Manuscripta mathematica manuscript No.
(will be inserted by the editor)

Monodromy of nonintegrable Hamiltonian system

Masafumi Yoshino

Received: date / Accepted: date

Abstract In this paper we are interested in the global behavior of solutions
of certain analytically nonintegrable Hamiltonian systems. We study the mon-
odromy function defined by W. Balser related to the so-called semi-formal
solutions which corresponds to the fundamental solution in the case of linear
ordinary differential equations. By using the convergent semi-formal solutions
defined by multi-valued first integrals, we prove the formula of a monodromy
function of a nonintegrable Hamiltonian system obtained by the nonlinear
perturbation of confluent hypergeometric system.
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1 Introduction

In this paper we consider a Hamiltonian system with a Hamiltonian function
H. We say that the Hamiltonian system is C*-Liouville integrable if there
exist first integrals ¢, € C* (j = 1,...,n) which are functionally independent
on an open dense set and Poisson commuting, i.e., {¢j,¢r} =0, {H, ¢} =0,
where {-,-} denotes the Poisson bracket. If ¢; € C*> (j = 1,... ,n), then we
say C°°- Liouville integrable.

In [2] Bolsinov and Taimanov studied the Hamiltonian system related with
geodesic flow on a Riemannian manifold which is C*°-integrable and not C“-
integrable. They also showed that non C“- integrability is closely related with
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the non Abelian property of a fundamental group of the manifold. Then Gorni
and Zampieri (cf. [3]) showed similar results in the local setting, namely for
a Hamiltonian system which has a certain kind of irregular singularity at the
origin they showed the non C“- integrability. The latter result is also extended
for a certain class of Hamiltonians in [5].

In this paper we are interested in the monodromy of non C“-integrable
Hamiltonian system, namely, in the monodromy function. The monodromy
function was defined in [1] as the formal power series of some parameter,
which is a natural extension of the so-called monodromy of linear ordinary
differential equations. We will prove formulas of the monodromy function. In
proving the formulas we also show super integrability in the class of multi-
valued first integrals. It naturally leads us to the existence and the expression
of the so-called convergent semi-formal solutions in terms of a certain system
of equations defined by functionally independent multi-valued first integrals.
The explicit formula of the monodromy function is easily shown by the system.
Although the super integrability in an analytic category is difficult to show,
that in a class of multi-valued functions seems easier to verify for general class
of Hamiltonians. Indeed, the Hamiltonian system studied in the last section
is not integrable, while it is still super integrable in a class of multi-valued
functions. (cf. [5]).

This paper is organized as follows. In Section 2 we prepare the notion of
the convergent semi-formal solution and the monodromy function. In Section
3 we introduce the confluent hypergeometric system. In Section 4 we consider
Hamiltonians derived from a linear confluent hypergeometric system. We first
prove the super integrability in a class of multi-valued first integrals. Then
we give the formula of the monodromy function. In Section 5 we calculate
the monodromy function of a nonintegrable Hamiltonian which is a nonlinear
perturbation of a system studied in Section 4.

2 Semi-formal solution via first integrals

Let n > 2 and o > 1 be integers. Consider the Hamiltonian system

220%

dp
_ 20 2 ——
dZ - VPH(ZaQ7p)ﬂ z dZ qu(zaQ7p)ﬂ (1)

where ¢ = (g2, ... ,qn), p = (p2,... ,pn), and H(z,q,p) is analytic with re-
spect to (z,q,p) € C x C*1 x C"~! in some neighborhood of the origin. By
taking ¢1 = z as a new unknown function (1) is written in an equivalent form
with Hamiltonian

H(q1,q9,p1,p) == 114;° + H(q1,4,p)

g1 = le = q%a, p1 = _H(h = _2p1q%0—1 - a‘llH(q17q’p)’ (2)
G=VpyH=V,H(q1,¢,p), p=-V¢H=-VH(q1,qD)-
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The solution of (1) is given in terms of that of (2) by taking ¢ = z as an
independent variable.

