) = 0 we see that the right-hand side of
(3.20) tends to 0. Similarly, by letting 1 — 0 in (3.20) we obtain —(b; + a1(0, €))Os.
Therefore we have

(322) T1 + ™ ((bl + a1(0,8>>@2) = l‘all‘ll‘gfl(l‘7€),

for some T; (x,€) holomorphic and bounded in S, x C,. Indeed, x™*' times the left-
hand side of (3.22) is divisable by x;z5 by definition.
In order to obtain the equations for a; and by, we note, for U given by (3.4),

(3.23) (101 — T220)(U — bg) = Z (2101 — Tx202 + 1 — Tky)(a, + by,).

By (3.17), (3.18) and (3.22) we have

(3.24) Ry = a(Ly +e—etky)ay + (L} + € —etky)by — 2% F1 (29, €)
2% (by + a1(0,€))Oy + ¥ 21257y (2, ) + 2°2Qx, €).

Step 5. We will solve the equations for a; and b;. By equating the coefficients of
x® in (3.24) which are functions of z; we obtain

(325) (Li +e&— 57]{31)@1 = 0.

Clearly, a1 = a;i(z1,e) = 0 is the unique formal power series solution of (3.25) by
assumption. Indeed, this follows from the assumption that Ime # 0. Hence we may
set a; = 0.

As for by, we obtain

(326) (Li + e — €Tk1)b1 = bl@g + ﬁl(l’g, 5).

o0

Let by (z,¢) = 3270, w0 (e)a2 be the unique formal power series solution of (3.26).
Clearly, %(10) (¢) is holomorphic in C, and continuous up to the boundary. We define
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7| as the maximum of |44 (c)| on the closure of C,. Let 0 < 0 < 1 be a positive
small number chosen later and define, for x5 € S,

(3.27) Z% &) b ()2,
where
6n
I—exp| = (if 4] # 0),
(3.28) on(ws) = ( <uv£°>u+1>m2<n—1>!>
1 (if W] = 0).

In order to show the convergence of (3.27) we recall the inequality
(3.29) |1 —e?| < |z, Rez > 0.
Noting that Rexs > 0 (22 € 53 ,) and

57’1

(I + 1) (n = 1)!
we have that, for x5 € S5, ’yn 7& 0Oand n > 2
2
5" ’332‘7172571
(3.30) W (@)llabl|dn(z2)]? < 7 ()] 25] < > <=2
(21 + 1)|z2|(n — 1) (n—1)!

Hence the series in (3.27) converges uniformly on Sy, X C,, and the limit function is
holomorphic in (z,¢) € Sz, x C, and bounded on its closure. Indeed, we have

n—2sn—2
(0) 2 2 |22|" 70 2_5|za|
(331) > Pl o)t < 83 B < st
n>2 n>2
If 25 € Sy, and 0 > 0 is sufficiently small, then the right-hand side term can be
made arbitrarily small. One can easily show that (cf. [1], p.68 ) b; is the asymptotic

expansion of b(10) when x5 — 0, 29 € Sy ,. Moreover we can easily see that bgo)
solves (3.26) asymptotically. Namely we have, for every n = 0,1,2,..., there exist

RrY (x2,€) being holomorphic and bounded in Sy , x C, such that, for every € € C,
(3.32) (Ly +e— aTkl)bgo) - bﬁ“)@g — B = 28RO (g, ), w3 € Sy, w9 — 0.

Step 6. For a holomorphic and bounded (vector) function v = v(xs,¢) in Sy, x C,,
we define the norm of v by

(3.33) |v]| := sup  |v(za,€)].

IQ€S27P,EECP

We similarly define the norm of a (vector) function v = v(z4,€) on Sy x C,.
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In order to solve (3.26) in S, we define the approximate sequence w®) = (w§ ), wgy))

(v=0,1,2,...) by w©® = b and

(3.34) (L5 + e —erk)w = B+ w90, — (L§ + ¢ — e7hky)w®
(3.35) (L5 + e —erh)w® = w VO, v =23, ...
If we can show the uniform convergence b, := w® 4+ w® + ... on Sa,p X C,, then by

is the desired holomorphic solution of (3.26) in Sy, x C,,.

