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Part I : Eigenvalues of the Laplacian in a singularly perturbed domain

Eigenvalue problem
() : a bounded domain in R"” (n 2 2) with a smooth boundary 952

. AP+ O =0 in €,
(1) Dirichlet or Neumann or Robin B.C. on 0f)
Figenvalues {\; }7°; which are arranged in increasing order with counting multiplicities. De-

note a corresponding complete system of orthonormal eigenfunctions by {®;}7°, C L*(€)).
(cf. Books of Courant-Hilbert, L.C.Evans, Edmunds-Evans)



6

Basic Problem—Singular deformation of domains
A singularly perturbed bounded domain €2(¢) C R" (e > 0) small parameter

(A) ©(e) has a small hole or a thin defect (tunnel)
(with some B.C. for emerging boundary).
()(€) increases as € — 0.

(B) Some portion of {2(e) shrinks to a low dimensional set.
()(€) decreases as € — 0.

How does each eigenvalue Ai(€) of the Laplacian behaves when € — 0 7

See (A) : Swanson ('63'77), Rauch-Taylor('75), Ozawa ('81, ’83),..., (B) : Beale ('75), Chavel-
Feldman(’81), Ram ('85), ... for early works. See Jimbo (’15) and Jimbo-Kosugi ('09) for the
details of I-(A) and I-(B) of the lecture (c¢f. Nazarov-Mazya-Plamenvsky ('90) other topics)



(A1) Domain with a small hole
Let a € () be a point and
Qe) =\ B(a,e), T'(e)=0B(a,e), I'=09.
Dirichlet B.C. on I'(e)

(2—D) AP+ AP =0 in Qe), d=0onT(e)UT
Neumann B.C. on ['(¢)
(2—N) AP+ AP =0 in Qfe), d=0onl, 0P/Ov=0on e

The k—th eigenvalue of (2-D) and (2-N) are denoted by A\(¢) and Ay (¢), respectively.
Theorem (n =2 or n = 3). Assume Ay is simple in (1)
47dr(a)?e + HO.T. =
AP(e) = Mg + m®r(a)’e +H.O : (n = 3)
(2m/log(1/€))Pr(@)” + HO.T. (n=2)
Theorem (n =2 or n = 3). Assume )\ is simple in (1)
N T(—=2|Vdi(a)|? + (4),/3)®r(a)?)e + HO.T. (n=3)
)\k (6) = )\k; + 9 2\ 9
T (=2|VPi(a)|® + \iPr(a)”)e” + H.O.T. (n =2)
cf. S.Ozawa (’81,'83) for the above results.
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Remark. Swanson (’63) gave ”some perturbation formula” for A\7., previously.

These results are proved by the method of " Approximate Green function”. There are also
results for Robin condition on I'(¢€) (cf. Ozawa (’83,92), Roppongi (’93), Ozawa-Roppongi
(92)). /INEE D FHEILIAITH B, — 1, ZRVGEAE N E D B B LRI D 5
EFIZ LT AI21EDH F D E X 72\, Swanson D ikl i/ﬂfﬁ‘@?ﬁ*f) D — AL % sk
D DITIFIERITRIZLD. UL, @EOEE R E Had IZIERADH 0.

There are many related works in different situations (generalization or elaboration). See
Maz'ya-Nazarov-Plamenevsky(’85, '00), Flucher('95), Ammari-Kang-Lim-Zribi ('10), Lanza
de Christoforis ('12), ...
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Proof of Perturbation formula of the eigenvalue n = 2, Neumann B.C. (Skip)

A bounded domain €2 C R?, a fixed point a € ). The eigenvalue problem

AP+ AP =0 in QE), =0 on 9N
(3) {a@/au —0 on T'(e) = dB(a,e)

{Ar(€)}32, : the set of eigenvalues.

{ Pk o system of corresponding eigenfunctions with (@, Og.c) 20w = 9(p; q)-

(4) AP+ AP =0 in Q &=0 on 090
{172, the set of eigenvalues
{@r 172, : system of corresponding eigenfunctions with (&, ®¢) 2q) = d(p, q).

We want to closely look at \r(€) — Ap. There are two parts in the process of proof.

(i) Characterization of the behavior of the true eigenfunction & .

(ii) Construction a good approximate eigenfunction EI/D/{,E



10

(i) Characterization of ®y,

Proposition. For any sequence of positive numbers {€(p)},2; with lim, .. €(p) = 0, there
exist a subsequence {e(p(q))};2; and a sequence {\,}72; with an complete orthonormal
system {®} 1% C L*(€) such that

AP, + NP, =01in Q, &, =0 on 09,
and

lim Ap(e(p(q)) = A, lim sup [Py (2) — Pp(z)] =0 (VE €N).