Semi-formal solution. We define the semi-formal solution of (1). (cf. [1]).
Let O(Sp) be the set of holomorphic functions on Sy, where Sy is the universal
covering space of the punctured disk of radius r, Sop = {|z| < r} \ 0 for some
r > 0. The (2n — 2)-vector &(z, c) of formal power series of ¢

Z(z,c) = Z Ty (2)c” = Zo(2) + X (2)c+ Z Ty (2)c” (3)

[v[=0 lv]>2

is said to be a semi-formal solution of (1) if &, € (O(S0))**~2 and Z(z,¢) =
(q(z,¢),p(z,c)) is a formal power series solution of (1). Here X (z) is a (2n—2)-
square matrix with component belonging to O(Sp). If X (z) is invertible, then
we say that (q(z,c),p(z,¢)) is a complete semi-formal solution. We say that
a semi-formal solution is a convergent semi-formal solution (at the origin) if
the following condition holds. For every compact set K in Sy there exists a
neighborhood U such that the formal series converges for z € K and ¢ € U.
The semi-formal solution at zg € C is defined similarly.

Monodromy function. We will give the definition of the monodromy func-
tion of (1). Let zy be any point in C and let (¢, p) be a semi-formal solutions
of (1) about zy. We define the monodromy function v(c) around zy by

(4 0)((2 = 20)€*™ + 20, v(c)) = (¢,p)(2, ), (4)

where v(c) = (vj(c));. The existence of v(c) in the class of formal power
series of ¢ is proved in [1]. If we denote the linear part of v(c) by Me¢, then by
considering the linear part of the monodromy relation we have X ((z—zg)e?™ +
20)M = X (z). Hence M~ is the so-called monodromy factor.

Construction of convergent semi-formal solution. In the following we will
show that the convergent semi-formal solution of (1) is obtained by solv-
ing certain system of nonlinear equations given by first integrals. We con-
sider (2). Given functionally independent first integrals H(q1,q,p1,p) and
v; = Yi(g,qp) (J = 1,2,...,2n — 2) of (2), where v, is holomorphic
when ¢; € Sy and ¢ and p in some neighborhood of the origin. The func-
tional independentness means that there exists a neighborhood of the origin
of (¢,p,p1) € V such that the matrix

t(vq,p,lev vq,p,ple)ju,z,... 2n—2 (5)

has full rank 2n—1 on (¢1,p1,q,p) € So x V. We assume that every coefficient
in the expansion of 1; in the powers of ¢ and p is holomorphic with respect
to q1 on 50.

Let the point (q1,0, 1,0, 90, Po0) and the values ¢jo (j = 1,2,...,2n — 2)
satisfy that

H(Q1,07p1,07QO7p0) = 07 ¢j(QI,O,QO7PO) = C4,0, (] = 172a DR ,271 - 2) (6)
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For ¢; = & + ¢jo, ¢ = (¢1,... ,¢2n—2) € C*"72 we consider the system of
equations of p1, ¢ and p
H(qlaplaq7p) = 07 w](qlaQ7p) = Cy, (] = 1a 27 SRR ,271 - 2) (7)

If (7) has a solution, then we denote it by ¢ = q(q1,¢), p = p(q1,¢), p1 =
p1(q1,c). We see that ¢, p and py are holomorphic functions of ¢; in Sy and ¢
in some neighborhood of ¢ = 0 if we assume (5). The next theorem was proved

in [6].

Theorem 1 Suppose that H(q1,q,p1,p) and ¥; = ¥i(q1,q.p) (7=1,2,...,
2n — 2) are functionally independent when ¢ € So. Assume (6). Then the
solutions of (7) gives the convergent complete semi-formal solution of (1),
(q(z,¢),p(z,¢)) provided that q (resp. p) is not a constant function.

Remark 1 Theorem 1 can be extended to the first order system of ordinary
differential equations of n-unknown functions without Hamiltonian structure
if one assumes the existence of functionally independent (n — 1)-first integrals,
which implies the super integrability in the Hamiltonian case. It should be
noted that, because we take multi-valued first integrals into account, the so-
called multi-valued super integrability holds in many examples. This enables
us to calculate the monodromy even if the Hamiltonian is not integrable.