We will estimate w(). In order to solve (3.34)-(3.35) we recall that for every g
holomorphic and bounded in S , with all derivatives vanishing at the origin and a
complex number A # 0, the solution of the equation (x20, — A)u = g is given by

0
(3.36) U= (130, — \) g = / e Mg(elzy)dt,

—0o0

where the integral converges by the assumption on g if Re A > 0. It follows that w(l)

is well defined, holomorphic and bounded in S5 ,.
We shall prove that there exist constants 1y > 0 and 0 < ry < 1 such that

(3.37) W™ <nort, k=1,2 v=01,...,

where 79 > 0 can be chosen arbitrarily small if we take 6 > 0 sufﬁciently small.
Clearly, if we can prove (3.37), then the limit wy, := w,g )+ w(l) - (k= 1,2) exists
on Sy, x C, and by := (wy,ws) gives the desired solution. We will estimate w® by
(3.34) and (3.32). For simplicity, let us denote the right-hand side of (3.34) by hy.
We take n in (3.32) sufficiently large so that (L + & — e7ky) 1 hg is well defined. In
view of the formula (3.36) we see that the norm of w™ can be made arbitrarily small
on Sy, x C, by taking p sufficiently small because there appears a power x3.

As for the estimate of w), we can recursively estimate the term in view of the
recurrence relation (3.35) and the smallness of ©5. Indeed, ©4 vanishes up to order 2
by the assumption R(z) = O(x3).

Next we will show that b; is the asymptotic expansion of by :=>>7 w® . Because
by is the asymptotic expansion of b(10) we will show that Y>>0 w® ~ 0 when z — 0.
In order to show this, let £ > 2 be a given integer and consider the sum ZOO L™,
where ") = x5 ‘w®. If we can show the uniform convergence of >0, w®) on S,
then we see that b; — b(l) vanishes up to order ¢ when zo — 0. Because > 21is
arbitrary, this proves that the asymptotic expansion of b; is equal to bgo)

We define §(z) := 27%g(z). Then, we get from (3.36)

0
(3.38) i(x9) := 25 u(wy) = / e MG (elay)dt.

We note that e M+ is integrable if £ is sufficiently large. Hence we can estimate @ in
terms of §. By (3.34) we can estimate @ in terms of the right- hand side of (3.34).
By (3.35) we can snmlarly estimate W™ in terms of § with ¢ = w*~Y0,. Because
§(2) = 2 fwYO, = 9~V O,, this proves the uniform convergence of Y o0 @),
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Step 7. We will show (3.17) for some Ry = O(x3). We want to prove
(3.39) Ty + 26,0, = 2Ty,

for some holomorphic and bounded function T} (z, ) on S, x C, such that Ty = O(x3).

If we can prove this, then (3.18), (3.26) and (3.39) imply (3.17) for R, = T} + Q.
We first show that a; + oy > ;4 for every j > 1. Indeed, by definition we have
—7 < j —7k; < 0 for every j. Hence, by adding the inequalities for j = j and
j =1 we obtain —27 < j+ 1 — 7(k; + k;) < 0. By the minimality of k;;; we have
ki 4+ ki > k.
In order to show (3.39) we first note, by (3.20) and a; = 0

(340) —C(]_alTl - @le == /b1 (VR(ZL’ + b() + tz™ bl) - @2) dt.

By the definition of R and ©, we can easily see that VR(x + by + tx®b;) — Oy is
divisable by z®* with the quotient being holomorphic and bounded in S, x C,. In
view of (3.40) and 2aq > ay we have (3.39).

We easily see that the support of T} is contained in the set {(aq, ) € Z3 ;01 —
Tay < —27} in view of (3.40). It follows that Ty = O(z3). Because the support of R
is contained in the set {(a1, @) € Z3; a1 — Ty < —27}, the same assertion holds for
that of Rl.

Step 8. We will determine as and by. We set u; = by + £%'b;, and we determine
as(xy1,€) and by(za,€) (b2(0,e) = 0) such that

(341) Rg = Li(l’aQ (CLQ + bg)) + T2 + Rl = l‘a?’,}ig(l'),
where Ry(z) = O(22) and
(3.42) Ty := —R(x 4+ uy + 2*%(az + be)) + R(x + uy),

and R, is given by (3.17) with a; = 0. In the following we do not indicate the
dependency with respect to € explicitly if there is no fear of confusion. We will show
that

(343) T2 == —J](mbg(l'g)@g + l‘aQZb'll'ng

for some bounded holomorphic function Ty in S, x C,. Indeed, by Taylor’s formula
and by similar calculations in proving (3.22) we can easily see that the term of order
O(z*?) in T3 is given by —x®?(by(x2) + a2(0))©y. Moreover, we have
TQ.TiOQ + (bg(l’g) + &2(0))@2 = O(xl.TQ)
in view of the definition of the remainder term.
Next, let Ry = 2“2 (T1(z) +£(x)) be given by (3.17). Because the term L5 (2**(as+

by)) cancels with the corresponding terms in 75 + R of order O(z*?), we look for the
decomposition