=00 47790 2eQ(e(p(q)))

We omit the details of the proof.
Estimation of solutions of elliptic equations away from the small hole.
By the aid of "Barrier functions”, we prove a uniform bound in §2(e).

Proof of uniform convergence of @y, . of {2(¢).

Proposition. \; = A, (k 2 1) and lim.o Ax(€) = Ag.



(ii) Construction of approximate eigen function CT)k’E. Modify the eigenfunction ®;. of {2 around

the hole B(a, €). Prepare the function

(VO(a),r — a) (harmonic in R? \ {a}).

() =

[z — al?
It is easy to calculate
V() = quf‘l +(Voi(a),z - a) Ti - Zf |$<:2;|3
_ lzqf((jl _2Vy(a),z — a) lf__;"’l
Anyfe) = 2T = 290, (a), T )
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Put a function &)k’e as follows

~ ) () + () (x € B(a,r) \ B(a,e¢))
q)k?,e(x) T 9~
Op(z) + e () (x € Q\ B(a, 1))
where 7. is the unique solution 77 of
An=0in 2\ B(a,ry), n(z) =0 on 0, n(z) = np(z) on OB(a, ).



Other choice of approximate eigenfunction

Dy () = {@k@ Tdz) (€ Bla,ro)\ Bla, )

() (x € 2\ B(a,r))
where n = n;.. € C*(B(a,ro) \ B(a,¢)) is the unique solution of
o
An=0in B(a,ry) \ B(a,¢), n=0on dB(a,r), 9 = 0% on 0B(a,e).
8V1 6’V1

Here vy is the inward unit normal vector on 0B(a, €).

13
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The equation is written as

/ ((VOh, V) — M(€)Prep)dz =0 (Vo € H'(Q(e)) with ¢ =0 on 99)
£2(e)

Substitute ¢ = CAIVD;@67 we have
[ (90 VB — 0By =
Qe)

Swanson trick : One method to deduce the perturbation of the eigenvalue.

Looking into this integral equality leads us to see the details of Ai(€) — Ag.
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/ (VOy.c, V(D + €mp))da + / (VOy.o, V(P + €T1))da
B(a,rg)\B(a,e) O\B(a,rg)

— A (€) (/ Dy (Pf + e*ny.)dx + / Dy (Pr + eQﬁk)dx) =0
B(a,rg)\B(a,e) O\ B(a,rgp)

Gauss-Green formula gives

9,
/ (Dk ¢ ((Dk -+ € nk dS / @k,eﬁ@kdiﬁ
d(Blaro)\Blae) OV (a.r0)\ B(ac)
0
—1—/ D, P ((Dk + € nk>dS (I)]{;,eﬁq)kda?
@\Blary) OV 0\ B(a.r))

—)\k(e) (/ CD/{,E (Cbk + 6277k)d33 + / CD]{;,E (CI)k + EQﬁk>d£C) =0
B(a,rg)\B(a,e) O\ B(a,rg)



Using AP, = — A\ D we get

0 0
()\k(€> — )\k)/ @k7€®kd$ = / q)k € ((I)k + € ﬁk)ds -+ / @k’€—<€2nk>ds
Qe) 9B(a. Oy OV,

0B(a,rg)

0 _
—|—/ @k’€—<€2nk)ds — >\k<€> </ CI)]{;’E (6277k>d513 —1—/ CD]{;’E (6277k>d513>
oBlary)  OV3 Bla,ro)\B(a.e) O\ B(ar)
= [1(€) + Ir(€) + I3(€) + I4(€)

11 is the unit outward normal vector of 0B(a, €) at |z — a| =€
s is the unit outward normal vector of 0B(a, () at |x — a| = rg
vg is the unit outward normal vector of (2 \ B(a,ry)) at |x — a| = ry

Similarly, we get

0 0
(Ae(€) — )\k)/ Py Drdx = / Ppe—(Dp + € nk)dS —I—/ @g)e—(e%k)ds
Q(e) 0B(a, o dB(a,rg vy

9, N
+/ CDgEa (e N )dS — Ao(€) (/ Dy <€277k>d$ +/ Py (Ean)dm)
0B(a,rq) V3 B(a,rg)\B(a,e) O\ B(a,rp)
for any k,¢ = 1.



Estimate the right hand side, we can prove

(Ae(€) = ) (Pre, D) 12(0(e)) = O(€)

(with the aid of calucation )and accordingly , we can also see

lim )\k<€> — >\k

e—0

for any k = 1.