3 Confluent hypergeometric equation
We consider a class of hypergeometric system

z—C)— = Av, 8
(- 0% (5)
where C' and A are diagonal and constant matrices of size m, respectively. The
system has only regular singular points on the Riemann sphere.

The system contains a subclass written in a Hamiltonian form. Indeed, set
v ="Ygq,p) € C>*~2 and assume that C and A are block diagonal matrices

C = diag(A1, A1), A = diag(Ar, —'A1) (9)

where A; and A; are (n — 1)-square diagonal and constant matrices, respec-
tively. In order that (8) can be written in a Hamiltonian form we further
assume that

AA; = A A (10)
Define
H:={(z— Al)_lp, Aqq). (11)
Then one can write (8) in the Hamiltonian form
dg dp
E = Hp(za%p)v E = 7Hq(za%p)' (12)
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If we introduce the variable q; by q; = 27!, then one can write (12) in the
autonomous form for the Hamiltonian

H:=pigi — (g7 ' — A1)~ 'p, A1q). (13)

We will introduce the irregular singularity at the origin ¢; = 0 by the
confluence of singularities. Let \; (j = 2,...,n) be the diagonal elements of
A1. We assume \; # 0 for all j. Take nonempty sets J and J’ such that JUJ' =
{2,3,...,n}. Without loss of generality one may assume J = {2,3,... ,ng}
for some ng > 2. We merge all regular singular points ¢; = A\, for v € J' to
the origin. Let v € J'. Substitute ¢; — g1, p1 — pi1e in (13), and let £ — 0.
Note that the substitution extends to a symplectic transformation. One easily
verifies that (g;'e — \,)~! tends to —\; ! because we assume )\, # 0. We
multiply the v-th row of A; with e~!, similarly as in the case of the confluence
of the hypergeometric equation.

On the other hand, if v € J, then we require that the singular point !
does not move when ¢ — 0 by replacing A, with A\, e, to obtain (qfls —
Ae)~t=e"Y(g;' — \) 1. By taking the limit of e H as € — 0, we obtain the
new Hamiltonian H

H(q1,p1,4,p) :=p1gi — (A(q1) A1, p), (14)
where

. ifvelJ

v

(@) = { (7t =)t ifveld

Note that, by the confluence precedure we obtain

dq dp

2 2 t

—q;— =UAA1q, —q¢i— = —"A12p. 15
qi I 19 a1 I 1P (15)

If \; are mutually distinct, then it follows from (10) that A; is a diagonal
matrix. Denote the diagonal entries of A; by 7;. Then we have

4
H(q1,p1.4.p) p1q1+z)\ qu]+z)\2 11; T (16)

4 First integrals and computation of monodromy
Let H be given by (14). Then the Hamiltonian vector field y is given by
0 0 0
2
=q¢— —2 — + (0, U(q1) A1, p) — 17
XH = qi o0 q1p1 o + (94, A(q1) A1, p) o (17)

n

o I, B
- Z(Ql((h)AM)u% + ;( A191(q1)p)ua—m,

v=2 v
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where ((q1)A1q), denotes the v-th component of 2(q1)A1¢q and so on. We
assume (10). First we look for first integrals of the form ) = 2?22 ¥i(q1)q;-
Let a, ; be the (v, j)-component of A; and write the v-th component of 2 by
2,,. We consider ZZL:Q(Q[Alq)D%w. Since %l/f = 1,(q1), we have

n

Z(Q(/hq 1/) Z ZQL ay ]Q]wu = Z (Z Q[Da’V,jwV> qj- (18)

v=2 7

Hence xg1 = 0 is equivalent to
d‘/’ﬂ+2m avy =0, j=2,...,n, (19)
or equivalently, with ¥ := (¢, (¢q1))v2.... n
A gy ;M + ‘AW (20)

