DIOPHANTINE PHENOMENA IN COMMUTING
VECTOR FIELDS AND DIFFEOMORPHISMS

MASAFUMI YOSHINO

ABSTRACT. This paper studies the simultaneous Diophantine phe-
nomena of commuting systems of vector fields and diffeomorphisms.
We consider how these conditions are related with the Diophantine
phenomena of every element of the system.

1. INTRODUCTION

In [4] J. Moser studied a commuting system of smooth circle maps ¢,
(v =1,...,d) with the rotation numbers a, = limy_,o.((¢,)* — I)/k,
((¢,)* = ¢, 0---0¢,) satisfying a simultaneous Diophantine condition,
i.e., a simultaneous approximation of a set of numbers by rationals.
He showed that there exists a set of o, (v = 1,...,d) satisfying a
simultaneous Diophantine condition, whereas Zzzl a,p, is a Liouville
number for any (py,...,pq) € Z4\ 0. (cf. Theorem 2 of [4]) . This
implies that even in the Diophantine case one cannot reduce the simul-
taneous linearization problem under certain regularity to the case of a
single map.

In this paper we show that the same phenomenon occurs for a com-
muting maps in C" fixing the origin. (cf. Theorem 5.1). On the
contrary, in the case of vector fields we will show that a simultane-
ous Diophantine condition is equivalent to a Diophantine condition for
some element in the system. More precisely, there exists an element in
the system having the same Diophantine property and the resonance as
those for the system. In case no Diophantine condition appears we will
show that both for maps and for vector fields a simultaneous Poincaré
condition is equivalent to the one for some element in the system.

2. SIMULTANEOUS SIEGEL AND BRUNO CONDITION

Let © = (z1,...,zy,) be the variable in R*. We denote the differen-
tials by 0p = (Opys- -+, 0s,), On; = 0/0xj, (j =1,...,n). Let d > 1 be
an intger. We consider a commuting system of analytic vector fields
X i={X;p=1,...,d}, where X, :== >0 XV(2)0,, (n=1,...,d),
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and [X,,X,] =0 (v,u = 1,...,n). Define X* := (X{,..., X¥) and
A" = V,X#"(0). Note that xA* is the linear part of X#. We assume
that X is singular at the origin. Hence we can write

(2.1)
Xi(z) = X' = (XP(2), ..., X'(2)) = oA" + R*(z), 1<p<d,

where RF(zx) is analytic in z in some neighborhood of the origin such
that

(2.2) RU(0) = 9,R*(0) =0, 1<pu<d.

We assume that the diagonal entries of a (real) Jordan normal form
of A¥is given by (A}, ..., Ak &0 1y o &nign,)s Where & € R, (20 +
ny = n), and A} is given by

w & - oo
(2.3) Aj = ( 77]/% gp_c] ) SR/ S R,
Y
where 7j # 0 for some 1, 1 < p < d.
We define Y (j = 1,...,n,p = 1,...,d) by Ay, | = & + i},
Ny; = & — iy forj—l .ynp and A = ;ﬂm forj=2n,+1,...,n
Then we set M = (A[,... M), (p = 1,...,d). For a multiinteger

a=(o,...,0,) €LY weset (N, a) = Z] 1)\3’04] and define

(2.4) = min Z| a, \) — \|

1<]<n

Definition 2.1. We say that X := {X,;v = 1,...,d} is non simul-
taneously resonant if w(a) # 0 for all o € Z7, || > 2. The set of
a € 27, |a] > 2 such that w(a) = 0 is called a simultaneous resonance

of X.
Definition 2.2. Let wy (k=2,3,...)) be given by
(2.5) wy = inf {w(e);w(a) #0, a € 27,2 < |a| < 2F}.

We say that the system X satisfies a simultaneous Siegel condition, a
stmultaneous Bruno type condition and a simultaneous Bruno condition
respectively if,
wp > C(1425)77
wr, > exp(—=C2°/(k +1)'*7),

for some constants C' > 0 and T > 0 independent of k, and
o
—Zlnwk/Qk < 00.
k=2

In the case d = 1 we say that the vector field X' = X satisfies a Siegel
condition, a Bruno type condition and a Bruno condition, respectively
if the corresponding simultaneous condition is verified.
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Theorem 2.3. Let X = {X,;v=1,...,d} be a commuling system of
vector fields. Then X satisfies one of a simultaneous Siegel condition, a
stmultaneous Bruno type condition and a simultaneous Bruno condition
if and only if there exist real numbers ¢, (v = 1,...,d) such that (i)
the vector field Xy = Zzzl c, X, satisfies a Siegel condition, a Bruno
type condition and a Bruno condition, respectively; (ii) the resonance
of Xy coincides with the simultaneous resonance of the system X.