17
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Evalueate and estimate the terms I1(€), Is(€), I3(€), I4(€) of the right hand side.
On 0B(a,¢€) (i.e. |v — a| =€), we have

0
5 1((Dk + énp) = (VOL(x) — VOpr(a), 1) = Ole)
and we get
1 1 0 1
—]1< ) 2 q)k Ea (q)k + € 77k>dS = —2 <I>k’€<V<I>k(x) — V@k(a), V1>dS
0B(ae) V1 0B(ae)
1 / 1 /
== P (VOy(x) = VOi(a), 11)dS + = / (Pre = Pp)(VPs(z) — VOi(a), v1)dS
€ JoB(a.e) € JoB(a.e)

~

— T11(€) + Ty 2(€) = Ty 1(€) + o(1)
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For € = ¢(p(q)), we have

Ii(e) = —)\k€2/ o) mydx — )\ke2/ | Medx + o(€%)
B(a,rg)\B(a,e) O\ B(a,rg)
= 62/ AP, my.dx — )\kEQ/ O npdx + o(€?)
B(a,rg)\B(a,e) . Q\B(a,r% /
P )
:62/ EnrdS + € / EpedS
9B(a) 01 9B(ar) O

0 0 .
—62/ A TS — ¢ / ' Tk s — A€ / ) mpdx 4 o(€?)
OB(ay) OV OB(ary)  OV2 O\ B(ar)

Comparing the terms of the right hand side with Iy(€), I3(€), we get

~

1 0P/ 0 ~
— (Iz(€) +13(€)+ Li(e)) :/ knde—/ ! 77kalS+0( 1) = Ir1(€)+129(e)+o0(1)
OB( OB(a,c) vy

€ a.e) (%1




Lemma.
I11(€) = Mm@l (a)Pi(a) + (1) (e = e(p(q)) — 0),

I(€) = —m (VO (a), Vdi(a)) +o(1) (e = e(p(g)) — 0),

I(€) = —m(Vdj(a), VOi(a)) +o(1) (e = e(p(q)) = 0).
(Sketch of the roof) Evaluate each quantity by Taylor expansiion.

1

Ly =~ O (VDp(z) — VPy(a), 11)dS
€ JoB(a.e)
1

== P (a)(VO(z) — VOi(a), 1)dS
€ JoB(ae)
1

v [ (@) - 0(@)(Via) - Vi(a).m)dS
0B(ae)

€
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1 , = 0 r—a
~ 5 [ 0@ Y (o ) (T @) + O] (<) TS +ol1)

|z — al
(=1
2
1 0*P),
7 Jotng @) 22 By @~ an)(at — an)dS + ol

= —W?%(a)A?k(a) +0(1) = AP (a)Dr(a) + o(1)
The remaining two terms I 1(€), [o2(€) are evaluated similarly with the aid of Taylor expan-

S10n. |:|
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Eventually we have

- Mele(pla)) — M
1 & &
o e(p(q))? (Pke(pla))s Pr) L20(e(ple))))

= (—2(VP.(a), VOr(a)) + \x7P,.(a)Dr(a))
Since Ay is simple, we accordingly have @), = & or &), = —®; and the {e(p) };2; is arbitrary

and COHChlde
)\ €) — )\

e—0 62

W(—Q‘V(I)]{(a) |2 -+ )\kWCDk(a)Q)
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(A2) Domain with a thin tubular hole
Let M be a m—dimensional smooth compact orientable manifold such that M C €2 and
0<m<n-—2and put
B(M,e) ={x € R"| dist(z, M) < €}, =00, T'(M,e)=0B(M,e).
Note |B(M,e€)| = O(e"™™).

Let Q(e) = Q\ B(M,¢€) and A\/(€) be the k—th eigenvalue of the Laplacian in (¢) with the
Dirichlet B.C. on 0Q(M, €).

Due to G.Besson (’85), I.Chavel-D.Feldman (’88), C.Courtois (’95), the following
results have been established.
Theorem. Assume )\ is simple in (1)
AP(6) — A = {((n —m —2)|S" " [, Pp(€)*ds) 24+ HO.T. forn—m =3
(27 [,, Pi(€)*ds) /log(L/e) + HO.T. forn —m =2

Here S"~™~! is the unit sphere in R"™ and "H.O.T.” implies "a higher order term”.
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The case of Neumann B.C., Robin B.C. on I'(M,¢)

Perturbed eigenvalue problems

AP+ AP =0 in Qfe), ¢=0 on T,

5 o
() g_ +0®=0 on ['(M,e). (<= Robin B.C.)
v
AP+ AP =0 in QE), =0 on T,
6 o
(6) g_ =0 on I'(M,e). (<= Neumann B.C.)
%

Here v is the unit outward normal vector on 0€2(¢) and o > 0,7 € R are parameters.
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Eigenvalues and Eigenfunctions in {(e)

Definition. We denote the eigenvalues of (3) by {A\(¢)}2, and the corresponding complete
orthonormal system by {1 }22, € L*(Q(e)), respectively.

(Pr e P 2oy = 0(k, 0) (k02 1).