By (10) we have a; ;2; = a; ;2; for every i and j. Hence, if 2; # 2, then
we have a; ; = 0. Indeed, the condition 2(; # 2, holds, if i € J and j € J' or
i€ J and j € J, or more generally if \; # \;. Hence, by suitable permutation
of A\; one may assume that A; is a block diagonal matrix each of which blocks
are assigned by some k and those j’s such that A\; = A,. Moreover, we may
assume that there exist positive integers, v, u, ni,n2,... , "y, Nyg1,... , Ny
such that

kb, = HT, npgr b, = #T, #T AT =n -1

and that, there exist k1, k2,... ,k, € J" and ky41,... ,k, € J so that ;’s are
given by
>\k1 (1§ <n ) —)\];21 (n1+1§i§n1+n2)’ e (21)
_)\’V i+ Fn_1+1<i<n+---+n,),
(g1 Aml) (it Fny+1<i<ng 4 +noi1), -,

(i = Xe,) ™" (it +1<i<ng 4o+ ny).

We take a non singular constant matrix P such that P!A; P! =: By is a
Jordan canonical form. Set & = P¥. Because 2 and A; commute, (20) can be
written in

2! %E + B9 = 0. (22)
dq
First we consider the rows of (22) corresponding to some —)\;1 nA ke,
where k = k; (1 < j <v). The block of B; corresponding to 7}\;1 in 2 can
be decomposed into the sum of Jordan blocks with size m(k, s) and diagonal
elements —7(k,s) (s =1,2,...,ji) for some m(k,s) and —7(k, s), where jj, is
the number of Jordan blocks in By corresponding to —)\;1.
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For simplicity, assume that the block of B; corresponding to —)\,;1 in A
has one Jordan block of size ¢ with diagonal component —7; and the lower
off-diagonal element 1 for some £. Set & = *(P1,... ,P;). Then (22) gives the
system of equations for @;

—Akqfdﬂ — @ +P; 1 =0, j=1,2,... ¢ (23)
dg1

Let m, 1 < m < ¢ be given. We will solve (23) by defining ¢; = 0 for
j < m. Indeed, for j = m (23) becomes the equation of @,,, —Arq3 (dP,,/dg1)—
T®Pm = 0. Hence the solution is given by @, = exp(7/(Arq1)). Then one
can inductively determine @; for j > m and one obtains a first integral for
each m, 1 < m < /¢. They are functionally independent solutions of (23).
More precisely, we obtain &; for j > m as follows. &,,,1 is given by @,,11 =
—(Mkq1) "t exp(7/(Mkq1)). Then, one can easily see, by induction, that @,

is given by

: T : : (=1’
m-+i 1(q1) exXp ()\kq1 ) ) ? y Ly ) m, 1(q1) )\}cllq’i ( )
Next we consider the case where the block of A; is assigned by some k € J.
We make a similar argument as in the case k € J'. Namely, instead of (23) we
have

dd;
(7' — Ak)q%d—qj @+ D =0, j=1,2,... 0L (25)
1
Let 1 <m < ¢ and define ¢; = 0 for j < m. By (25) with j = m we easily see
that @,,, is given by

welan) = (ﬁ) . (26)

We determine @; for j > m inductively. Consider (25) with j = m+1. Recalling
that @,, is the solution of the inhomogeneous equation of (25) with j =m+1
and that

I SR S S
@ qrt = M) @A
we have
Tk o )\—1
@ — A ¢

When we determine @,,12 by (25) with j = m + 2, we use the relation

2

@ 1 1 t— A\ 1 = At
—  — 21 E)dt == (log [ —ZE—
[ (i) (7 ) =g (e (257)) e
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where C' is a constant. Then we take
2

1 a \" @ =N
S e

In the same way, one can show that

q "
Pty = Ej(q1) (ﬁ) : (29)
k

1 7)\71 J -
Ei(q1) ::,—'(log (u)) ,j=0,1,...,0—m.
J a1

Next we will construct the first integrals of the form 2?22 zﬁj (¢1)p;. Be-
cause the argument is almost identical to the case of the first integral Z?:z
1;(q1)g; we will give the sketch of the proof. For the sake of simplicity we write
> i— ¥j(q1)p; instead of 377, ¥;(q1)p;j. The condition x 1) = 0 is equivalent
to (20) with *A; replaced by —A;. Take B; and P as in (22). Then we have

