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Summary

v Violation of energy conservation on the two-
temperature hydrodynamic model was under the
control of machine epsilon

v Structure-preserving scheme also follows the jump

condition of Rankine—

v Conservative

P|C scheme detests discrimi

between the electric field and magnetic fie
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Structure-preserving scheme for
nonN-egullibrium hydrodynamics



Rankine—Hugoniot relationship Is violated

iNn one-fluid two-temperature (1F2T) model

v Global conservation hasn'’t been satisfied in |CF
v RH jump condition is still violated in ASTER code
v Multi-temperature is also used in hypersonic CFD
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Discrete calculus is required to construct

a structure-preserving scheme

e.g. 1D continuity equation in the differential form

dp  O(pu) Op 0p ou
: 0| e——— | L tut ==
ot " om0 5t " Yar TPar =Y

P?H — p; . (PU)?H - (PU)?—1 — 0
At | AT

n—+1 n n n n n
Pj  — Py o Pi+1 — Pj—1 | nj+1 — Y—1 0
At 9T oAz TP TaA
n+1 n n n n n n n n n
Pj P | Ujpr T U1 Pjp1 — Pj—1  Pip1 T Pj—1 Ujpq — Uiy —0
At 2 QAT | 2 2AT
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Euler equation including artificial
dissipation in the discrete form

(pe + 3pu?)] " — (pe + 5pu?)}

At
(peu + 5pu® +pu)?, — (peu + spu’ +pu)? (B)". —(B)"-

Ax Ax

p: Density, w: Velocity, e: Internal energy, p = p(p,e) : Pressure,

A, B: Artificial dissipation, (Q): Midpoint-interpolated value of @
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Condition of constraint for energy

conservation In the discrete form

(Pe)?Jrl — (pe)y | <P€U>?+ — <P€u>?— | {pu}% — <pu>;.”_
At | A | A
n+1 n n n
Advection terms |_Pi T P; (pu)™ ! (pu)" ) )+ — P)j-
4p;l+1p] J J Axr
n+1 n n n n
+ A — (AT By, — (B)™
=|-= n+1 ‘o {( pu). )i+ (pu)7 } Al | B — B, +
4p> " p7 Azx Azx
1fi n+1 2\ n
Artificial dissipation P+ pf ou) n—|—1 ()" (pus)% — (pu”)
terms 4p7 T pn P P Az
n—+1 n
1 (pu?)? = (pu)? {(pw)* )+ {(pw)*}; (pu) — (pu)?-
2 Ax 4/0”"_1,0] Ax

Error terms: key of structure-preservation
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Proposed structure-preserving scheme

T. Shiroto, S. Kawai and N. Ohnishi, J. Comput. Phys.: Regular Article (in prep.)

(/0€S)n+1 (pes)? n (pesu > — (pesu > n (psu > — (psu >
At Azx Az
n+1 n n
B P + P n-+1 <ps>3 <ps>
Ty (pw)} " 4 (pu)7 } An
_P:;Hl + p3 ( u)n+1 + u) } <A>§L+ — <A>?— n <Bs>?+ — <Bs>?—
8,0?“,0] s P Ax Ax
n—+1 n
Py + ) v 3 ou?) = (pu®) T
+—=— (pu); ™ + (pu)
8,0] -|—1p] { J } Axr
n—+1
Lipud)n — oy () + ()} {pu), — (pu)
4 Ax 8/0”"_1,0‘7 Ax
A= 6 — = C’Bpfsw (’9 Ou Axrt2 — Ou S. Kawai et al., J. Comput. Phys. (2008, 2010)
ox Ox
_ 1 3_“ - 065 _l < U pes | 07€s |\ pyr O6s s € {i,e
b= 5l e T = 2" g T e e [0 | B e
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Numerical methods and conditions

for the shock tube problem

Governing equation
Midpoint interpolation
Time integration
Low-pass filter
Artificial dissipation
Equation of state

