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Abstract We give a Hamiltonian system which is nonintegrable in a domain
containing two singular points and that is integrable in some neighborhood
of a singular point. The system is an arbitrarily small nontrivial perturbation
of an integrable Hamiltonian system given by confluence of regular singular
points of a hypergeometric system.
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1 Introduction

Let n» > 2 be an integer, and consider the Hamiltonian system

d
2_3 = VPH(ZaQ7p)a (1)
20P _
# 0 = =ViH(z.q,p),

where q= (q27 ---7Qn)a p= (p27 7pn) Here

0 0 0 0
Vq = <8—q2,..., a—qn) y Vp = <8—p2,..., %) .
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The system (1) is equivalent to an autonomous one

q.l = le) q: V;DH7 (2)
pl = _H(ha p = _qua

where q1 = z and H(q1,q,p1,p) = ¢ip1 + H(q1,¢,p) or H(q1,q,p1,p) =
p1+ g7 *H(q1,q,p). We say that the Hamiltonian system (2) is C“-Liouville
integrable if there exist first integrals ¢; € C¥ (j = 1,...,n) which are
functionally independent on an open dense set and Poisson commuting, i.e.,
{¢j, ¢} = 0, {H,¢r} = 0, where {-,-} denotes the Poisson bracket. The
Hamiltonian H is a first integral of this autonomous system. We abbreviate
C“-Liouville integrable to C“- integrable or integrable if there is no fear of
confusion.

In [2] Bolsinov and Taimanov showed a non C*-integrability of some Hamil-
tonian system related with geodesic flow on a Riemannian manifold. Then
Gorni and Zampieri showed similar results in the local setting, namely for
a Hamiltonian system being singular at the origin they showed the non C*-
integrability. (cf. [3], [4]). In this paper we study the nonintegrability from a
semi-global point of view. Namely we consider Hamiltonian system which is
singular at the origin ¢; = 0 as well as g1 = 1. We will show that the system is
integrable near the origin, while it is not integrable in the domain containing
q1 = 0 and g; = 1. The Hamiltonian function is given by the arbitrary small
non zero perturbation of an integrable Hamiltonian of the confluent hyperge-
ometric system. (cf. §3).

More precisely, we consider

H= Z —qu] e Z 3, P +qip, (3)
jeJ’ ]

where 7; and A; # 0 are complex constants and J and J' are the sets of
multi-indices such that

JA0T #£0,J0T =0,JUJ ={2,...,n}. (4)

The Hamiltonian is derived from the hypergeometric system by confluence of
singularities. (cf. §3). The Hamiltonian system (2)- (3) determines the Hamil-
tonian vector field

0 0 2(]1 T 0
= ¢2— _9 - 4 = Tamp. | — 5
XH a1 6q1 q1p1 6]71 (q1 — 1)3 =~ )\] 4;Pj 8])1 ( )
T 5} @ T 0 0
+ X P (opr —vip )+ i D 2 (05 —mi )
JEZJ, QJ p] 8]7]‘ (Ch _ 1)2 JEZJ )\j QJ 6(]]‘ p] apj

Let

Hl = ij Q17 (6)
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Note that H; does not depend on ¢g. Suppose that the nonresonance condition
(NRC) holds:

VY = (s ) €27\ {0}, Y Ty 0, (7)
j=2""

i.e. 7;/);’s are linearly independent over Z"~!. Moreover, assume

(TC): For k € J', the equation

d Tk
2 2 2k = Bi(g1,0 8
kv 1(q1,0) (8)

has no solution v holomorphic at g; = 0, and for k € J, the equation

2
5 d T  qjw

7 q1B5(0,0)

w—2T B B (q.0)+
ql dq1 )\k (q1 IR 1)2 k(ql )

has no solution w holomorphic at ¢; = 1.

Let £ C C be a domain containing {¢; = 0,1}, and {2 C C?*~1 be a
neighborhood of (p1,¢,p) = (0,0,0) and define 2 := £ x (2. Then we have

Theorem 1 Assume that (NRC) and (TC) are satisfied. Then, there exists
2 such that the Hamiltonian system (2) is not C¥-integrable in (2. More pre-
cisely, for every first integral ¢ satisfying xp+m, ¢ = 0 and holomorphic in (2,
there exists a holomorphic function 1(t) defined in some neighborhood of the
origin t = 0 € C such that ¢(q1,q,p1,p) = Y(H + Hy) in some neighborhood
of the origin.