, b
! dq
Consider the block of A; which is assigned by some k € J'. Then, by (30) we
have

A2 —'Bip = 0. (30)

Ao,
—Akqf?é + P — P =0, j=1,2,...,¢ (31)

where £ is the size of By. We can solve (31) by the same method as in (23).
Namely, let an integer m, 1 < m < £ be given. Define ¢; = 0 for j > m and

determine @,,,, @p,—1,... ,P1 recurrently via (31). Then we have
.~ Tk
Dy = (—1)°Es(q1) exp (— ) , s=0,1,...,m—1. (32)
Akq1

Next, we consider the block of A; assigned by some k& € J. We see that
&;’s satisy the equation similar to (25)

_ dd; .
(‘hl*)\k)Q%d_quer@j:@jJrla J=12...( (33)
where @¢.1 = 0. Let m, 1 < m < £ be an integer. Define &; = 0 for j > m.
Then one can easily see that

— AT\
D = (71)SEs(q1) <q17k> , s=0,1,...,m—1 (34)
q1
Hence we have the first integral as desired. Moreover, by choosingm = 1,... ,¢
we obtain ¢ functionally independent first integrals.
We will define the first integrals ¢;(¢1,¢,p) (j = 1,2,...,2n — 2). Choose
k =kj in (21) and a Jordan block with diagonal element —7. Corresponding
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to the transformation & = P¥ we define the variable § by § =P~ q. If k € J',
then, by (24) with m = £, —1,...,1 the set of first integrals corresponding
to the Jordan block are given by

Tk . Tk (~ L~
exp | ~—— | G, eXp | —— w1+ B n)a-"v 35
p<>\kq1>q p<>\kql) e o
Tk - £~ L 5
exp <)\—> (QKJH + EiGr—t41+ -+ Elflq'f’) ’
kq1

where k is some integer. If k € J, then, by (29) we obtain first integrals

q " q "o _
(711) dk, (711) (q;<71 +EIQH)7"' ) (36)

@ = A @ — A

Tk
(;__Q%X:T) (Gu—t41 + E1Gu—tr2+ + Ee-1qs, ) -
1= A

In view of (21) we can construct functionally independent (n—1)-first integrals
1/117 cee 71/)n71~

Next we construct first integrals ,,, ... ,¥s,_2 depending on p. If k € J’,
then we use (32) to obtain

Tk - Tk - ~
__F e , - o — F1pp_ ) , 37
€xp ( )\kql) Pr—t+1, €XP ( )\k(h) (p 042 1Pk—£+1 ( )

Tk - o~ I
exp | ——— (pn—€+3 — Erpr—ey2 + EQp”—e‘*‘l) 100
Akq

7) _ - P
exp e (pn — Eipr—1+ -+ (=1)° 1E471pn7z+1)
A1

where £ is an integer. On the other hand, if k € .J, then we use (34), to obtain

I\ —1\ Tk
q1 — A - q1 — by ~ .
(lqilk) Pr—t£+1, (lqilk) (pn—u_z — Elpﬁ_g_H) e (38)

q1 — )\_1 ™ ~ ~ /—1 ~
(Tk) (p/{ - Elpnfl +- (71) Efflpnfprl) .

Monodromy. Let 1); be the first integrals given by (35), (36), (37) and (38).
We look for the monodromy function. For this purpose, consider the analytic
continuation of v¢; with respect to ¢; around the small circle at ¢; = 0. We
want to expand the analytic continuation of every v; in terms of v,’s. Clearly,
if these first integrals are given in terms of (35) or (37), then the first integrals
are invariant under the analytic continuation around the origin. Therefore we
will consider first integrals (36) and (38). Because the argument is similar we
consider (36). For the sake of simplicity we denote the first integrals (36) by
Y1, ¥a, ..., in this order.