Definition. We denote the eigenvalues of (4) by {\} (€)}3°, and the corresponding complete
orthonormal system {®} }7°, C L*(Q(e)), respectively.

(Do P02y = Ok, €) (K, €2 1),



Proposition. For k € N, A\ (€) < Ai(e) < AP(e) £ M\ +o(1) for e — 0.
(Sketch of the proof) This is proved by a (rough) test functions

~ () for =€ Q\ B(M,ry)
Ope(z) = log(e/r) °
| @)y for @€ B(M,ro) \ B(M,€),r = dist(z, M)

with the max-min principle through the Rayleigh quotient
Re(®) = IVl 7200)/ NP Z200)

M(e)= sup inf{R.(P)|® € Hij(Qe)), d L E in L*(Qe))}

dimE<k—1
Here E is a subspace of L*(Q(¢)).



_ . O(1/]log )
[Bre — BlZaigy = O/ NNog ), [V @pe — D)) = {

O(1/|logel)
. |
(q)k,67 CDk’,G)LQ(Q(e)) — 5<k7 kl) + O(| 1Og€|)7
- - O(—2115) for ¢ =2
Vs, VO ) ooy = A0k, k) + { osel'/?

Put F = L.H.[CAIVDLE, Dy, - - , D1, ] and see dim(F') = k.
Take any subspace E C L?(Q(¢)) with dim(E) < k — 1, then there exists
koo k
V=> b, cF, VLEin L Qe), 2 =1.
(=1 (=1
Then we have

" ~
B V(D _im qu’ﬂe”@?(g(e))

inf R(D) < R(T) =

PEH (Qe)), P LE in L2(Q(e)) - H Zlgzl Ck&)&eH%z(Q(E))

if
if

27

q=3
q=2
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B Z1§£,£l§k(v€5€,ea VCT)K’,e)L?(Q(e))CéCZ’ B Zlgzl Ae(1+ 0<1))C% + Zlgé#éék o(1)cecy

Zl§€,€’§k(q}f,67 ®€’,6)L2(Q(e))cfcf’ 21521(1 + 0<1))C? + Z1§5#/§k o(1)cecy
< AL+ 0(1)
— 1 —k?0(1)
Note that the right hand side is independent of choice of E. Taking sup for all choices of
E C L*(Q(¢)),dimE < k — 1 with the max min principle
XY (€) £ A+ o(1)
Since A, < A(e), lime 0 AP (€) = A\x follows.

< A\ + O(l)



Proposition (Convergence). For k € N, we have
imAf(e) =X (k€N), lLimA(e)=X (keN).

e—0 —0

Proposition (Uniform bound). For each k € N, there exist ¢g > 0 and ¢(k) > 0 such
that
|<I>§7€(:z:)\ < ¢(k), |<I>]kve(a:)| Sck) (x€Qe), 0<e= g).
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Notation
V : the gradient in R"
Vs : the tangential gradient on M
Vv : the normal gradient at a point of the manifold M

Vo=Vyo+Vyp on M
Notation

Denote the mean curvature vector field on M by H. H is a normal vector field on M.
As an operator, for a function ¢ defined in a neighborhood of M, H acts on ¢ as a differential
in H direction as follows

HI[p](§) = lim(o(§ +tH(E)) — @(£))/t at each & € M.

t—0
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Theorem. Assume that n —m = ¢ 2 3 and )y, is simple in (1).

(0) We have
oA (e) = A Sa—1
P L i / {——q IVa®r|” = [Var®e]? + AP — (Dk:H[(Dk]} ds(§).
=0 e q Jul qg—1

(i) Assume 7 > 1, then we have

M) =\ St
iy >q s 1] / {_LWNCPHZ — [Vaur®l* + X@j — Cbk:H[(Dkz]} ds(§).
=0 € ¢ Jul qg—1

(ii) Assume 7 = 1, then we have

C Me) =\ Sa-1
lim 10 = A _ !/ {_L|VN(Dk|2 — |Var®il” + (A + qo) @} — (PkH[(I)k]} ds(&).
=0 el ¢ Jul qg—1
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(iii) Assume —1 < 7 < 1, then we have

Aile) =

: )\k 1
i LS — o5 [ au(eraste)
(iv) Assume 7 = —1, then we have
Aib(e) — A —2)
lim & ©) £ = o4 e / £)*ds(&
e—0 Eq_2 q — 2+ O'

(v) Assume 7 < —1, then we have

R
lim)\k(> Ak _ = (q —2)|S" 1|/ (&)*ds(&).

e—0 Eq_2

Here |S471| = 2792 /T'(q/2), which is is the measure of ST and I'(s) = [~ t*~le ™" dt is the
Gamma function.




Theorem. Assume that n —m = ¢ = 2 and )\, is simple in (1).