The proof of this theorem is given in Section 3.

Remark 2.4. By the same arqument Theorem 2.3 holds for a com-
muting system of holomorphic vector fields if we replace the condition
c, €R (v=1,...,d) with the onec, € C (v=1,...,d).

3. PROOF OF THEOREM 2.3

Proof of Theorem 2.3 . We will show the necessity of (i) and (ii). We
note that the commutativity of &, implies that the linear parts of A,
are pairwise commuting. Without loss of generality we may assume
that the linear part A; of A} is put in a Jordan normal form.

Let ¢q,...,cq be real numbers. By the commutativity, the real parts
of eigenvalues of the linear part of Ay := Zizl c, X, are given by
25:101/5}/ (j=1,...,n +ny). Forc=(c1,... ,¢4) €ERL and o € Z7
we define

d
S el ) = X)

v=1

(3.1) Q(a,¢) = min

1<j<n

Let w(a) and wy be given by (2.4) and Definition 2.2 | respectively.
Then we define

32) Ay = {c=(c1,...,c) ER};Fa € 27,2 < |of <2
such that w(a) # 0, Qa,c) <27 Fuw,}.

We want to show that the Lebesgue measure of the set A := lim,_, oo A},
is equal to zero. Without loss of generality we may assume that Ay
is contained in some bounded ball B. By assumption and Defini-
tion 2.2 the length of the vector

wk_l(<a,)\1>—)\},... ,(a,)\d>—)\;i), j=1,...,n

is bounded from the below by some constant K; > independent of 7 and
k. Tt follows that the Lebesgue measure of the set of ¢ = (¢y,... ,¢q)
in the ball B such that Q(a,c) < 27" %w,, is bounded by Ky2 "+ *
for some K, > 0 independent of k. Because the number of a such that
2 < Ja| < 2% is bounded by K32"* for some K; > 0 independent of
k, the Lebesgue measure of A, is bounded by K27* for some K > 0
independent of k. Hence the Lebesgue measure of A is bounded by
Klimy yo0 Y oo, 27V =0 for some K > 0 independent of k.
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Therefore, if ¢ ¢ A there exists kg > 1 such that
Qa, ¢) > w27k Yk > k.

This proves that X; satisfies a Siegel, a Bruno type and a Bruno con-
dition, respectively.

In order to show (ii) we note that if « is not in a simultaneous
resonance set of X', the set of ¢ € R" such that 32%_ ¢, ((o, N)=A7) =0
is a hyperplane for each j. The Lebesgue measure of the sum of these
hyperplanes is zero. By adding A to the sum of these hyperplanes
we can choose ¢ ¢ A such that the resonance of X} is equal to the
simultaneous resonance of X.

We will prove the sufficiency. We define @(a) by

o(a) = m1n| Zc,,)\” Zc,,)\ﬂ.

We also define @y, by (2.5) with w(a) replaced by w(a)). We can easily
show that ©(a) < Mw(«) for some M > 0 independent of «.. It follows
from the assumption (ii) that @wp < Mwg. This implies that if Aj
satisfies a Siegel condition (or Bruno type condition) the system X also
satisfies a simultaneous Siegel and Bruno type condition, respectively.
Now, let us assume that X} satisfies a Bruno condition. Because In @, <
In M + Inwg, it follows that — Y, In@ /28 > =3, (In M + Inwy,) /2F.
Hence X satisfies a simultaneous Bruno condition. This ends the proof.

4. NOTE ON THE NON DIOPHANTINE CASE

We know that for commuting diffeomorphisms, a simultaneous Dio-
phantine condition does not necessarily imply a Diophantine condition
for any element of the system. In this section we will show that no
such phenomena occur both for commuting diffeomorphisms and for
vector fields if we assume much stronger condition than a Diophan-
tine condition, namely a simulatneous Poincaré condition. Although
the following results hold for commuting vector fields as well as for
(local) commuting diffeomorphisms we state only in the case of diffeo-
morphisms for the sake of simplicity. The precise statements in the
case of vector fields are left to the reader.