For the sake of clearity we first consider the case £ = 1. (36) reduces to
Y1 =q7* (g1 — A\, ") G- Clearly we have ¥y (q1€>™) = e?™kq)1 (q1). Next we
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consider the case ¢ = 2. We have first integrals ¢1 and ¥2(q1) == ¢1" (g1 —
A1) (Gu—1 + E1(q1)ds). Noting that Eq(g1e*™) = Ei(q1) — 2mi we have
Vo(qre®™) = 2™ g7 (g1 — A\ ') (Gue1 + B1(q1)Ge — 27iGs)  (39)
eQm‘rka(ql) _ 271'Z€2m‘r’“¢1 (q1)~

We will consider the general case. We note

S

; 1 s EJ(—2mi)s~i (=2mi)*7 J
Bu(ine®™) = S (Brlan) - 2wy = 30 2 z .

= s =) — 7 (s—j)!
(40)
Hence we have the following relation for first integrals given by (36)
Ve(qe®™) (41)
A
¢ ~ T\ 5 T &
<L1) (Gr—ts1 + Er(01€”™)Gn—ty2 + -+ Ee1(q1€7™) i)
q1 — >\k
e £—1 N
_ 2miTk q1 (_27”) ~ ~
—¢ - (G 4+ -+ Epq_ "
(Q1 _ )\;1) Tz::() l (q L4147 -1 r(Ql)q )
-1
, 271,
_ ler'L‘rk %W r(q1)

r=0

where Fy = 1 and E; = 0 for s < 0. In the same way, for the first integrals
given by (38) we have

Po(qre®™) (42)
T *A;Zl . 2miN = -1 2miN =
~ Uqei (e — Er (@€ )pr—1 + -+ (1) " Er1 (q1e®™ )pr—is1)
1
—27eT, 27”
=y e ),
r=0

Let v(c) = (vk,j(c))r,; and w(c) = (wg,j(c))k,; be the monodromy function,
where £ and j mean that vy, ; is the j-th component in the block corresponding
to k =k, in (21). We also write ¢ = (¢, j)k,; with the same convention. v and
w are monodromy functions corresponding to ¢ and p, respectively. Define

2m 2mi)”
274 — 27T,
vk, (C E e = Wi j(C E e e (43)

We have

Theorem 2 Assume (10). Then the functions (v(c),w(c)) in (43) is the mon-
odromy function around g1 = 0 of the semi-formal solution of (1) defined by
(7) with Hamiltonian (14).
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Remark 2 We can also show, by a similar argument as in Theorem 2 that the
monodromy function around ¢; = A, ! is given by (9(c), w(c)), where the (k, 5)
component of 7(c) is given by wy, ;(c) and (u,j) component for u # k is given
by ¢,,;. The factor w(c) is similarly defined as o(c) with wy ;(c) replaced by
vg,;(¢). Indeed, one may consider the analytic continuation around )\,;1 instead
of the origin. The form of the first integrals yields the assertion.

Proof of Theorem 2. By Theorem 1 (¢(z,c¢),p(z,¢c)) is the unique solution of
(7). On the other hand, by (41), (42) and (43) we see that (q(z,c),p(z,c))
satisfies the relations v, (ze*™, q(z,c), p(z,¢)) = v,(c), where v,(c) is the v-
th component of v(c). It follows from Theorem 1 that g(ze?™ v(c)) coincides
with ¢(z, ). We have the same relation for p(z, ¢). Hence we have (4), and the
assertion follows. This ends the proof.

Example. We will consider the Hamiltonian (16) assuming that A;’s are
mutually distinct. First we will determine the convergent semi-formal solution
of (1). For k = 2,... ,n, the first integrals of the form grwy(q1) are given by

q "
(ﬁ) if ke J
wi(q) = § N (44)
exp ) ifké¢.J.
k41

Similarly, the first integrals of the form pju(q1) are given by
up(q) = we (@)™, k=2,...,n. (45)
By (44) and (45) we have the first integrals ¢; (j =1,2,...,2n—2)

b, = Grwjri(g) (G =1,2,...,n—1) (46)
/ pjfn+2wjfn+2(q1)71 (j=nn+1,...,2n—2).

We define the convergent non constant semi-formal solution ¢(z,c¢) and
p(z,¢) of (1) by (7) with ¢; = z. Let v(c) be the monodromy function defined
by (4). We will study the monodromy around the origin zyp = 0 or around
zZo = )\,?1 for some k € J. Note that )\,?1 is a regular singular point of our
equation which remains unchanged under the confluence procedure.