(0) We have
: A]k\[(E) — Ak 2 2 2
h—r>% 62 = 7T/ (—Q‘VN(I)H — ‘VM(DH + )\kq)k; — q)k:H[q)kD ds(f)
¢ M

(i) Assume 7 > 1, then we have

- )‘kR(G) — A 2 2 2
lim = 7T/ (—2|VN(I)k| — ‘VM(DH + )\kq)k; — q)kH[q)k]) dS(f)
M

e—0 €2
(ii) Assume 7 = 1, then we have
Mie) — N
lim =% ©) d

e—0 62

_ W/M (—20V 3 Bel? — [V ar®rf? + (A + 20)02 — DL H[Dy]) ds(€).

33
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(iii) Assume —1 < 7 < 1, then we have
Mie) — A
lim =X ) d

:27r0/]w<l>k(§)2ds(§).

(iv) Assume 7 < —1, then we have

lim(Af(€) — Ag) log(1/€) = 27 /M D)3 (€).

e—0

The above theorems are in S.Jimbo, Eigenvalues of the Laplacian in a domain with a thin
tubular hole, J. Elliptic, Parabolic, Equations 1 (2015).

Remark. It should be noted that in the case 7 < —1 in Theorem 3 and Theorem 4, the
formula takes the same form as A’(¢) (the case of the Dirichlet B.C. on I'(M, €)). In this case
the Robin B.C. is close to the Dirichlet B.C. On the other hand, the formulas for Af(e) for
7 > 1 (in (i)) takes the same form as A} (¢) (in (0)).

Remark. S. Ozawa dealt with n = 3, dimM = 1 and proved (iii) in Theorem 4 with other
method in his preprint: S. Ozawa, Spectra of the Laplacian and singular variation of domain
- removing an €é— neighborhood of a curve, unpublished note (1998).



Sketch of the proof for the case of thin tubular hole (skip)

[I] Characterization of the eigenfunction @' (x), @} ()

Estimates for uniform bound and convergence

[I1] Construction of the approximate eigenfunction &)ﬁe@), EIVDJkV ()

Explicit expression of the approximation

35



36

[Coordinate system in B(M, rg)]

M : a compact m—dimensional smooth manifold (M has a finite covering)

R"=TM & NM (£ € M) (orthogonal decomposition)
Here dim(T¢ M) = m, dim(N:M) = q.

Let (e1(€),e2(€), - ,e4(€)) be an orthonormal frame in NeM (smooth in €) in a chart of
the covering. Jrg > 0 such that

q
B(M,rg) >z =&+ Y meedf).
(=1
Denote the second term by 7 - e(§).
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Mean curvature operator (vector) on M|
The second fundamental form he(X,Y) of M is defined by the following formula
VyX = VY X +he(X,Y) € TeM @ NeM  (orthogonal decomposition)
for any C! vector fields X, Y which are defined in a neighborhood of M and tangent to M.
The mean curvature vector H of M is defined by

He =) he(E;, Ey)
i=1
for each & € M. Here {Ey, Ey,--- , Ey,} is an orthonormal frame of T: M (cf. Kobayashi-
Nomizu (’63)).
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Lemma. In this coordinate system (£,n) = (&1, ,&m, M, -+, 1), the mean curvature
operator of M is expressed as follows.

Z 150 <0\/g(€ﬂ7)> 3:_7 A agww) 0
VY M

oy ony e ony

It is also expressed as a normal Veetor field

Z 1 <a\/9<f>77)> ed(£).

“\/9(£,0) one

Proposition. For a C? function u which is deﬁned in B(M,rq), we have

(Au)py = Anr(upng) — +Z ( 877)770 on M.
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[I] Uniform bound for the eigenfunction @}’ , &',

Lemma (Barrier function). There exsits a function ¢.(z) (defined from K7) satisfies the
following properties. For any mo > 0, there exist €; > 0, r1 € (0, 7] and € > 0 such that

Abe +mothe £0 i B(M,r1)\ B(M,e),
Ot

Wezo o T, TS0 i BOM)\ BOMLQ)
%
for any € € (0, €1).

Estimates for CD,{?E, CDfCVG

For any 7, > 0, there exists ¢ > 0 such that |0 (z)| < ¢in Q\ B(M,r1) and 0 < € < 71/2
(Elliptic estimates).
By the comparison argument, we have

—c(x) @ﬁe(a:) < cpe(x) in B(M,r1)\ B(M,e).
tor e > 0.