(3.44) Ry = =2 (y2(x1,€) + fa(xe,€)) + 2°2Q (x, €)

for some yo(x1,€) and [a(22,¢€), f2 = O(x3) holomorphic in S; and Ss ,, respectively,
and €2 being holomorphic in S, x C,. In order to compute v, and (3, we restrict
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Ti(x,e) + Q(z,€) to 2, = 0 or ; = 0. By the definition of Q(z,¢) in (3.19) and the
assumption (2.19) we have €)(z;,0,e) = 0. Next, by (3.40) and b;(0) = 0 we have
Ti(x1,0,e) = 0. Hence we have v = 0. By defining

Ba(g,€) = —T1(0, 22, €) — Q(0, 29, €)

we will show (3.44). In view of (3.40) and (2.19) we see that Tl(x, ) — T1(0, x4, €) is
divisable by z%'. By as + a3 > ag we see that (T (x,e) — T1(0, 2, €))is divisable
by 3. On the other hand, by (3.19) and (2.19) z**(Q(z,e) — Q(0, x4, €)) is divisable
by . We also note that (s(z,¢) = O(x3).

Therefore we will determine a, and by by the equations
(345) (Li + 2¢ — 87]{32)@2 = 0,
(346) ( i + 2e — €T]€2)b2 = (bg + CLQ(O))@Q + ﬁg.

We easily see that @ = 0 and we can take as = 0. Because (3.46) has the formal
power series solution by, we define b(QO) by the formula similar to (3.27). Then bgo) has

an asymptotic expansion by. We note that the modulus of bgo) can be taken arbitrarily
small in a neighborhood of the origin by taking § in (3.27) sufficiently small. In order
to solve (3.46) we construct the approximate sequence w) (v > 1) by the relations
like (3.34) and (3.35). We can easily see that by := w® + w™® + ... converges in
Sy, x C, and gives a holomorphic solution of (3.46) with asymptotic expansion bs.
We can show that

(347) T2 = _xOQbQ@Q + JZ'QSTQ

for a possibly different holomorphic function Ty = Ty(x, ¢) in S, x C, such that T, =
O(x3). We can also prove that the support of Ty is contained in the set {(ay, ay) €
Zi; a; — T < —27}. Indeed, these facts follow from the support conditions of R
and by by applying Taylor’s formula in integral form to (3.42).

Step 9. We will determine a,, and b,,. Suppose that we have determined a; = 0 and
bj, b; = O(23) as holomorphic and bounded functions on Sy, x C, for all j < n —1
satisfying (3.7) up to n such that the support of R,_; is contained in {(ay,as) €
Z%; 00 — Tag < —27}. We will determine a,(z1,¢) (vesp. b,(x2,¢)) such that

U, == Up_1 + 2 (an(x1,€) + bp(22,€))
satisfies (3.7) with n replaced by n + 1. Let z; and x be so small that R(z + U,) is
well defined. First we consider
(3.48) R, = LU, —R(x+U,) =LU,—1 — R(x + U,_1)
+  Li(z*(an + b)) + R(x + Up_1) — R(z + Uy,)
= Rp1+ Ly (an +b,)) + T,,
where T,, = R(x + U,—1) — R(x + U,).

We want to write

(3.49) Rt = 2 Ry 1(,€) = —2°" (n(21, ) + Bn(22,€)) + 29771 Q, (2, ).
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Indeed, by an approriate choice of 3, and ~, we have ﬁn,l(x, )+ Bn+7n = O(z122).
By the support property of R,_; we may define 7, = 0. Moreover, by (2.19), we
have 3, = O(x3). We will show that the O(z;zx%") term in R,,_; is O(z**+*). This
is clear when 7 > 1 because k,.1 = k, or k,.1 = k, + 1. On the other hand, if
0 < 7 < 1, then, in view of the support property of R, 1 the O(zjxox*") term in
R,—1is O(xz®+1) and, consequently, O(z3z°"+') by the same condition.

In order to obtain the equations for a,, and b,, we note

1
(3.50) T, = —x° / (an, + b)) VR(x + Up—q + tx“" (a, + by))dt
0

= (bn + CLn(o7 5))@2 + O(.I'l.TQ.Ta").