Remark. (i) In §4 we will show that (T'C) holds on an open dense set in the set
of analytic functions. (TC) also implies that H; could be replaced by e H; with
an arbitrary small € # 0. On the other hand, it is necessary in Theorem 1 that
H; does not vanish identically because H is integrable in view of Lemma 2. (cf.
§3). Hence the non-integrability occurs by an arbitrary small non-zero generic
perturbation. In Proposition 1 we also show that our class of Hamiltonians
contains subclass for each of which the integrability at the origin holds. Hence
the (non-) integrability in Theorem 1 is caused by the interference of singular
points.

2 Proof of Theorem 1

Let ¢ =: u be a holomorphic first integral in {2 and expand v at p =0

u= " ua(q,qp1)p* (10)
(03
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Substitute (10) into X g4z, u = 0 and compare the powers like p° = 1 of both
sides. Then we have the equation of ug = uo(ql, q,p1)

0
{dip1,uo} + ;{—qj— 0+( - 22)\ q]a ug = 0. (11)
Indeed, no constant term in p appears from x g, u in view of the definition of

XH;-
Substituting the expansion uy = Zg uo 5(q1,p1)q” into (11), we see that

Uo := ug o satisfies {¢?p1, Uy} = 0, namely

0 0
— —2p1— | Uy = 0. 12
(fh £ D1 0])1) 0 ( )

Substitute the expansion Uy = >, , ¢,,¢)'p} into (12). Then we have
> v Conlp = 2v)g'py = 0. It follows that c,,, = 0 for u # 2v. Hence we
obtain

Uo = Zcuzu(ﬁuplf = Zcu,2V(Q%p1)y~ (13)

It follows that there exists a function of one variable ¢, ¢(t) holomorphic in
some neighborhood of ¢ = 0 such that Uy = ¢o(¢?p1).
Next, we focus on the equation of ug g with 8 # 0

{qlpl,uO5}+Z 6;“05+( QZ)\@UO[&*O

jeJ’ ]
Expand
uog =Y wpu(q)pt, (14)
v

and consider the equation of wg .. If v = 0, then, by comparing the coefficients
of pY =1, we have

d

2 75

—wgo + g —0; + g /3 w 1
q1dq1 3,0 J a1 — 2 )\ J 3,0 = 0. (5)

jeJ’ Aj jeJ

Since 3 # 0, it follows from (NRC), (7), that either A" := Z %ﬁj #0
je J’ J
or A = Z ﬂj # 0 is valid. If A" # 0, then we have wgo = 0 in some
JEJ

neighborhood of ¢; = 0. Indeed, by subsituting the expansion wg g = Z C’lql1

1=0
into (15) and by using the relations

wﬁ 0= Z Cilgit!
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and

2 o0
q71 Tj l
s Dy Bwse =) Cla'?
(a1 —1) jes =0

for some C], we obtain

CoA' =0 ie Cy=0,
ClAl—l—Co-O:O ie. Cy =0,
CQAI + C(l) + Cl =0 ie. CQ = 0,

Note that C} = 0 since Cy = 0. Hence we have wg ¢ = 0.
In the case where A’ =0 and A # 0, (15) is written in

d
(th — 1)2d_q1wﬁ70 + Awmo =0. (16)

Similarly to the case A’ # 0, we obtain wgo = 0 in some neighborhood of
g1 = 1. Therefore, we have wgo =0 in §2.

Next, by comparing the coefficients of pl = p;, we have the equation of
wg,1(q1)

d 2
(q%d—ql — 2q1) wg,1 + (A’ T _(ql 1—1)2A) wg,1 = 0. (17)
Similarly to the above, A’ # 0 implies wg 1 = 0 near ¢; = 0, while A’ =0 and
A # 0 imply wg,1 = 0 near ¢; = 1. Hence we have wg; = 0 in 2. By the
same argument we obtain wg, = 0 in §2; for all v € NU {0}. It follows that
ug,g = 0 for all 3 # 0.
Therefore, we have

)

uo = uo,0(qip1) + Y uo,s(aip1)a’ = doldipr) (18)
B#0

for some ¢(t) of one variable being analytic at ¢ = 0. Note that

ulp=0 — ¢o(H + Hi)|p=0 = uo(q1,p1) — do(H|p=0)
= ¢o(gip1) — ¢o(gip1) = 0.

Hence, without loss of generality, we may assume u|p,—¢ = 0.
Next we consider u, = uq(q1,p1,q) for |a| = 1. Write a = e;, (2 < k <n)
where ey := (0,...,0,1,0,...,0) is the k-th unit vector. Then, u, satisfies

TS 0
{aip1,ual + ) )\—j (qja_q - 5k,j> U (19)
J

jeJ! J

2
qq 7y 9 >
+ — g —= —— — ki | ua =0,
(Q1 _ 1)2 = \; <‘IJ dq; k,j
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where ¢ ; is the Kronecker’s delta, d;; = 1 if £ = j, and =0 if otherwise.
Note that, because ug = 0, x g, gives no term.