Same argument applies to CIDéV .
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1] Approximate eigenfunction 5576

We first construct an approximate eigenfunction CAIVDk,G, by modifying ®; around M according
to the Robin B.C. on I'(M, €). We consider ¢(n) = ¢(m, - -+, n,) satisfying

(N,p=0 for e<|n<ry, ¢=0 for |n|=r,
9 | ger _ (2 . " .
(i, ro0) = (e ne@ vormiesneie))

for each £ € M. Here A, = 8%/ + -+ + 0?/ 5‘772. Basic harmonic functions in 77 space
solutions are given by

rlo,(w), 7710 (W) (20,1 <p < () harmonic functions in R?\ {0}

where {7 ,(w) }r=01<p<,(0) are eigenfunctions of the Laplace-Beltrami operator in S4=1. The
eigenvalues ~y(¢) and its multiplicity ¢(¢) are given as follows

/\




The solution of the Laplace equation
o(n) = Z (a1, + b T )W) (e <1 <rgw € ST,
(20,1<p=u(¢)

The coefficients ay,, by, can be calculated by the infinite series of relations determined by the
boundary condition. From the boundary condition on |n| = 7y, we have

Z (ap,rh + b&pro_g_qH)w,p(w) =0 (we S’
(20,1<p=e(0)
which gives
a 14 b —AL—q+2 _ f /> < p <
epTo + beprg =0 for £20,1<pZu(f).
@ is written by

o(n) = Z bep(r 702 — 7“0_%_“27“6)@,]9@) (e <7 <rmgw e ST,
(20,1<p=u(¢)



42

We calculate the Robin condition on |n| = e. Noting
0
5= o men on (M e) ={z =&+n-el€) | € € M, [n| = ¢}
we have the equations for the coefficients ay p, by, as follows.
- Z be ((—€ — g+ 2)r et Ero_%_qwrg_l)rze ©ep(W)

020,1<p=u(0)

—l—q+2 —20—q+2 ¢
+ Z by ,o€” (7“ e —r, )T_E ©op(W)
(20,1<p=.({)

= = D _AVOE + (ew) - e(€)), ex(E)n/ In] + € Pi(E + () - e(€))

1=
for w € S971. Multiply both sides by @p and integrate on S9! and we get
f +q — 2) —tatl + € 20 q—|—2 -1 + O—(G_K_Q‘FQ‘FT _ T,O—%—Q—I-QEK—H')}

Z {VOLE + (ew) - e(§)), eil&))wit + o€ Pr(E + (ew) - 6(5))} Prp(w)dw

p

Sql{
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From these equations we get ay , by, as follows

—20—q+2
Aep = —T bep
1

ol—q12 ol—g12
(0 +q—2)e =t + fr, a1 4 o (e tat2Hr g I Rl

~ /S { D {VRUE + () - e(€)), esl€))wi} + 0 D€ + (ew) - e<f>>} p1p(w)du

We remark that these (e—dependent) coefficients ay,, by, are smoothly dependent on & € M
since @y, is smooth. So we denote this function ¢(z) in B(M, 1) \ B(M, €) by G (x). That

Grew)= 3 byr T 2T g (W) (= €+ (rw) - e(€)).

(20,1<p=u(0)

bﬁ,p —

Definition. The approximate eigenfunction is defined by

3, (a) — Oy () for € Q\ B(M,r)
T @la) ~ Gride) for =€t el€) € B(M.ro) \ B(M.<)



( ;qz {2 1(eil€), VEOr(§)ei(§)) + Ole)} (T >1)
S(=1/a) 2201 (eil€), VEOu(€)ei(§)) + o0i(§) + O(e)}  (T=1)
E AR Eq S (04(€) + O(e)) (—1<7<1)
;f;;@k(s) +0(e)) (r=—1)
2 (@4(€) + O(e) <)
(i) £ = 1
§a-1[1/2 (_1/(61—” (1> —1)
b = (VOLE), ep(§))e'(1 +O(€)) x § (0 = 1) /(g =1+0) (T=-1)
|1 (7 < —1)
Lemma. For any N € N| there exists dy > 0 (independent of £ € M) such that
P s (12 0)
byl S —me T (C1 <7 <0), (1S p=u0),022).

v(O)N -1 (r < 1)

\ —
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Proof for the theorems

i o 11 B .
For any sequence of positive values {ep}p:1 with lim,_,~ €, = 0, there exists a subsequence

{Cp )y and orthonormal systems of eigenfunctions { @} 172, and {®}}72, of (1) corresponding
to {\p}72, respectively such that

(P, Pp)r2(0) = 0k, £), (P, ©y)p2i0) = 0(k, £) (K, £ € N),

Tim (195, = hllzaqgy =0, m 195, — @l 20, =0
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Calculation of the limit behavior of A\f{(¢) — ;.