We consider the case zp = 0. In order to determine v(c), we first note
H(qe*™ p1,q,p) = H(q1,p1,q,p). On the other hand, for 1 < j <n — 1 we
have

Vi(q1e®™,q,p) = ¢jr1wjp1 (1 e*™) = (47)
o {627TiTj+1Qj+1wj+1(ql) = Cj627”47—j+17 lfj +1eJ
gjr1wj+1(q1) = ¢, ifj+1¢J

If n <j <2n — 2, then we have

Vi(q1€°™,4,D) = @j—ni2Wj—ni2(qe*™) 1 = (48)

{e—QTI'iTjn+2pj_n+2wj_n+2(q1)—1 _ cje—QTl"L'Tj,n+27 1f] —n4+2eJ
pj—n+2wj—n+2(q1)71 = Cj, ifj—n+2¢.J.
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We define v(c) = (vj(c)); by

0‘746271'147']'4»17 1f1§]§n—173+1€‘]

e if1<j<n-—1,j+1¢J

’UJ(C) = cj6727T'L-Tj—n+2 ifn<j<2n—-2, j—n+2¢cJ (49)
o fn<j<n=2 j-nt2¢

Similarly, we define 9(c) = (9;(c)); by the right-hand side of (49) with 741
and 7, _y,y2 in (49) replaced by —7;410k j+1 and —7;_, 420k j—nt2, respectively.
Here 6y, j+1 and 0 j—n42 are Kronecker’s delta. Then, by Theorem 2 and the
remark which follows we have

Corollary 1 Assume that \j # 0 for all j and that \;’s are mutually distinct.
Then the monodromy functions for the Hamiltonian (16) around the origin and
M.t (k€ J) are given by (49) and ¥(c), respectively.

5 Monodromy for Hamiltonians with nonlinear perturbations

Consider the Hamiltonian H + Hy, where H and H; are given, respectively,
by (16) and

n

Hy =) 4¢;Bj(q1,9), (50)

Jj=2

where B;(q1,q)’s are holomorphic at the origin with respect to (¢1,¢) € C x
C™ 1. One can see that H is integrable, while H 4+ H; is not integrable for
generic Hy # 0. (cf. [5]).

In order to give the formula of the monodromy we will construct first
integrals of the Hamiltonian vector field xg + xm, in the forms grwi(q1)
(k=2,...,n)and prur(q1) +Wi(q1,q) (k=2,...,n). Note that xp, is given
by

n

0 " 0 2 9
XH, = Z <2qj3j@ —q; VZZQatuj@ 4 (3Q1Bj)8_pl> : (51)

j=2

As for the first integrals qrwyi(q1) we have xrr, (gswi(q1)) = 0 because the
first integrals do not contain p and p;. Hence gqrwy(q1)’s are first integrals of
XH + XH,, where wy, is given by (44).

We will construct the first integrals prug(q1) + Wi (q1, q) by solving (xm +
X, ) (pruk+Wy) =0, where k = 2,... ,n. We compare the coefficients of py, in
the equation. Because no term containing py appears from x g, (prur + W),
we may consider xpg(prur) = 0. We easily see that uy is given by uy =
wy, ' (q1), where wy(q1) is given by (44). Next we construct Wj, by comparing
the coefficients of the powers of pg = 1 in the equation (xg + X, )(Prur +
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Wi) = 0. Because x g, Wi = 0 by definition, it follows that W}, is determined
by the equation

n
XaWi = =xm, (prur) = | 20xBi + Y 4304, B
j=2

By expanding Bj(q1,9) = >, B§€)(q1)qe and Wi(q1,q) = >, W,gé)(ql)qe and
setting

n

RO(q) = | 2B (1) + D (€ +ex — 2¢) B2 (q) |

J
i=2

where ey is the k-th unit vector, we see that ngz) (q1) satisfies

d LB, T (-
2 Jg J J 0 _ —15(8)
— + E 0 + E —-——— W7 =w R . 52
" dqr =2 A jET )‘? q1 )‘j_l * ) () 2