Let us start with (seemingly) weaker definition of a Poincaré con-
dition for a system. Let X := {®,(z);x = 1,...,d} be a commuting
system of diffeomorphisms near the origin of C*, [®,,®,] =0 (Vv,Vu)
such that

(A1) D,(x) = M + G,(x), 6, (x) = O(|af?), A* € GL(n, O).

By the commutativity, A* (x = 1,...,d) commute with each other.
Hence every A* (u = 1,...,d) has the same Jordan block structure
with diagonal entries given by

(4.2) (Moo X, A0,
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where we denote with multiplicity. We set &; = (log [Aj[, ... ,log|%])
for y =1,...,n and define

P={) ci& €Rc;>0,¢ +--+cl #0}.

i=1

Definition 4.1. The maps ®,(n=1,... ,d) satisfy a simultaneous
Poincaré condition if I does not contain the origin.

Remark 4.2. In the case d = 1, the above definition is equivalent to
the usual Poincaré condition for a single map, |\;| > 1 (j =1,...,n)
or |\jl <1(j=1,...,n).

We set AW = (A],..., M) and (M\*)* = (A])r - (A#)en.
We say that X is simultaneously nonresonant if

d

4.3 min MY —NE[£0 for m=2,3,....

(4.3) ‘Oé':m’aem,lggnz (V) = XS] #
pn=1

The set of multiintegers o which does not satisfy (4.3) is called a si-

multaneous resonance of X'. In the case d = 1, it coincides with the

resonance of a single map.

Theorem 4.3. The system X satisfies a simultaneous Poincaré con-
dition if and only if there exist t, € Z (p = 1,...,d) such that (i)
oy = HZ:I ®l satisfies a Poincaré condition; (ii) the resonance of ¥
coincides with a simultaneous resonance of X.

Proof. Let I be the dual cone of I

(44)  I'={(ci,...,ca) €ERLD ¢jt; >0, V(ty,... ,ta) €T}

J

The eigenvlaues of the linear part of ®, is given by HZ:1()‘?)t”v j =
1,...,n. Hence ®, satisfies a Poincaré condition iff, by replacing ¢,
with —%,, if necessary,

d
Ztulog|)\§-‘| >0 forj=1,...,n.

p=1

It follows that IV N Z<¢ # (), where I is a dual cone of I. Because I" is
an open cone this is equivalent to IV # (). Because 0 € I' if and only if
[ # (), X satisfies a simultaneous Poincaré condition. This proves the
sufficiency part and the necessity of (i).

In order to show the necessity of (ii) we want to show that we can
choose (t1,... ,t4) so that the resonance of ® is equal to the simultane-
ous resonace of X'. We first note that ®, is resonant for a simultaneous
resonance of X'. Suppose that « is not a simultaneous resonance of X’.
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By definition « is not a resonance of @, if,
n d d
(4.5) TTIIs = T #0,  e=1,....n.
7=1p=1 p=1

By taking a logarithm of both sides of (4.5) we have

d n
(4.6) D tu(log[ [N —log X)) #0,  £=1,...,n.
n=1 7j=1

The condition (4.6) holds for all except a finite number of a’s in view of
a Poincaré condition. On the other hand, for each v and /7,1 < /¢ <n
the simultaneous nonresonant condition implies the existence of p such
that log [[;_, (\})% —log A} # 0. Because (4.6) means that (i, ... ,4)
does not lie on a sum of hyperplanes and because I is an open cone
there exists ¢, € [V N Z% satisfying (4.6) . Hence « is not a resonance
of (I)(). d
Finally we give expressions of a simultaneous Poincaré condition.

Remark 4.4. The simultaneous Poincaré condition is equivalent to
each of the following conditions.
(a) There exist ¢; > 0 and cy > 0 such that

(4.7)
H |(A)]| > ectled H (A9, Vo€ 21, |a] > c,.

v, (A1) [>1 v, (A1) <1

(b) There exist ¢; > 0 and c; > 0 such that for each o € Z%, |a| > ¢
we can choose v = v(a),1 < v < d such that either |(\*)®] > el or
|(A\)®] < e~e2lel holds.

(¢) The dual cone T of T is nonempty.