Compressible Euler equation

Ath-orc

3rd-0ro

er
er

compact scheme
TVD Runge—Kutta method

Modified 8th-order compact filter (a=0.495)
LAD scheme (Cp=2, Cx=0.1)
Thermally and calorically ideal gas (y=1.4)

Density [-]
o
o

0 0.2 04 06 038 1
x-coordinate [-]

Velocity [-]
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Proposed scheme could reproduce the

Rankine—Hugoniot jump condition

v New scheme achieved much better conservation
v RH relationship cannot be satisfied without the
concept of structure preservation

1.002 . . . . . . : .
— | Present scheme 16 b Present scheme .
s 1.001 - Conventional scheme =——— .. . : Conventional scheme =— —-—
> 1 1 | | | —~ 45 i Exact solution ----- N
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S ~_ - - - - S
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Time [-] x-coordinate [-]
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Flux-form compact filtering scheme

T. Shiroto, S. Kawai and N. Ohnishi, J. Comput. Phys.: Short note (in prep.)

v Modified filter is equivalent to conventional one but
has different order of arithmetic operation
v Parallelization by domain decomposition manner

Standard compact filter T 6x107° 3 ; 3
N S B0 b g -
. ) ) a = - Standard
Qfqi—1 1 Gi + QQi41 = Z %(Qi—kn + Gi—n) % a0 b o _
=0 c 15 |
S Bx10T 1
- . S oxqoB L e |
Modified compact filter > 2X
A A ) Ny g 0T ~ Modified -
otfiy +firg toufing =2, 5 (Gnen = Gin) 5 O pTI———————-
n=0 L 1 -15 | | |
¢ ¢ xXI10 0 0.005 0.01 0.015 0.02
d; :qi_(fi+% _fi—é) Time [-]
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Numerical conditions for linear advection:

entropy waves of ions and electrons

v Total static pressure and velocity have no gradient
v Linear advection problem for entropy waves
Y Initial conditions should be reproduced at t="1

ol Eigenvalues
= A5 Al =U—C, Aa=A3=1uU, A =1uU-+cq
2 O ot 0 N
E T TR T i S S
S ' J . ) -
> Eigenvectors
2 105}
E : . ‘ : : ‘ N K : — - — -
o 1 e e e e S e Dt P p p p
 Density —— Electron pressure — - - I —Cq 0 0 Cs
Fluid velocity Ave. pressure —--—- =
095 i Ion. preslsurel ----I-- . . - . . N ('7 T 1)61 ’ _61 ’ O (’)/ o 1)
0 01 02 03 04 05 06 07 08 09 1 (v —1)ee 0 | =3 (y—1)

Position [-]
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Proposed scheme can accept compact

schemes which are used in LES

v Energy of ions and electrons have 4th-order spatial
accuracy despite of indirect discretization
v 3D ICF code should be constructed for LES

0 .
10 Density T B. M. Haines et al., PoP (2016):
2| Velocity o a Implicit LES of ICF implosion
10 lon energy
Electron energy v ]
- 10 | 4th-order —-—-— -~ ﬁ----/—;ﬂf—‘--—
£ S . 0
5 10'6 --------------------------------------- P R
c ﬁ ‘,"EI'
S 108 F--i x //eEr -------------------------------
T X o | - —
T S R 1
10712 [ e
14
10 |
3 2 1
10 10 10 , A .
CD density Iritium density

Grid interval [-]

YXal—YyavpEs ) , BRRL—9—H (KB , 1/10-1/11 (2017)




“rellminary report:
Structure-preserving

P|lC method
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Modern Particle In Cell (PIC) still has a

fatal problem of numerical heating

v Today’s PIC suffe
v High-order partic

's from numerical instability

e has reduced statistical error

v Implicit PIC marked good conservation property

Se-15
0.0035 : , , , R
Y. Sentoku, J. Plasma Fusion Res. (2014) m
~ 0.003} ] .}
-8 1st order (400 particle/cell, 400 grids/um) 1e-15 f\ — —
— 0.0025} ; 0 b—= ——— e —
3 1e-06 NN
g) 0.002 1008 | T ; r ’W
Q / 16-10 - energy conse cion
= 0.0015} O —
-~— 1e-12 "‘;\,.1 (
Q :x"..::n-:.f'.::
0.001} 3rd order (80 particle/cell, 25 grids/um) 2e-08 | !p\
\ e —
0.005 A A A A A 0 NS
0 0.2 0.4 0.6 0.8 1 -2e-08 | ;J

time [ps]