Substitute the expansion u, = Zg ta.5(q1,p1)¢” into (19), and compare
the powers like ¢° = 1. Then we have the equation of uq o

{qlpl,uao}f— > bk O e P q1—1 ZA U =0. (20)

jeJ’ JjeJ

If k € J', then
{qlplauao} kuaO*O

Because 7/ A # 0 by (NRC) condition, we have uq,0 = 0.
On the other hand, if k € J, then

2
2 _ q1 Tk
{Chplv“a,O} (Q1 — 1)2 & Uar,0

=0.
By considering the equation around ¢; = 1 together with (NRC) condition we
obtain u,,0 = 0.

Next we consider uq,g(8 # 0) (o = (2, ..., ), o = 0 1).

{q1p1,ua,ﬁ} + Z @) Ua, 8 (21)

jeJ’ J
TJ
,122 ] uag—()

If B # «, then (NRC) condition yields uq, g = 0, by the similar argument as in
the above. If 8 = a, then we have {¢?p1, ua.o} = 0. Hence, there exists ¢, (t)
of one variable ¢ such that u,. = ¢a(gip1). Therefore we obtain

u=3" 6a(@p)as* + O(lpl2). (22)

lo]=1

Now we consider the equation for u, when |a| = 2. We substitute (10) and
(22) into the equation x g4, v = 0 and compare the powers like p® (|a| = 2).
In order to get the expressions of the powers like p®, we note that the following
terms appear from x gu:

9 Tj 0 q% Tj 0
e} + _(ql__al)wi = (o)
{11 a} jeZJ’Aj ]aqj J a (q171)2jez‘]>\j Jaqj J o

(23)
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On the other hand, the following terms appear from x g, u.
0 2 0
ZD: o, Z]:ijj(QhP) 8_%(¢e,,qypu) (24)
9 >
- — | Y i Bjlar,p Z P p”)
J |a|=1

Note that the second term in (24) is O(|p|?). Hence it does not appear in
the recurrence formula because |a| = 2. Moreover, since we consider terms of

O(|p|?), the first term yields

2 Z (72561; Q1; a 2e, . (25)
Therefore, by comparing the powers like p® in x4+ m, u = 0 we have

(v + Y 2 (g0 0w (26)

JEJ’
2
a7 T 0 )
+ I (g —a;)u
(Q11)2jze:>‘j(Jaq- )
2q
" R g e 220 Bl Oz, =0
jeJ

Expand u,, with respect to ¢, uq =Y 5 Ua, 5(q1,p1)q” and insert the expansion
into (26). By comparing the power of ¢” we obtain the recurrence relation for
Ua,3(q1, p1). We consider 4 cases:

(i)  «a#2e, for every v and S # a.
(ii) « = 2ey for some k and [ # «,0.
(ili) o« = 2ey for some k and [ =0.
(v) f=oa
Case (i): We note that the fourth and the fifth terms of the left-hand side
of (26) yield no term in the recurrence relation for uq g. Indeed, the fourth
term is a monomial of ¢“. Hence, u, g satisfies

T5 T5
{gipruap}+ Y 32 (8) — aj)uag t a1 Z = j)Ua,s = 0.

gegr I
(27)

By virtue of (NRC) and 8 # a, either } ., 7;A; “HBj —aj) #£0or

D ier TiN; “H(B; — a;j) # 0 holds. One can easily show that u, 3 = 0 by the
holomorphy of uq 3.



8 Yoshikatsu Sasaki, Masafumi Yoshino

Case (ii): Because the fourth and fifth terms of the left-hand side of (26)
do not yield terms by the assumption 3 # «, 0, we see that u, g satisfies (27).
Therefore, we have uq 5 = 0.

Case (iii): Let k € J'. Because the fourth term of the left-hand side of
(26) is a monomial ¢%, uq,o satisfies

Tk

" Ua,0 + 20¢, (q1p1)Br(q1,0) = 0. (28)

{aip1, a0} — 2
Expand ua,0(q1,p1) =D, ta,0,.(q1)py and compare the constant terms in p;
of both sides of (28). Then we have

d T
00,0 — 2-Eta0.0 + 2¢, (0)Br(g1,0) = 0. (29)
dq Ak

If ¢, (0) # 0, then v := uq,0,0/(—2¢c, (0)) satisfies

d Tk
2
& o _9lk
n dthv Ak

which contradicts (TC). Hence, ¢¢, (0) = 0 and (29) reduces to

2 Tk
q1 5 Ua,0,0 — 27 Uq,0,0 = 0.
dq Ak

(NRC) condition implies 275, /A, # 0, and the holomorphcity of uq,0,0 at g1 =0
tells us uq,0,0 = 0.
Next, uq,0,1 satisfies