Because the proof of these facts are elementary we omit the proof.

5. DIFFEOMORPHISMS

In this section we will show that the simultaneous Diophantine con-
dition for a commuting system of diffeomorphisms in C” does not imply
the Diophantine condition for any element of the system. We consider
the commuting system of diffcomorphisms as in (4.1). We continue to
use the same notations as in Section 4. We assume that we are in a
Siegel domain. Namely we assume that the eigenvalues satisfy

(5.1) =1, (v=1,....dj=1,...,n)

We say that the system {®,}¢_, satisfies a simultaneous Diophantine
condition if there exist ¢ > 0 and a real number 7 such that

d n

| J R

i=1

(5.2) min >

>cla|™, VYa|>2, aeZl.
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If we set A = exp(27if}), 0 < 07 < 1 and 0" = (07,...,0;), (a,0") =
> iy a0y, (5.2) is equivalent to the following condition

d
: vN Y > -7 > n
53 min 320~ 0] > lol T Viel 22 a €2l
where ||t|| = infyez |t —p|. Let p, € Z (v = 1,...,d) and set §; =
Zgzl 07p, and 0 = (01,...,6,). We say that the vector ¢ satisfies a
Liouville condition if, for every A > 0 the inequality
. _ -2

(5.4) 0 < min {0, d) — ol <o~
holds for infinitely many o € Z”,. We note that 0 gives the eigenvalues
of the map ® = @ - .. dh,

In the following, without loss of generality we assume that &; =
Identity. Then we have

Theorem 5.1. Suppose that d > n > 2. Then there exists a set of lin-
early independent vectors 0; = (9]1., . ,9;1) (j =1,...,n) with the den-
sity of continuum which satisfies a simultaneous Diophantine condition
(5.3), whereas for any p = (p1,... ,pa) € Z4\ 0 the 6 = (61,...,5,),

6 =31 0%p, satisfies a Liouville condition (5.4).

In order to prove Theorem 5.1 we need a result in [4]. We state it
for the reader’s convenience. (For the detail, see [4]). Let E® C R¢ be
a real subspace in RY. With the norm |- | in (5.3) we define

dist(z, E™) = min |z — y|, r € R
yeen

Definition 5.2. We define pu := pu(E™) as the supremum of the num-
bers A for which

dist(j, E") < |j| 7, je2’
possesses infinitely many solutions. Here = oo is admitted.

Clearly, the definition is independent of the norm. Note that, if
74N E™ = {0} and 7 > p then there exists a positive constant ¢ such
that

(5.5) dist(j, E™) > ¢[j|™7, for all j e Z\ {0}.

A subspace E™ satisfying Z¢N E™ = {0} and (5.5) is called a Diophan-
tine subspace with respect to Z¢. The following theorem is given in
Moser [Theorem 2.1, 4 ]. (See also [5]).

Theorem 5.3. For almost all E™ in the Grassmann manifold G, (R?)

one has p(E"™) = 7.

Proof of Theorem 5.1. We use the argument in Moser [4]. Suppose
that there exists a subspace E™ in R? generated by the linearly indepen-

dent vectors 0; = (931-, e ,9;'1), (j =1,...,n) such that p(E") = ..
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Let 7 be such that 7 > Z"—. Then we have (5.5). We consider the
left-hand side of (5.3)

d d
(5.6)  min 2||<a,9”>—9,’;|| = min »  inf [(0,0") = 0} = pu].

1<k<n 1<k<n — P
We set
y=yr = ((a,0”) =0))p1,..a € E", k=1,... ,n.

Let 5 = (pu)ui1...a € Z% be a multiinteger for which the infimum in
the right-hand side of (5.6) is taken. Then the right-hand side of (5.6)
is bounded from the below by ¢; minj<x<, |7 — yi| for some positive
constant ¢; independent of j and k. By the inequality |j — yg| >
dist(j, E™) for £k = 1,...,n and (5.5) we can estimate the right-hand
side of (5.6) from the below in the following way

o e Tm -
(5.7) > o min |j =y 2 audist(y, £%) 2 efg| ™,
for some positive constant ¢y independent of j. Because the infimum
in (5.6) is taken for j such that |j — yx| < M|yy| for some constant M
independent of k, we obtain, by the condition |a| > 2

7] < (14 M)lys| < 1+ |af) < e

for some positive constants ¢’ and ¢”’. It follows that the right-hand
side of (5.7) is bounded from the below by ¢|a| ™ for some positive
constant ¢ independent of . This proves (5.3).