7 / (ADE. + AE(BF )y dz = 0
o0

Assume the situation & — @/ for € = ¢, — 0 as in Proposition 2.
Calculation on the above integral relation gives

(8) (Ar(€) — Ap) /Q( | ()P (v)dx = I1(€) + Ls(€) + I3(€) + Iy(e).

where

he-- [ Sy a) - 0l (w)ds
['(M,rg) V1

¢ = -
/B(M | Gre(2)(ADL(2) + Ap(€)Pp () d

[2<€> - B(M,e)
I3(e)

_ / (AGy(2))(Pp.o(x) — Dl())d
B(M,ro)\B(M,e)



0Gy, 0P/
Iy(€) = “P). — G k)dS
i(e) /P(M,e) ( o Mo

0D, 0P,
I = — TP, — . T®') | dS.
4(€) /F(M’E) <<3V1 + o€’ Op) D). — G <8V1 + o€ k)) S

I4(€) is also written

Careful evaluation on Iy, I», I3, 14 gives the perturbation formula in Theorem.
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(B) Domain with partial degeneration

D C R": a bounded domain (or a finite union of bounded domains) with a smooth
boundary. The perturbed domain

Q(¢)=DUQ(C) CR"

Here () is a thin set which approaches a lower dimensional set L as ¢ — 0.

FIGURE 1. Sample of Q(¢)
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Q)

FIGURE 2. Sample of Q(¢)

Eigenvalue problem

(9) AD+pud =0 in ), 0P/0v =0 on 00(()
Let {u(C)}72, be the eigenvalues with the corresponding eigenfunctions @5 (k = 1) such

that
(Prc, P )2y = 0(k, K') (kK = 1) (Kronecker’s delta)
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FIGURE 3. Sample of Q(¢)

Basic question : What is the limitting behavior of p;(¢) for ( -0 ?

For the Dumbbell domain, there are results. Beale(’73), Fang(’93), Jimbo('93), Gadyl-
shin(’93), Arrieta(’95), Jimbo-Morita(’95), Anné(’87),...

Convergence of the eigenvalues. Perturbation formula (first order approximation) is studied.
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, @D

FIGURE 4. Sample of Q(¢)

In this lecture I deal with more general cases. Hereafter I mainly talk about the results in
Jimbo-Kosugi(’09).
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The construction of Q(¢) = D U Q(()

Let n,f,m € Nwithn =0+m. z=(2/,2") € R" =R x R™
D Cc R", L C R’ bounded domains (finite disjoint union of bounded domains) with smooth
boundaries.

Some symbols:
B"(s):={z" e R™ | |z"| < s}, L(s):={a' € L|dist(z/,0L) > s}

Assumption: There exists Co > () such that
(L x B"™(3¢y)) N D = dL x B™(3¢,) C oD
There exists a function p = p(t) € C*((—o0, 0)) N CY((—o0,0]) such that

pt) =1 < —1), p'(t) >0 (-1 <t <0), p(0)=2, 11%1d]““,o_l(s)/alsl”C =0 (1=2kZ<3)
Put Q(¢) = Q1(¢) U Qa(¢) where Q1(¢) = L(2¢) x B™)(¢) and
Q2(¢) = {(6+s/(&),n) | R x R | =2¢ £ 5 £0,€ € AL, [n] < ¢p(s/¢)}
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To express the limit of {ux(C)}72, we prepare the notation.

Definition. {wy}?°, is the system of eigenvalues of

(10) Ap+wp=0in D, 0¢/0v =0 on dD
Definition. {\;}72, is the system of eigenvalues of
(11) AYp+Xp=0inL, =0o0ndL
where
, 04 0*
A _ - -
dx* " 013 ot ox’

The limit of {ux(C)}32 is given by the following result.

Proposition. limq o ui(¢) = pp for any & = 1 where {ux}72, is given by rearranging
{wr}te UL}, in increasing order with counting multiplicity.
Remark. p; is written as

pe = ax (min(wy1-j, A7)
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Classification of eigenvalues
Definition

Er = A{wietpig \ { il Err = { M b \ {wi b Errr = {wi bz N {Ae i
Relation to the eigenfunctions

Let {Drc}2°, C L*(2(C)) be the (complete) orthonormal system corresponding to { ()},
of (9).

Proposition.
%13’(1) 19scll 20y = 0 = i € By
%1;1”(1) [Pxcllr2py =0 <= i € Enp

hmiglf Hq)kaCHLQ(Q(C)) > 0, lim glf Hq)k,CHLQ(D) > () <= ui € Errr

(— (—



Proposition (Convergence rate)

e € Er = pup(Q) — i = O(C™)

O(¢)

bk € Erp = pu(Q) — pu = {o(g log(1/¢))

For . € Errr, a mixed situation occurs (as seen later).

(m

1V
— N
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Some preparation(uniform converegence)

Consider the following semilinear elliptic equation in Q(().
Au+ fe(u)=0 in ), Ou/ov=0 on

Here ¢ > 0 is a parameter and the nonlinear term f¢(u) is assumed to be a C'! function in R
such that (9f¢/0u)(u) is uniformly bounded in R and f(u) converges locally uniformly to a
C'! function fo(u) for ¢ — 0.