2

-
(a1 dn 241 )ta,0,1 — 2+

" Ua,0,1 + 2Bi(q1,0) ¢, (0)g; = 0. (30)

Since ua,0,1(q1) = O(q7), we put a,01(q1) = ¢7a,0,1(q1) With @ := @q,0,1(q1)

satisfying

d Tk -~
2
@ d_qlu - QA—kU = —2B4(q1,0)¢,, (0).
If ¢¢, (0) # 0, then, by putting v = i/(—2¢, (0)), we have a contradiction to
(TC). Therefore, ¢, (0) =0 and @ = 0.
Similarly we can show 4,0, = 0 and o) (0) = 0 for v € NU {0}, which
implies uq,0 = 0 and ¢, = 0 for every k € J'.
Let k € J. Then u, o satisfies
2 pTe i 20e, (¢3p1) Br(1,0) = 0
{aip1, a0}t — )\—kmua,o + 20, (¢1p1)Br(q1,0) = 0.
Expand ua,0(q1,p1) = Y, Ua,0,,(q1)p]. Then uq o0 satisfies

2

d T q
2 1 _
9L gy 00 = 2)\—k (0= 1)2ua,0,o + 2¢¢, (0) Bi(q1,0) = 0. (31)



Nonintegrability of Hamiltonian system 9

If ¢, (0) # 0, then, by (31) we have By (0,0) = 0. On the other hand, v :=
Ua,0,0/ (—2¢e, (0)) satisfies

d i 2

2 a1

q;—v — 92— -
! dQ1 )\k ((h 1)2

which contradicts (TC). So, ¢, (0) = 0 and (31) reduces to

v = Bk(q150>7

d T
(1 — 1)25’%,0,0 - 2)\—];&&,0,0 =0.
1

Again we have uq,0,0 = 0.
Next, consider the equation of uq 0,1

d T q?
(q%d_ql —2q1)Uq,0,1 — Qﬁmua,o,l = —2¢, (0)¢3 By (q1,0). (32)

Observing 4,0,1(0) = 0, we put ua,01(q1) = cq1 + ¢?v. Substituting it into
(32), we have ¢ = —2¢;, (0)By(0,0) and v satisfies

—24/,(0) {Bk(ql, 0) + By (0,0) + B (0, O)i_?ﬁ}

:(qzi_ﬂqil)v
Ydgr A (@ —1)2)

By use of (TC), we obtain ¢, (0) = 0 and uq,0,1 = 0.
In general, uq, 0, (¥ > 2) satisfies

d " @ &)(0)
2 ___ 9 oy —2—— 0, =222 B .
(@1 a0 Vq1)Uao, e (g1 — 1>2u 0, R k(q1,0).  (33)

Since we easily see uq 0, = O(¢* 1), we put a0, = cqi’ "

we have ¢ = f2z,z5(e:) (0)By(0,0)/v! and w satisfies
2¢¢, (0) 2T, @1
—-——=¢B 0) + Bx(0,0) + Bx(0,0) — ———
” { k(q1,0) + Bk(0,0) + By (0, )>\]c G —1)°

_ (q2i _ ﬁqi?) w
Y M (@ —1)2)
By virtue of (TC), we obtain ¢§Z) (0) = 0 and w = 0. Therefore, uq,0,, = 0 for
all v € NU{0}. Because of analyticity, we have uq 0 = 0 and ¢, = 0 for every
k € J. Consequently, ¢., = 0 holds for all k € J U J.

Case (iv): Because ¢, = 0 for every k by what we have proved in the above,
the fourth and fifth terms of the left-hand side of (26) do not yield terms in
the recurrence relation. Hence, u . satisfies {q%pl, Ua,a} = 0. It follows that
there exists a function of one variable @, (t) such that ue,o = da(gip1)-

Therefore we have proved

u= " dalgir1) ¢"p™ + O(|p|*).

lo]=2

+ ¢#*w. Then

Finally we will prove
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Lemma 1 Suppose

w="Y" dalgir)q"p" + O(lp|"*") (34)

|a|=v

for some v > 1. Then we have

(i) do =0 for all a satisfying |a] = v.