We want to show that there exists E™ satisfying u(E") = 7~ and
the Liouville property (5.4) for any p = (py,...,ps) € Z%\ 0. Let
g,h € Z% be the given two linearly independent vectors and define a
[, = ZeN(span{g, h})*. The set I'y is a sublattice of Z¢ of codimension
2. We choose a basis 73, ... , 74 of I'y and, extend it by v, v to a basis
of Z4. With I'y = spany{vi, 7.} we have a splitting Z? =T, @ TI's. We
define a rational projection P : Z¢ — I'y by P (v +vy) = vy for v; € T;.
The dimension of I'y is called a rank of P.

Let &, n (j =1,...,n—1) be a basis of E”, and define (; = A§; + 1

for j=1,... ,n—1, where X is a real parameter. Suppose that we can
choose n € E™ so that Pn # 0. We define
{9, ¢)
(5.8) foni(A) = :
o <h7 <J>

We want to show that fy,;(\) is not constant for some j,1 < j <
n — 1. Suppose that this is not true. Then the differentiation vanishes,

anj(A) =0for j=1,... ,n— 1. By simple calculations we have
<gaé—j> <ga77> i

2.9 = , Jg=1,....,n—1.

59 (&)~ ()

Then the slopes of the vectors P§; and Pn in the plane coincides.
It follows that there exist numbers «; and (3; such that the linear
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combination w; = ;& + B;n satisfies Pw; = 0 and w; # 0 for j =
1,...,n—1.

We will show that w; (j = 1,...,n — 1) are linearly independent.
Assume that . cjw; = 0. It follows that > . cjo;&; + (32, erBk)n = 0.
Hence we have c¢jo; = 0 for j = 1,... ,n — 1. Suppose that 3; # 0.
Because Pn # 0 and Pw; = 0 we have 0 # 3;Pn = —a;P§;. Thus
we have o # 0. It follows that ¢; = 0. In case 3; = 0, it follows
from the definition of w; that 0 # w; = a;¢§;. Hence we have a; # 0.
Because cja; = 0, it follows that ¢; = 0. Hence we have ¢; = 0
for j = 1,...,n— 1. It follows that, if F' is a rational subspace of
codimension 2 defined by I'; we have

(5.10) dim(E"NF) >n—1.

Next we consider the case where there does not exist an n € E" such
that Py # 0. It follows from the definition of P that dim(E" N F) =
n >n — 1. Hence we obtain (5.10)

We want to show that the Lebesgue measure of the subspace E"
satisfying (5.10) in a Grassmann manifold is zero.We consider only the
special subspace E" given by

(5.11) E": xl,_m—Zc,,uxu:O, v=12,...,d—n.

p=1

We define the matrix A by A = (¢,,) . Let s = (s1,...,84) € Z% and
t = (ti,...,tq) € Z%span FX. By (5.10) the d —n vectors which define
E™ and s, t are not linearly independent. It follows that every d —n+ 2
cofactor matrix of

Aa _[dfn
ty et
S1, ... , Sd

vanishes. On the other hand, since ¢ and s are linearly independent
the determinant is a polynomial of ¢,, of degree d — n which does not
vanish identically. It follows that the n(d — n) dimensional Lebesgue
measure of E” in the Grassmann manifold is zero.

Since the set of subspace E™ in a Grassmann manifold satisfying a
Diophantine condition p(E™) = -~ has positive measure we can take
E™ so that (5.10) does not hold. Therefore fg;;()) is not constant
for some j,1 < 7 < n — 1. In the following, we take such a ;7 and
we fix it. Because the Liouville numbers form a residual set £ on
R, i.e., countable intersection of open dense sets, the same property
holds for N fg_h;(ﬂ), where the intersection is taken over all linearly
independent vectors g, h € Z® Hence the set is residual, dense in R

and of the cardinality of continuum. For every A in this set the vector
¢ = X + n satisfies that (g, (;)/(h,(;) is a Liouville number. We



10 YOSHINO

set h = (1,0,...,0) and define 0; by 0; = (;/(j, where (; is the first
component of ;. If we take a basis of E™ containing §; we have (5.4).0
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