Therefore, by dividing (3.7) with n replaced by n+ 1 by %" and by setting x5 = 0
we obtain, in view of (3.23) and (3.48)

(3.51) (L} + ne — ky7e)a, = 0.

As in the previous case, the formal solution a,, of (3.51) vanishes and we may define
a, = 0. Next we consider the equation for b,. We divide (3.7) with n replaced by
n+ 1 by x®*. Then, by setting ;1 = 0 we obtain

(3.52) (L5 + ne — k,me)b, = 0,02 + B, (22, €).

By the same argument as for b; we can determine b, as a bounded holomorphic
function on Sy , x C, such that b, = O(x3). Therefore we can determine the formal
solution U in (3.4).

We can see from (3.48) and the inductive assumption for R,_; that the support
of R, is contained in {(a,an) € Z%;0q — Tay < —27}, because the support of T,
is contained in the same set. In order to prove (3.7), note that O(zx92*") terms in
(3.50) are, indeed, O(x3x*+!), which can be shown by the support condition on R.

Step 10. We make the Borel-Ritt type argument to the formal series (3.4). By
definition we have o, = (n, k,), —7 < n — 7k, < 0. Hence we have lim,, ., «,/n =
(1,771). By the definition of S, we can show that there exists N > 1 such that for
any n > N we have Rez®/" > (0 on S,. Indeed, by setting x; = rjewj for j =1,2
with 0 <7 < 00,0 <7y <p, |0, <n;, we obtain

xa”/n = ’]“17”5”/” eXp(i(el + ‘92kn/n))

By the assumption 1 + no/7 < m/2 and the relation k, /n — 77!, we see that there
exists N > 0 such that for n > N, we have |6y + 62k,/n| < /2. This shows the
assertion.

Suppose § > 0. Then we define

(3.53) Yo = max{||zy b, || + 1, |25 e (= T220,, + 1 — Thy)b) ||},

and define V(z,¢) on S, x C, by

(3.54) V(z,g) = bulwa, e)pn(x)z,
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where ¢, =1 for 0 <n < N, and forn > N

(3.55) on(x) = 1 — exp (_W% /fzn _ 1)!) |

In order to show that V(x,¢) is holomorphic in S, x C, we make a similar argument
as for (3.27). Let Rexz®/™ > 0 on S,. Then we have, for n > N

5 2
356 bn n2 O < 71bn Qn
(3.56) llelet] <l bl ()

< 6wz 172 (n — 1)) 72,

Because o, (1 — 2/n) = (n — 2)(1, %), we see that the sum

25271’3323:01”(172/@’((” . 1>!)72

convergers on S, x C,. Hence the series (3.54) converges on S, x C,,.
Step 11. We will show (3.3). Take any positive integer n > N and write

(3.57) Viz,e) = Zx“jbj(xg,a)+Zx“jbj(xz,€)(wj(w)2—1)

+ Z 29b;(2,€) i (2) = Vi + Vo + V3.

j=n+1

First, we show that V5 = O(z3z°+1) when  — 0, z € S,. Indeed, for j > N we have

p5(2) — 1 = —exp (_ ” )

Yl (j —1)!

For every v > 1 the right-hand side is O(|z%"/7|) on S, when = — 0. Hence, by taking
v sufficiently large, it is divisable by xz®**+' with the quotient bounded holomorphic
in S,. Because b; = O(z3), we have V3 = O(a3z®*'). Next we will show that
Vs is divisable by x%*+! with the quotient being bounded holomorphic in S, x C,.
Because «; > 41 for every j > n+ 1 and b; = (z3) it is sufficient to prove that
|29z < p" "L on S, for every j >n + 1.

Indeed, by definition we have j — 7k; <0 and —7 <n+ 1 — 7k,4; < 0. It follows
that

kj—kpo >7 (G —-n—1)—1

Therefore, since |zo| < 1 and |z, ||z2|Y™ < p on S, we have
‘x2xaj_an+1‘ _ ’$1‘j_n_1‘x2‘kj_k"+l+l S ‘xl‘j—n—l‘xﬂq—*l(j_n—l)
< (oYY <

Therefore we have (3.3).
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Step 12. We will prove (3.2). Weset g = R(z+ V) — LV, where R(xz + V') is well
defined for sufficiently small 6 > 0 in view of the definition of V. We write V in the
form (3.57) and for z sufficiently small we write

(3.58) g=Rx+W)—-LiW+ Rx+W +V3) — Rlx+W) - LjV,

where V=W + Vs and W :=V; + V5.