(ii) for every a satisfying |a| = v + 1, there exists a holomorphic function ¢,
of one variable such that

> dalaip)a™p” +O(lp|"*?). (35)

la|=r+1

We have already proved (34) for v = 1,2. Note that the lemma ends the proof
of Theorem 1 because we have u = 0 as an analytic function of ¢ and p.

Proof of Lemma 1. By comparing the coefficients of p® in xg4m,u =0 we
have

0
{Chplvuoz}’ + Z i — Q5 | Un
0q;
qi Ty 9 )
+—A ST (g — ) ua
(qlfl)QZ:Aj (]an !
2q1 T; 8H1
+m ( )\_jjquj> Uy + Z =0, (36)
J

where || < |a| and o =y +¢;.
Let |a| = v + 1. Substituting the expansion uq = > 4 o 5(q1,p1)q” into
(36) and by using (34), we obtain the relation for uq g

T5 Ti
{@ip1 s} + )\—J,(ﬁj — j)Ua,8 A r— Z = ( e (37)
J/

q1 Tj

JrQW N O ¢a e; (47D1)00

+2 Z 5a*2€j,ﬁBj (q1, O)QSOZ*SJ‘ (aj -1)=0.

jeJ'uJ

Indeed, because it is easy to show the expressions up to the fourth term in
the left-hand side of (37), we consider the fifth term, which corresponds to
the fifth term in the left-hand side of (36). In view of (34) we may consider
232;piBj(q1,0) in (36). Hence

we may consider terms containing p“~% in 6%@7. By (34) the coefficient of
J

the term containing p®~¢ is (a; — 1)¢* % B;(q1,0)¢a—e, . Hence we have the
desired expression.

Set B’ :== > . ;—Jj(ﬁj —aj) and B = 30, ; ;—Jj(ﬁj — a;). We consider 4
cases.
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Case (1). The case where o — 2¢; # 3 for j = 2,...,n and B’ # 0. Clearly
we have 8 # «a. It follows that the fourth and the fifth terms in the left-hand
side of (37) vanish. Hence we have u,, g = 0 by considering (37) at ¢ = 0.

Case (2). The case where v — 2¢; # B for j =2,...,n, f # cand B’ = 0.
By (NRC) we have B # 0. Hence the fourth and the fifth terms in the left-hand
side of (37) vanish. We have u, g = 0 by considering (37) at ¢1 = 1.

Case (3). The case where a — 2ej, = 3 for some k. Clearly, we have 8 # .
Assume k € J. Then, for every j € J' we have j # k, and hence a; = f;,
which implies B’ = 0. Equation (37) is reduced to

27Tk q2
{q%pl’ Ua,ﬁ} - )\_kmua,ﬁ + 2(ak - 1)¢a—ekBk(Q17 0) =0.

oo
Expand uq,g = Z Ua,8,0(q1)p}. We will show that ¢o—, vanishes.
v=0
Indeed, v := uq, g0 satisfies

dv 2Tk q2
2 1
e (oot = 2ok~ Doac, (0)Bi(a1,0).
n dq e (1 71)21) (v )¢a—e;, (0)Bi(q1,0)
Note that ap = 248 > 2. If ¢q—c,, (0) # 0, then w := v/(—2(ag —1)Pa—e, (0))
is a holomorphic solution at ¢; = 0 of the equation

dw 21, ¢
2 i
e L ——— )
ay d(h )\k (q1 _ 1)2 k‘(ql )
Because one can verify By (0,0) = 0, we have a contradiction to (TC). Hence
we have ¢q_c, (0) =0 and uq,g,0 = 0.
Next, v = uq,g,1 satisfies

W ™ N @ TE? 200 = ~2(on = D, (06! Br(@,0)

By comparing the coefficients of ¢? of both sides we see that v = O(q?).
Similarly to the above, w := vql_2 leads to a contradiction to (T'C). Hence, we
have ¢, ., (0) =0 and uq,5,1 = 0.

In general, v = uq g, (v > 2) satisfies

dv 27 q? 2(a — 1) (v N
G By g = 2D 00 B, 0)

Similarly to the above, we have ¢ (0) = 0 and wa,3, = 0. Therefore,

ax—eg
Pa—e, =0 and uq g =0 for k € J.
Let k € J'. Equation (37) is reduced to

27,
{Q%plaua,ﬁ} - )\_:Ua,,@ + 2(0419 - ]-)QSozfek Bk (qla 0) =0.
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The holomorphicity of ue g at ¢g = 0 and (TC) implies ¢q—.,(0) = 0 and
Uq,3 = 0 for k € J'. Therefore, ¢, = 0 for k € J'. Because ¢, = 0 for k € J,
we have ¢, = 0 for all o with |a| = v.
Case (4). The case 8 = a. We have {¢?p1,Ua.o} = 0, since we have proved
¢~ = 0 for |y| = v. Hence, there exists ¢, such that ua,o = ¢a(gip1).
Consequently, we have proved the lemma.