Theorem. Let {Cp}gil be a positive sequence which converges to 0 as p — oo and let

ue, € C*(2((p)) be a solution of the above equation for ¢ = ¢, such that

sup sup |ug,(v)] < oo.
p21 2€Q((p)

Then there exists a subsequence {7, }5%, C {(,}52; and functions w € C*(D) and V € C*(L)
such that



Aw + fo(w)=0 in D, g—w =0 on 0D (Neumann B.C.),
%

AV +f(V)=0 in L, V(') =w(,o") for 2’ €dL,

Jim Sup U, (2) —w(z)| =0,

lim  sup  |u, (2, 2") = V(2')| =0,
P00 (2! 2" eQ(ap)

where A = S0 9%/822. Note that L x {0"} C dD.

57



58

Perturbation formula [Type (I)]

Let {¢r}72, be the system of eigenfunctions of (10) (eigenvalue problem in D) orthonor-
malized in L?(D).

Assume py, € E; and there exists &' € N such that pu, = wjp. Assume also that wy is a
simple eigenvalue of (10).

Theorem.
p(C) — p = S(m)a(k)C™ + o(C™)
where
oh) = | T (Eoule, oS
oL OV

Vie(2') is the unique solution V' € C?(L) of
A/V —+ wk/V = O n L, V(f) = Qﬁy(f, O”> fOl" 5 & (9L
S(m) is the m~dimensional volume of the unit ball in R™.



59

Perturbation formula [Type (II)]

Let {11} be the system of eigenfunctions of (11) (eigenvalue problem in L) orthonormal-
ized in L*(L).

Assume py € Epr and there exists k£ € N such that pp = A\ Assume also that A\ is a

simple eigenvalue of (11).

Theorem.
4(Q) = = —= B0 )Clog(1/C) + o(Clog(1/<)) (= 1),
ub(Q) = i = ~T(p, B +0(¢) (m 2 2).

o= [ (eg) as

and T'(p, m) is the number which depends on Q(¢) (to be explained later).
93

Remark. For the case of Dumbbell, Gadylshin(
(’95) obtained this result for m = 1.

where

) obtained this result m = 2 and Arrieta



Quantity T'(p,m) (m = 2)
Harmonic function G in the set H = H; U Hy C R X R" where Hy, Hy are given
H; = (0,00) x R™, Hy={(s,m) e RxR" | |n| < p(s), s < 0}.
Proposition. There exists a solution G to

?G = 0*G 0G
@+23—n2_0 ((s,n) € H) 95~V ((s,n) € OH)

such that
G(z) =G(s,n) — 0 for (z € Hy,|z| = o)
G(s,n) — (—Rr1s + ky) — 0 for (z € Hy, |2| = o0)
where k1 > 0, ko are real constants. ko/kq is uniquely determined by H.

Definition. T'(p,m) = ka/k1.



FIGURE 5. Function ¢ = ¢(s)
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FIGURE 6. Picture of H



63

Perturbation formula [Type (III)]

Assume uy, € Eyyr and there exists k', k" € N such that pu, = wp = A\ Assume also that
wy is simple eigenvalue of (10) and Agr is a simple eigenvalue of (11).

We have the situation
Mr—1 < g = Hr+1 < Ui+2.

Theorem. For m = 1, we have

r(Q) = i =1 (K, E")CH2 4 0(¢H2)
i1(C) = psn = (B K)CH2 4 o(CH7)
where 77~ (k', k") are eigenvalues of
< 0 V2 [, (01 /OV") () (&, 0//)d5’>
V2 [5(0tyn [ 0V) (€)1 (€, 0")dS' 0
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Theorem. For m = 2, we have

pr(C) = e = 72 (K, k") + 0(¢)
e (C) = i = 3 (K, k)¢ + o(C)
where 75 (k', k") are eigenvalues of
( 0 VT o1 (00 JOV)(€) P (€. 0/’)d5/)
VT Jor (00 [OV) (€)1 (€, 0")dS" =T (p,2) [, (03 /OV')(E))*dS"

Remark. For the case of Dumbbell (m = 2,n = 3), Gadylshin ('05) got this result. See
Jimbo-Kosugi(’09) for more genral cases.



Theorem. Assume T'(p, m) > 0. For m 2 3, we have
pr(C) = e = 7, (K K7)C + 0(C)

pis1(C) = prrer = v (K E")C" ™+ 0(C)

where

Oy

k) = ~1iom) [ (%ig) as

VvEK LK) = S(m)T(p,m) ™" ( /(9 L<a$"(€))2ds’) - ( /a

In the case T'(p, m) < 0, the right hand sides are exchanged.

Dy

L aV,

(©)ule. o")dS')
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