We want to show that LiV; = z**+1 A (x,¢) for some holomorphic and bounded
function 4; = O(x3) on S, x C,. Indeed, if a derivation in Ly is applied to ¢;(z)?,
then, by the same argument as for the convergence of V', we see that the resultant
series is convergent and divisable by x3. We also note that every term in the series
has the factor % with o; > a,41. If L5 is applied to the term x%b;(z2,€) in
2%b;(x2,€)p;(x)?, then we have

(3.59) L5 (2%7b;) = 2% (e(—T290,, + § — Thj) — A) bj(22).

In view of (3.53) and the proof of the convergence of V(z,e) we see that the sum of
terms in the right-hand side (3.59) converges and bounded when S, x C,.

In view of the estimate of V3, we can see that A; is divisable by 5. it is also easy
to see that if 0 < 0" < 1 satisfies —(1 —0')7 < n+ 1 — 7k, < 0, then we have
|zg|' Y |xeiment1| < pIT=1 In fact, for every 0 < ' < 1 there exist infinitely many
k, such that —(1—60")7 < n+1—7k,1 < 0. For those n’s we have A; = O(]zo|"+?).

Next, by Taylor’s formula we have

1
R(x+W+V3)—R(x+W):/ Vs - VR(x + W + tV3)dt.
0

It follows that R(x+ W +V3) — R(z + W) = 2%+ Ay(x, €) for some holomorphic and
bounded function Ay in S, xC,. In view of the estimate of V5 and VR(x+W +tVj3) =
O(x3) we see that Ay = O(x3).
We consider
Rz + W) — LW = R(z + W) — L3V; — L3 Va.

It is easy to see that L§Va = x* ! Az(z, €) for some holomorphic and bounded func-
tion Az in S, x C, such that A3 = O(x3). Indeed, the functions ¢;(z)? — 1 in V5 and
L5 (pj(r)? — 1) can be divisable by an arbitrary power of 2%/ = 212977 such that

the quotinent is holomorphic and bounded in S, x C,. Because d;/j > 77!, we see

that it is O(z3zn+1).

We take p' < p sufficiently small such that for every x with |z||x2|Y/™ < p' and
|ze| < p the values x + Vi, © + V] + V4, are in the domain of R. Then we have
Rx+Vi+ Vo) —R(z+ W) = fol Vo - VR(x+ Vi +tVs)dt. Clearly, the right-hand side
function can be written in x®*+' A4(x,¢) for some holomorphic and bounded function
Ay in S, x C, with |zy]|zo|Y™ < p' such that Ay = O(23). Now we have

Rz +W)— LW = R(z + V1 + Vo) — R(x + Vi) + R(z + V}) — L3Vy — L Va.

By the definition of Vi we see that R(x + Vi) — L3Vi = x*+ A5(x,¢e) for some
holomorphic and bounded function As in € S,, |z1||zo|Y™ < p' such that A5 =
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O(z3). Tt follows that F/(x) := 2=+ (R(x+W)— L3 W) is holomorphic and bounded
in S, such that |z, ||zo|Y™ < p/. Because R(z + W) — LW is holomorphic in S, and
2%+ does not vanish in p’ < |x1||z2|"7 < p, we see that F(z) is also holomorphic in
S,. In order to prove the boundedness of F'(z) in S,, we will show the boundedness
of F(z) when p' < |z1||zo|Y™ < p. We may assume, without loss of generality, that
0 < |zg| < 1. We note

’a:an_,_l’ _ (‘lel_Q‘l/T‘x2‘k::f—%>n+l > (p/>n+1’$2’(k,?rll—%)(n-i—l)'

Because
knJrl 1 1

<
n+1 T n-+1

it follows that

k
‘x2’( fff—%)(nﬂ) > |,

On the other hand, we have R(x + W) — L{W = O(xs). This proves that F(z) is
bounded when p' < |z1||zo|"/™ < p. Because n is arbitrary, we have proved (3.2).
This completes the proof of the lemma.