3 Confluence of singularities

In this section we deduce (3) from the hypergeometric system

dv
(z—=0C) 7 = Av, (38)
where C' = diag(A1,%A1), A; being (n — 1) x (n — 1) matrix with eigenvalues
A2, ..., A such that A; # 0 for all j (cf. [1]). For the sake of simplicity, we
assume A; = diag(\2, ..., \,). We assume A = diag(A;,"A4;), where A; is an
(n—1) x (n — 1) constant matrix satisfying A; A; = A;4;. For simplicity, we
further assume A; = diag(7a, ..., 7).
Let v = *(g,p) € C2»~1). Define

H = ((z — A)™"p, Arq), (39)

where ((z2, ..., 2n), “(Y2, s Yn)) = D 9crepn ThYk- Then, (38) is written in the
Hamiltonian system -

dq

dp
E = Hp(zaQ7p)a -

Now we operate the confluence of regular singularities. Let v, and (Av),
denote the v-th entry of v and Aw, respectively. Then we can write (40) in the
form

dv

(z — )\l,)d—; = (Av),.
Substituting z = 1/¢, we have
2 dvy =1 -1
— © (€7 =) (Av)y. (41)

In the following, a — b denotes the replacement of a by b.

Let ¢ — e 'n; and A\, — e\, for v € J, A\, — A, for v € J'. Multiply the
v-th row of A in (41) by e ! if v € J' and take the limit ¢ — 0. Then (40) is
reduced to the Hamiltonian system

dq dp
-2 =9AA —n?= =AU 42
n d?’] 19, n d?’] 1<AP, ( )
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where 2 = diag(a, ..., 2A,) and

— 7)\;1 (V € J/)7
s {(,,1 A e )

Note that (42) is irregular singular at n = 0.

In order to introduce another singular point, choose any a # 0 such that
a # )\j_l for all j and put ¢ = 7 — a. Let ¢ — € ¢ and (A), — e 1(4),.
Make substitution a +— e la for j € J’ and a + a for j € J and take the limit
€ — 0. Then (40) is reduced to a Hamiltonian system with irregular points at
0 and —a. Set a = —1. Finally, by transforming to the autonomous system,
we obtain (3).

4 Integrability at singular point

Let H and H; be given by (3) and (47), respectively. We will show the inte-
grability about a singular point of x g4, . Note that the Hamiltonian system
corresponding to H + H; has irregular singularity at ¢ = 0 and ¢; = 1. First
we show

Lemma 2 If k € J, then xg has first integrals

Tk 1 Tk 1
T Tk 44
qkexp<)\kq1_1>, pkeXp< Akq1—1>’ (44)
while, for k € J' it has
T 1 Tk 1)
exp | —~— ), exp| ———). 45
qk p(Akql) Pk p( v (45)

Note that yz is analytically integrable at g3 = 0 or ¢; = 1, because qxpy is an
analytic first integral about the singular point ¢g; = 0 or ¢; = 1.

Proof of Lemma 2. The assertion is easily verified in view of the definition
of first integrals.

Next we consider xpip,. In view of the definition of xm,, the following
functions are annihilated by xm, -

T, 1

>7 (k€J) prexp <_>\_];q_1)’ (keJ'). (46)

Tk 1

Pr€xp | —1—
( A qr—1

Hence they are also first integrals of xm+m,. Note that we have |J| analytic
first integrals near the origin. We will construct other first integrals which
areanalytic near the origin. Let H; be given by

Hy = Zp?Bj(ql,q). (47)
jeJ

Then we have
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Proposition 1 Suppose that there exists an analytic function H, (q1,p) at
q1 =0, p = 0 which is independent of p, for everyv € J' such that Hy(q1,p) =
¢ H, (q1,p). Then, for every k € J, xu4+m, has the first integral of the form
arur(q1) + Wi(qr,p), where Wi(qu,p) is analytic at ¢ =0, p =0, and

Aeqr—1

o) =exo (7). (48)

If2|J| +1 > n, then xmg+m, s analytically integrable in some neighborhood of
the origin.

Proof. By definition we have

n

0
XH, = Z <2p_] _]a +p] Z Dy ]a p‘?(aqlBj)a—pl> . (49)

j=2
Let k € J. We will determine u; and W}, by the equation

(xm + xm ) (grur, + W) = 0. (50)

First we note that x g, Wi, = 0 by definition. xm, (grux) and x g Wy do not
contain q. Therefore, the terms containing powers of ¢ with degree 1 in the
left-hand side of (50) come from xm(grux). By (50) we have xm(grux) = 0.
This is an ordinary differential equation for wuj studied in Lemma 2. The
solution is given by (48).