The solution of the inhomogeneous equation is given by H?:g w;(g1)% . Hence

W,y) is given by

W = <H wu<q1)e“> / " () RO ﬁwu@)*‘vdt, (53)

v=2

where a € C\ 0 is some fixed point. Note that W}g@ is analytic on the universal
covering space of C\ {0, )\j_l(j € J)}. The series ), W,ge)(ql)qe converges if ¢
is on some compact set in the universal covering space of C \ {0, )\j_l(j e J)}

and ¢ is in some neighborhood of the origin. Note that ), W,ge)(ql)qe is the
convergent semi-formal series. Summing up the above we have

Theorem 3 The Hamiltonian system with the Hamiltonian function H + H,
has (2n — 1) functionally independent first integrals of the form, H + Hi,
arwi(q1), prwr(g) ™ + Wilar,q) (k=2,....n).

Monodromy function We will detemine the monodromy function. Define the
first integrals ¢; by (46) with p;_pn4ow;_ni2(q1) " replaced by p;j_no

X Wi—pt2(q1) ™t + Wi_ni2(q1,q). We first consider the monodromy around
the origin. Suppose that ¢ = ¢(q1, ¢) and p = p(q1, ¢) satisfy (7). We shall show
that there exists v;(c) such that ¢ and p satisfy

Vi(@e*™, q,p) = vi(c) for 1<j<2n—2. (54)

If one can show the relation, then, by the uniqueness of semi-formal solution
27

we have ¢(q1€2™,v(c)) = q(q1,c) and p(q1e*™, v(c)) = p(qi1,c). Hence v(c) is
the desired monodromy function.
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The relation (54) is clear if 1 < j < n — 1 by definition. Indeed, v;(c)’s
(1 <j<n-—1) are given by (49). Next we consider

Vi (q1e*™, q,p) = pjw;j(q1e*™) ™t + Wi(qe*™,q), forn <j<2n-—2.

By (53) we have

W;( (q1e*™ Z W“) e?™) (55)

n
=Y Li@e™™,a H qowy (q16¥™)) "
y4 v=2
n

_ le,é(Q1@2m7 ae2m’) H (qywy(qw%i))e"
L

v=2

+ 3 L(ae’™ a) [ (quw, (gre®™))™
L

v=2

where a is sufficiently close to the origin and

n

1 (qr.0) = / " 20, (1) RO @) T wn (). (56)

v=2

The integral I;¢(ae?™ a) is taken along the circle with center at the origin
and radius |a| By deﬁnition there exists a complex number m; such that
wj(q1e*™) = mjw;(g1). On the other hand, by (7) we have g w,(q1) = ¢,.
Hence we have

> Lilae® H dvws (™)) (57)
14

n
= Z I (ae®™ ) (quu((h)mu)e” = Z H cymy) b
¢ =2

¢
Note that the sum in the right-hand side converges for sufficiently small c.
Next we consider the first term in the right-hand side of (55). By the change
of variables like t = se?™ in the integral we have

E: i

||
¥

v

ZI]Z Q1€ 271"L H qywy q162777,))€ (58)
v=2

= Zm I]Z qi,a (H ) H qvaJ(ql)mV)eu
=2 v=2
n
me I e(q1,a H qwy(q1))
v=2
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Note that the right-hand side term is equal to m;le (g1, q). Therefore, by
(57) and (58) we have

Wj (Q162ﬂ7 Q) = mj_le (qla Q) + Z Ij,f(ae%”-v a’) H (CVmV)ZV : (59)
y4

S
[N~}

By the definition of 1; we have

bi(qe®™, q,p) = m; i(ar, 4,p) + > Le(ae®™ a) T] (cvmy)™  (60)

14 v=2

=m;'c; + ij,e(ae%i, a) H (cvmu)™ =i v;(c).
¢

N
||
N

Therefore we have (54). We have

Theorem 4 Let v;(c) be defined by (49) for 1 < j < n—1 and by (60) for
n < j < 2n—2. Then v(c) = (v;j(c)); is the monodromy function of the
Hamiltonian H + H;.
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