4. PROOF OF THEOREM

Proof of Theorem 2. We prove Theorem 2 in case (2.19) is satisfied. We can
similarly argue in case (2.20) is verified by changing the roles of x; and 3. Let V' be
given by Lemma 3. Let ay = (V, ky) satisfy that x;lfelg}N(x, e) is holomorphic and
bounded in S, x C1 g, as in Lemma 3. In order to solve (2.4), set u(z) = v(z) +V(z)
and consider

(4.1) Liv=Rxz+V+v)—L{V=Rx+V+v)—Rx+V)+g,

where g := R(x + V) — L3 V.
Let p > 0 and N > 1 be an integer. For a holomorphic and bounded (vector)
function

h = (hl, hg) = ZEaNlNl(ZL'7€> = gV (711, 712)

in S, x C, with h(x, ) being holomorphic and bounded in S, x C,, we define the norm
of h by

(4.2) bl == sup (Ja~™hy(w, 2)] + o~y = Pha(a, €)]).
x€S),e€Cp
Let Xx be the set of functions h being holomorphic and bounded in S, x C, such
that [|h||y < oo. Clearly, Xy is the Banach space with the norm (4.2). We choose a
sequence ay = (N, ky), N = N,(v =1,2,...) such that for every pair ay and «y in
the sequence with N > ¢ we have
N 14

dy — — >dy— —.
T T
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Because ¢ — p/7 is dense on R if p and ¢ run in Z, we can choose {ay} satisfying
the condition. We shall show that Xy is continuously embedded into X,. Indeed, for
every h = z*Vhy € Xy we have

7 —oui 1/7\N—¢_dn—de—(N—£)/77
TN by = xgON O“th:xa‘f(xle/T)N LN N=0/"F .

Because dy — dy — (N — ) /7 > 0 by assumption, we see that there exists C' > 0 such
that ||h|le < C||h||n. This proves the assertion.
For ||h||x < oo we define

1 [e.e]
(4.3) V= ——/ e MeEp(ethr, )dt.
€Jo
Because |zNeNtahN e kNt = |pNghN et N=ThN) | < 2N aBN| for all + > 0, we see that

h(e z,¢) in the integrand is bounded if z € S,, € € C,, t > 0. In order to show that
the integral (4.3) converges we may consider the second component. In the integrand
the following factor appears:

etr/ae—(1+0’/2)’rt’ t>0.

Therefore, if ¢ is sufficiently close to 1, then the integral converges. We easily see
that v is the solution of the equation Liv = h, namely v = (L5)"'h, where (L3)™*
has the expression (4.3). Moreover, we have ||v||y < oc.

We want to define the approximate sequence {v®)} by

(4.4) 0@ = (LY) 'y, o = (L) Y R(z +V + U(O)) — R(x+V)),
U(k) - (Li)*l(R(x +V+ U(O) 4+t v(kfl))
~R(z+V 4+ 0O 4 g ®D)) g =23 ...

It is easy to see that if v := >3, v®) converges, then v solves (4.1). In order to see
that v(*)’s are well defined, we note, from the definition of V in Lemma 3 and (2.19)
that g(z,e) = x*Vg(x, ¢) for some bounded holomorphic function § in S, x C, such
that § = O(x1™”). Especially we have |g||y < oo. Hence v(® € Xy. In order to
estimate v(®) we obtain, in view of (4.3) and (4.4)

L[ yner —t)ex
(45) Oy < supg/ e (A0
0
+ yetr/s—ft—Q’Tt/Z(l.;l*e /2§2)(€tAl', 5)‘) dt < C,OG//2H9HN:

for some constant C' > 0 independent of N since N — 7ky < 0 and |z2| < p. Indeed,
there appears (z2¢~")?/2 from §, (e, ) and (753" %) (e x, €).
By (4.5) the function R(x +V +v®) — R(z + V) is well defined if § > 0 and p > 0

are sufficiently small, and it is divisable by x3. Hence v; is well defined. Moreover we
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have

(4.6) V1]

IN

1
C ’ / VO VR(-+V + o)t
0

N

IN

1
C/O oIl = Cllv xR,

where ||| R]|| = sup, [|[VR(z)||. Take p > 0 so that C|||R||| < 1/2. Then we have that
oD x < [v@]| 527", Hence v® is well defined and it has the same property as v if
v is sufficiently small. Moreover we have the estimate ||[v®]|y < [[v@ || 5272 In the
same way, we can determine v as bounded holomorphic functions in S, x C, such
that [[v®||x < J[0@|§y27%, (k =1,2,...). This proves that the limit v := > 7o v®
exists in S, X C, in || - || y-norm. By the definition of the norm we have v(z) = O(z*V)
as x — 0. The limit function v is independent of N because Xy is continuously em-

bedded into X, for every N > ¢. Because there exist infinitely many N, this proves
Theorem 2.
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