Next, by comparing terms of degree 0 in ¢ of (50) we have

XaWr + X, (qrur) = 0. (51)
Note
X, (rur) = uk | 2peBr + > 0305, B;) | - (52)
jeJ
Expand
q17 ZW“ Q1 B B_] (th) = ZB](D (ql)pea (53)

14

and insert (52) and (53) into (51). Then, by comparing the powers like p¢ we
obtain

d Tﬂ Tl
o Y BE - S B0 ) W) = RO, (6)
aw o eT (@ jeJ
where
RO(qr) = | 2B (q1) = Y (0 +er — 2¢))BY > (q) | . (55)

jeJ
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One easily verifies that H?:g uﬁj is a solution of the homogeneous equation of
(54), where u; is given by (48). Therefore we take the solution W,gé) of (54) as
follows.
() ey o e
W = (] / 2 () RO (1) [ uy (1)t (56)
j=2 a j=2
where a # 0 is a constant sufficiently close to the origin.
We note that, if j € J, then u;(q1) is holomorphic at ¢; = 0. Moreover, by
assumption on H; we see that R vanish if ¢, %0 for v € J'. It follows from

(56) that W,gé) (g1) is analytic at g1 = 0. The convergence of the sum W :=

> ngf)pz is almost clear from the recurrence formula because t~2R(“)(t) is
holomorphic at ¢ = 0 by assumption. Hence we have an analytic first integral
at the origin. The last statement is clear from the definition of integrability.
This ends the proof.

5 Properties of (TC)

We will show that (T'C) holds for almost all By(g1,0). Set ¢1 = t, Bg(t,0) =:
a(t) and ¢ := 7, /A, and write (8) in the form

t2%1) —2cv = a(t). (57)

Clearly, if a(t) is a constant function, then (T'C) does not hold since (57) has
a constant solution v = —a(0)/(2¢). We first prove

Proposition 2 Suppose that a(t) is a polynomial of degree £ > 1. Then (57)
has an analytic solution at t = 0 if and only if (57) has a polynomial solution
v of degree £ — 1. The set of a(t) for which (57) has a polynomial solution is
contained in the set of codimension one of the set of polynomials of degree £.

Remark. For a given polynomial v of degree £ — 1, define a(t) by (57). Clearly
the set of a’s such that (57) has a polynomial solution is an infinite set.

Proof of Proposition 2 . Let a(t) = Zﬁ:o ajt! (ap # 0) and let v(t) =
Z;io vt/ be the analytic solution of (57). By inserting the expansions into
(57) and by comparing the powers of ¢ we obtain

vo = —ao/(2¢), vp=m—1Dv,_1/(2¢) —an/(2¢), n=1,2,... (58)

If n > ¢, then we have v, = (n — 1)v,—1/(2¢). Therefore, if v, = 0, then
v, = 0 for n > £. Hence v is a polynomial. On the other hand, if vy # 0, then
v = (2¢)7"(n — 1)(n — 2) - - - fvp. Tt follows that v(t) is not analytic in any
neighborhood of the origin, which contradicts to the assumption. Hence v is a
polynomial of degree ¢ — 1. The converse statement is trivial.

We will show the latter half. By the recurrence formula (58), one easily sees
that v, is a nontrivial linear function of ag, ... ,ay. Hence the condition vy = 0
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is satisfied for a polynomial a(t) on the set of codimension 1. This completes
the proof.

Next we study (TC) when a(t) is an analytic function. By replacing v(t)
and a(t) with v(t) — v(0) and a(t) — a(0), (2cv(0) = —a(0)), respectively, we
may assume that v(0) = 0 and a(0) = 0 in (57). Then we have

Proposition 3 The set of analytic functions a(t)’s at the origin such that
(57) has an analytic solution v is contained in the set of codimension 1 of the
set of germs of analytic functions at t = 0.

Proof. Let v be the analytic solution of (57) at ¢ = 0. Set v(¢) = tv(t) and
a(t) = ta(t). Then

d
t2Eﬁ + 10 — 2¢b = a(t). (59)

We make the (formal) Borel transform B(?) to (59)
. = = znt

Because 0(t) and a(t) are analytic at ¢ = 0, it follows that B(?)(z) and
B(a)(z) are entire functions of exponential type of order 1. Recalling that
B ((tQ% +1)0) (2) = 2B(0)(z) we have

(z —2¢)B(v) = B(a)(2). (61)
It follows that
B(a)(2¢) = 0. (62)

This shows that the germ {a,}22; of a(t) at ¢ = 0 is contained in the hyper-
plane. This ends the proof.