G. Chen and L. Chacon, Comput. Phys. Comm. (2015)

YXal—YyavpEs ) , BRRL—9—H (KB , 1/10-1/11 (2017)




Why conservation law of electric charge

IS derived from Maxwell’s equations’?

Gauss’s law: |div E = 4mp

Partial differentiation with respect to time: %(div E) =4r—

Exchange the partial differential order: | div — = 4m—

Substitute Ampere—Maxwell’s law: |div(c rotB — 47J) = 47—

Divergence of rotation is equal to zero:

YXal—YyavpEs ) , BRRL—9—H (KB , 1/10-1/11 (2017)




Why conservation law of energy Is

derived from Maxwell’s equations”?

Ampere—Maxwell and Faraday—Maxwell [aws:

E 4 1 B

. %% g wiB-T3.8 |'8.B_ B.rot E
C ot C C Ot

Summation of these two equations:

5. 8 1598 g iB-B-rotE- T3.8

C Ot C Ot C

Product rule is utilized:

1 0(E*+B*) ¢
| : — —J K
T Y (ExB)=—d
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Conservative PIC method (1)

Solenoidal condition (Gauss’s law
(B:U)?-H o (Bw)? (E:c)?-kl o (E:L‘)? n
Ar ) Az TPy
Ampere—Maxwell equation
L Fz—I—l + F’L
C At e TR
n+1 n n’T nT
LB — (B8 (Bt = (B dw o
c At Ax c Yits
n mn ’I’L+ n+
E(Ez)p:l_l (EZ)z+ _ (By)z'—|—1 (By)z - 4—7T(J )n—l—%
C At Ax c ity

Implicit time integration is required!
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Conservative PIC method (2)

Faraday—Maxwell equation
1 (Ba)i ™ = (Bo)}

c At =0

E(By)zjl (By)rﬁ— _ (EZ)i+1 o (EZ)z
C At Ax
LB = (B)n (B, — (B,
C At Ax

Product rule

Fip1Giyn — FiGy  Fipin+FiGign — Gy Fipn — FiGipr + Gy
Ax B 2 Ax | Ax 2
Git1—Gi | Fipr — F’iG.
Ax Ax i
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The law of charge conservation IS

composed without any approximation (1)

Proof.

’ : (Eﬂi)?—kl o (Eﬂﬁ)? n
Gauss’s law: o = 4mp}’ 1

Partial finite-differentiation with respect to time:

n—+1 . n

(Bt — (B NG (Ba)i + (o), Pivy — Piyy

\ At% \ At

n+1 n n+1 n pth— pn
1) (Be)ifh — (Bo)in (ER)i" — (Eo); _ g ity T
Ax At At

The order of finite-differential is exchanged!
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The law of charge conservation Is
composed without any approximation (2)

(E&)‘ o ; : : 4 P, VM
Az At At —TTTTAY

Substitute x-component of Ampere—Maxwell’s law:
n+1 n
. _

1 ot L P, 1 — P, 1
o an (L) am()] TR =
X

1

At

Thus, the structure of charge conservation is preserved:

n—l—l L n

At

n—l—% n—l—%
(Jx)i+1 o (J:v)z — 0
Ax
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The law of energy conservation Is

composed without any approximation (1)

y-component of Ampere—Maxwell and z-component of
Faraday—Maxwell laws:

1 (B)I = (B ot (BB — (B 4w v gl

E(Ey)qﬂr e At T = —(Ey) 4 +1A:c - ?(Ey)rﬁr (Jy)z'+12
n n nt nt

1 B n+ (BZ)Z‘ﬂ_l o (Bz)z+ n+ (Ey)’l,—|—1 - (Ey)’L

_( Z)z+ At — _(Bz)z+ AT

Product rule is utilized:

(ES T Bg)ijl — (ES + B2 c (ByB.)i, — (EyB.);
SmAL 4 Ax
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The law of energy conservation Is

composed without any approximation (2)

(Ej + B — (B2 +BYY | e (ByB.)y, — (BB

- = — (B, (J,) 2
SmAt Am Ax (Fy )i ( y)2+§
These equations are derived in the same way:
n n n n+
(E2+ B — (B2+ BY)Y | e (E.By)i) — (BB} (B ()
At 4 Az FAT A2 i
(E2 + B2) — (EZ + BY)P, bt
: — = — By i Jz)w °
TAL ( )z‘|‘ ( )z+

Thus, the structure of energy conservation is preserved:

1 (B — (B 1 (BYLT - (B ¢ (ExB)L,,, — (ExB),
87 At 81 At CArn Az

nt n+3 nt n+3i nt n+3

— _(E:B)fr (Jx)i—l— o (Ey)7;+ (Jy)H% o (EZ)7,+ (Jz)fi_|_%
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The law of momentum conservation IS

composed without any approximation (1)

y-component of Ampere—Maxwell and z-component of
Faraday—Maxwell laws:

1 -+(Eb)7f1-(ﬁb)ﬁ- +(£%J?:1_‘(Eﬁ)n+ Am n+3 +

(B = (B L))

C( )z"‘ At ( )z"‘ N ¢ (Jy)z_|_§ (B )7,"‘
n—+1 n nt nt

e\ YT At /it Ax

Product rule is utilized:

n n nt n’
(EyBZ)i++1 — (£yB:)} . (ES + B2 — (Ey? + B2 — —l(J )nJF%(B )
dmcAt | AL Wity VT
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The law of momentum conservation IS

composed without any approximation (2)

(BB — (BB  (E2+BY)r, —(E2+ B 1 1

_|_
| = —(J) T Z(B)"
dreAt 81 At c( y)“ri (B2 )3
These equations are derived in the same way:
(BB — (B:By)Y (B2 B — (B2 BT 1) atd gyt
4mcAt STAL T TRy VYT
n+ ’I’L+
1 (E2)2—|—1 (Em)’l, _ nT (E )n+ 1 (B2)Z—|—1 (BCB)’L — 0
8 Az Pig 3 \Fa )it 8T Az

Thus, the structure of momentum conservation is preserved:

(ExB)" —(ExB)" , . (B2 + B2 — 2E2 — 2B2)", — (E2 4+ B2 — 2E2 — 2B2)""
Arc/\t STAx

n nt 1 n+g n't 1 nts n
= =Py Be)iv = ()i P (Ba)iv + (), £ (By)is
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The law of momentum conservation IS

composed without any approximation (3)

n
x,it

(E x B)"t! - (E x B)

AmeAt

. (E? + B2 — 2E2 — 2B2)", — (E? + B2 — 2E2 — 2B%)"

STAx
nt nt 1 n+3 nT 1 n+3 nT

These equations are derived in the same way:

ExBYT -~ (BxB) . (EE,+ BByl (BBt BByt
dret 4 Ax

ot | n+ 1 o+ 1 n+1 -

—Pigpr (Bt — E(JZ)H% (Bz)i+ + E(‘]@“)rﬁ— (B2)i%

(B x B)ZJ:} —(ExB)7 4 B (ELE, + Bsz)?L — (BB, + Bsz)?+
dreAt 4 Ax

o+ o+ 1 n+ 1 | n+ 1 o+

—Pipa(Ee)iv — —(Ja)p *(By)ix + () 0 (Bo)is | Q. E. D,
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Summary

v Violation of energy conservation on the two-
temperature hydrodynamic model was under the
control of machine epsilon

v Structure-preserving scheme also follows the jump

condition of Rankine—

v Conservative

P|C scheme detests discrimi

between the electric field and magnetic fie
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