Next we consider (9) in (TC). We set t = ¢ — 1, a(t + 1) := By (¢t + 1,0),
¢ =1/ and a(0) = B (0,0). Then (9) can be written in

2 a

<t2— 20) w=-——5a(t+1)+ %(tQJrc(tJrl)) =:b(t). (63)
This equation has the same form as (57). We determine w(0) by —2cw(0) =
b(0). If we make the appropriate change of unknown functions w and b as
before, one may assume that w(0) = 0 and b(0) = 0. In view of the definition
of b(t) we have ca(0) = 0. Hence we have a(0) = 0. It follows that b(t) =
t2a(t +1)/(t + 1)2. In the following we assume w(0) = 0 and a(0) = 0. Then
we have

Proposition 4 Suppose that a(t) is holomorphic in a connected domain con-
taining t = 0 and t = 1. Then the set of a(t) for which (63) has an analytic
solution is contained in the set of codimension one of the set of germs of
analytic functions att = 0.
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Proof. Let w(t) be an analytic solution of (63) at t = 0. We set a := a/(0)
and a(z) = az+ A(2)z? for some analytic function A(z). Then, by the general
formula w is given by

w = exp (—%) (K + /Tt exp (%) (serl +A(s + 1)) ds) . (64)

where K and 7 # 0 are some constants. We take a smooth curve ~ which
connects 7 and the origin such that it stays in the half space, R (¢/t) < 0 near
the origin. Then the limit

/Toexp (%) (Sil —|—A(s+1)) ds

— m [ e (%)( c +A(s+1)) ds (65)

tey,t—0 r s + ].

exists and it is a non-constant analytic function of 7. If the condition

K+/Toexp<%> <511+A(s+1)>d37é0 (66)

holds, then, by taking the limit ¢ — 0, R (c/t) < 0 in (64) we see that w(t)
tends to infinity, which contradicts to the analyticity of w at the origin. Hence

we have
T 2c Q
K= — A 1 .
/Oexp<s)<s+1+ (s + )>ds (67)

By substituting (67) to (64) we have

w(t) = exp (—%) /Ot (%) (8 LA+ 1)) ds. (68)

We take ¢ sufficiently close to the origin such that the Taylor expansion A(s+
1) =Y ans™ converges for |s| < |t|. Because w(te?™) = w(t) holds by the
analyticity of w, it follows that

/tt exp (%) <S j‘_ -+ Als + 1)) ds = 0. (69)

By calculating the residue we have ftte2m exp (%) sds = 2mia(l — e~2¢).
The non-resonance condition implies ¢ = 73, /A, # 0, and hence 1 — e~2¢ £ 0.
Hence, by (69) the germ of A(z)/« at z = 1( in case « # 0) or that of A(z)
at z = 1( in case a = 0) is contained in some hyperplane of the set of germs
of analytic functions.

We recall that A(z) is analytic in some domain containing z = 0 and z = 1.
We will show that by the analytic continuation from z =1 to z = 0 the germ
of A(z) at z =1 is transformed to that of A(z) at z = 0 by an infinite matrix.
If we can prove this, then the germ of A(z) or A(z)/a at z = 0 is contained
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in some hyperplane. In view of a(z) = az + A(2)z2, the germ of a(z) at z =0
is contained in some hyperplane.

We take a rectifiable curve which connects z = 1 and z = 0. First we
consider the analytic continuation from z = 1 to z = 2y, where zq is contained
in the disk centered at z = 1 in which A(z) is analytic. Let A(z) = >0 jan(2—
1)™ be the expansion at z = 1. Then the Taylor expansion of A(z) at z = zp
is given by

ZZ_ZO 3l —1)" Rt (70)

It follows that the germ at z = z is given by

o

i an <Z> (zo— 1" k) . (71)

n=~k k=0

Hence the germ at z = 1 is transformed to the one in (70) by the infinite

matrix
A= ((zo — )k (")) : (72)
k k|0,1,...;n—0,1,...

where we set the (k,n)-component (k > n) to be zero. Note that if |zo — 1| is
sufficiently small, then A defines a continuous linear operator on the space of
sequences with an appropriate norm. Therefore, if the germ of A(z) at z =1
is contained in the hyperplane, then the germ of A(z) at z = zq is contained
in some hyperplane. By finite times of analytic continuation we see that the
germ of A(z) at z = 0 is contained in some hyperplane. This completes the
proof.
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